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ABSTRACT

In this study, we consider the class Q (¢, v, p, ¢ consisting of analytic functions with fixed
second coefficients. The object is to show  coefficient estimates, convex linear
combinations, some distortion theorems and radii of starlikeness and convexity for f (z) in the class

Qale, v, 1, o).
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INTRODUCTION AND DEFINITIONS
Let S denote the class of functions:

tm=z+ Y a7 @k=0) (1)

which are analytic and univalent in U = {z : zeCand |z |< 1}.

Let T denote the subelass of S consisting of functions of the form:

flzy=2z- iakzk (2)

A function f (z) of T isin Q {v) (O<y<1, neNU{O}, N={1, 2, 3, ...} if:
Re(D'f{z))' > v, ze U (3)

where, D" f(z) denote usual n-th order derivative introduced by Ruscheweyh (1975). The class
o, (y) was introduced and studied by Uralegaddi and Sarangi (1988). We note that, such
type of classes consisting of functions of the form Eq. 1 was introduced and studied by Darus
(2008).

Eisa and Darus (2007) were studied the class Q (&, v, p) which consists of functions f (z)eT and
satisfy the conditions:

32



Asian J. Math. Stat., 5 (1): 52-538, 2012

(D*(z)'-1

— < zelU (4)
a(D"f(Z))'+ {1+ o)

for O<a<1, O<y<1, O<p<l,

The aim of this study is to estimate the coefficients, study the distortion property and the radii
of starlikeness and convexity for f (z) in the class Q. (¢, v, u, ¢), finally study the convex linear
combinations for f(z).

We need the following result throughout the work.

PRELIMINARY RESULT
Theorem 1: Let f (z) be defined by Eq. 1. Then f (z) € @ (t, v, p) if and only if:

3 k(1+ ped(n, ka, < pler+ (1) (5)

where, 0<a<], 0<y<l, 0<u<l, ne N,(N,=N/{0}) and:

6(n,k)—(n+k_1]

n

In view of Theorem 1, we can see that the funection f defined by Eq. 1 is in the class Q («; v; 1)
satisfy:

< Me+d-7) (8)
T k(L po)dn.k)

3

Let Q (¢, v, p, ¢) denote the class of functions fin Q (e, v, p) of the form:

_o o+ =YD o o e 7
f(z)=z 72(114_1)(14_“002 1Zgakz ,(with 0<c<]) (7)

COEFFICIENT INEQUALITIES
Theorem 2: A function fdefined by Eq. 1 is in the class Q (¢, v, p, ¢, if and only if:

ika +uadnka, < (1- opla+(1-7) (8)

The result is sharp for function defined by Eq. 7.
Proof: By putting:

< SMord-v) ool (9)
TR 4+pedmk)’

in Kq. 5, we have the result. The result is sharp for function:
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Cemo+d-y) o G-omet(-v) ko (10)

f(z)=1z >
2(n+ D)1+ pce) k(14 uond(n,k)

Corollary 1: Let the funection defined by Eq. 7 be in the class Q (¢, v, p, ¢}, then:

a, < M, >3 (11)
Kl + po)d(n.K)

DISTORTION AND GROWTH THEOREM

A distortion property for function fin the class Q,(¢, v, p, ¢) 1s given as follows:

Theorem 3: If the function f defined by Eq. 7 is in the class Q,(¢; v; u; ¢) for O<|z| =r < 1, then

we have:

cpletd-v) . (-operd-y)
2(n+ D1+ pow) 3(n+D{n+ 2)(1+ poe)

<[f(z)| (12)
cpp ooyl o (-ouletrd-v)
20n+ D1+ per) 3+ D(n+ 2)(1 -+ per)
with equality for:
fiz)=z MOHA=V) o A=oplot(=v) 5 4y (13)
’ 2An+D0+pe) 3n+Din+ 201+ uo) B
Proof: Since, fe Q («; v; u; ¢), Theorem (2) yields the inequality (11)
akg(l—C)M(Wr(l—“{)), K>3
k(1 + ue)8(n,k)
Thus, for 0<|z| = r<1 and making use of (11}, we have:
1_ 2 - k
|f(z)‘£‘z‘+%z D NENNEE
<r+wrz+rji‘a | (14)
T 2mDlpw)
cpyp SMotd-v) o (d-ouotd-v) s
2+ D1+ po) 3+ D0+ 2)(1+ uor)
and
17 2 - ke
|f(z)\z\z\_%z Sz =0
>y SOTAN) 2 gy, (15)

2(n+ {1+ pen) k=
ep(ot+(A-v) o d-ouoe+d-v)

a0 e 30t D+ 2+ )

and the proof is complete.
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RADII OF STARLIKENESS AND CONVEXITY
The radii of starlikeness and convexity for the class @ («, v, i, ¢) is given by the following

theorem:

Theorem 4: If the function f defined by Eq. 7 is in the class @ (&, v, u, ¢), then { is starlikeness of
order B (O<P<1) in the disk |zl<r(¢, v, u, ¢, ) where, r (¢, v, u, ¢, p)is the largest value for
which:

cplo+d-v) rz+(I*C)(1+B)H(O°+(1*Y))r3<I_B (18)
An+D0+uce) * m+Dm+ D0 Fue)

The result is sharp for functions f, given by Eq. 10.
Proof: It suffices to show that.

