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Abstract
Objective: This study aimed to extend and generalize the Inverse Exponential (IE) distribution by using the exponential generalized family
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Several statistical properties of the BIE distribution have
been derived and studied 5. The shape of the hazard function
for the BIE distribution could be non-monotonic and inverted
bathtub. It was noted that the distribution can be used to
model lifetime data. In their study, a simulation study was
conducted using R-software by assuming the values of
the parameters to be; 2 = 3, a = 0.3, b = 2 and at 2 = 5, a = 0.5,
b = 4. Hence, two sets of data were obtained, the sample size
considered are n = 30, 50, 80 and 100. The purpose was to
compare the performances of the Maximum Likelihood
Estimates (MLE) with that of the Bayes estimates. The BIE
distribution was in turn applied to two real data sets and
its performance was compared with that of GIE distribution,
IE distribution, Inverse Rayleigh distribution, Beta Weibull
distribution and Beta Exponential distribution using the
Akaike Information Criterion (AIC) and the Bayesian
Information Criterion (BIC) values posed by each of the
distribution. Meanwhile, it was discovered that the BIE
distribution failed to perform better than any of the
competing distributions.
It can be observed in Eq. 1 that the cdf of the beta
inverted exponential distribution involves a special function;
the incomplete beta function. This would make the
distribution to be difficult to handle. As a result of this, the IE
distribution shall be generalized in this study using the
exponential generalized family of distributions which is
obtained as a special case of the Weibull generalized family of
distributions8. In this case, only one additional parameter
would be introduced and the resulting generalized
distribution is expected to be more tractable than the BIE
distribution.
It is worthy of note that some other generalized versions
of the IE distribution also exist in the literature; examples
include the transmuted inverse exponential distribution9;
Kumaraswamy IE distribution10 and exponentiated GIE
distribution11. Meanwhile, these distributions have not yet
been applied to real life data sets.
In this article, the densities of the EIE distribution are
derived; its statistical properties are also established
including estimation of parameters. The flexibility of the
proposed distribution was assessed using three real
life data sets and a simulation study was conducted in
order to investigate the performance of the model
parameters.

INTRODUCTION
The exponential distribution is a very simple and popular
lifetime model but its inability to properly model real life
phenomena whose failure rate are not constant led to
several modifications and generalization of the exponential
distribution1.
An inverted version of the exponential distribution called
the IE distribution has been introduced in the literature2. It has
an inverted bathtub hazard rate and can be suitable for
modeling real life phenomena with inverted bathtub failure
rates. An illustration of its application to breast cancer data has
also been discussed1. It has also been described as a model
that is useful in survival analysis3.
In recent years, the IE distribution has been generalized
and extended to yield the Generalized Inverse Exponential
(GIE) distribution4 and the beta inverted exponential
distribution5.
The GIE distribution4 introduced only one additional
parameter to its baseline distribution. Its statistical properties
were studied including the estimation of model parameters
and its application was demonstrated using a real life data. It
was discovered that the GIE distribution performed better
than the IE distribution using the likelihood ratio test and the
Kolmogorov Smirnov statistic as selection criteria. It was also
noted that the GIE distribution can provide better fit than the
Gamma distribution. The GIE distribution is positively skewed
and its shape is unimodal while the shape of its hazard
function could be decreasing or increasing. The GIE
distribution can be used in accelerated life testing, horse
racing, queue theory, modeling wind speeds, etc 6.
The Beta Inverted Exponential (BIE) distribution was
introduced recently5 and it was derived using the Beta
Generalized family of distributions7. The cumulative density
function (cdf) of the BIE distribution is given by Eq. 1:
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For x>0, a>0, b>0, 2>0.
Its associated probability density function (pdf) is given
by:
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MATERIALS AND METHODS
For x>0, a>0, b>0, 2>0.
where, a and b are shape parameters and 2 is the scale
parameter.

The methods used in developing the proposed EIE were
systematically explained.
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Fig. 1: PDF of the exponential inverse exponential distribution (a = ", b = 2)
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Bourguignon et al.8, the exponential-G family of distribution
can be obtained using the relation:
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where, G(x) is an arbitrary cdf.
It then follows that:
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respectively.
For x>0, 2>0.
where, 2 is a scale parameter.
Then, the cdf and pdf of the EIE distribution were given
by:
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and:
To derive the corresponding pdf; the expression in Eq. 4
is differentiated with respect to x to give:
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where, g  x  
is an arbitrary pdf.
dx
">0 is a shape parameter whose role is to induce
skewness and vary tail weights.
These results would be equivalent to the result of
Bourguignon et al.8, when $ = 1.
Since the cdf and pdf of the IE distribution were given
by:
 
G  x   exp   
 x

respectively.