Az

f(z) 1P

for |z|<r,.

We have:

L ChAt i DI S
L2 2+ Dpo) & " <ip (17)
f(z) | PR CAR G ) IR P
An+D(+pe) A F

Hence, Eq. 17 hold true if;

o2 -Pio+ 091 2 o4 Koy
20+ 1+ pe) Z+k§:;(k Paz' <1-p

and it follows that from Eq. 8, we may take:

(A-oue+dA-1), .4
k(1+uo)dml) =

‘ak|:

where v,>0 and

For each fixed r, we choose the positive integer k, = kr for which:
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&k-B
k(1 +po)d(n, k)

1s maximal.
Then it follows that:

o -0k, - Bt d-1)
2 P < sk

Hence, fis starlike of order B in |z |<r{e, v, y, ¢, B) provided that:

cpulo+1-y) o (-l +Pule+ - 5 B
2(n+ D1+ uer) 3n+Din+ D+ pe)

We find the value r, = r (e, v, 1, ¢, k, p) and the corresponding integer k.r, so that:

cfuloetd-v) , (A-o)l+Pue+d-v) <1-p
an+D1+pe) © 0 An+Dm+ D0+ped

Then this value rg is the radius of starlike-ness of order B for the function f belonging to
the class Q (u, v, p, c).

Theorem 5: If the function f defined by Eq. 7 is in the class @ (¢, v, u, ¢), then fis convesxty of
order B (O<p<1) in the disk [z| <r, (¢, v, W, ¢, p) where, 1, (&, v, u, ¢, k, p) is the largest value for
which:

Blo 7). A= Pt 0-p) L g (18)
2(n + {1+ uc) 3n+Dm+ 201+ wey

The result is sharp for functions f, given by Eq. 10.
Proof: By using the same technique in the proof of Theorem 4. We can show that:

g

f'(z)

for |z | <r, with the aid of Theorem 2. Thus, we have the assertion of Theorem 5.

CONVEX LINEAR COMBINATION

The next result involves a linear combinations of funetion of the type (3.3).

Theorem 6: If:

f(Z):Z— CH‘(O(‘+(17Y)) ZQ (19)
! 2(n +1)(1+ ucr)
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and

£ (ry=z SMOFA=T) o d-ouE+d-Y) o oy
B 2(n + D(1+ oo kel + po)S(n,k) B

Then fe Q, (¢, v, u, e if and only if it can be expressed in the form:
f(z) =3 rf.(2)
k=3

where, vy, and

gl
-
=
IA

=
Il
[}

Proof: From (19-21), we have:
£2) = YL, 2)
k=1

so that

f(Z) =z C}‘L(a + (1 — Y)) ZE _ (17 C)H‘(O(‘+ (1 — Y)) by Zk
2(n + 1)(1 + pex) k(1+ue)dmk) ©

Since,

fiz)= i Kl + pond(n, k)l — cjulen+ (1 - v
= (- emloc+ (- vk + pend(nk)

=¥, =1k, <1

k=3

it follows from Theorem 2 that the function fe Q (¢, v, p, ).
Conversely, suppose that f € @ (¢, v, y, ¢) and since

o oot |
k(1 +po)d(n,k)

setting

 k(l+ pe)dnk) a

= RUBRLE) k23
(I-cluloe+ (-7

and
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It follows that:
ROEDWRAC)
k=3

and the proof 1s complete.
Theorem 7: The class Q, (&, v, 1, ¢) is closed under linear combinations.

Proof: Suppose that the function f be defined by (10) and let the function g be defined:

S Gl U ) JET 23
g(z)=z TS ;\bk\z, (b, > 0) (23)

Assuming that f(z) and g (z) are in the class Q (&, v, u, ¢, it is sufficient to prove that
the function H defined by:

H(z) = Af(z)+ (1- A)glz) (0SA<]) (24)

is also in the class Q (¢, v, 1, ¢).
Since:

__ocula+d-v) o N _ K
Hz)=z 2(n+1)(1+yxx)z g;‘\ak?\+(l Ab, |z

we observe that:
3 k(1 + w8, k) a A + (1— Wb, | < (1 - chuler+ (1 1)

with the aid of theorem 2.
Thus, He Q (¢, v, p, ¢) and the proofis complete.
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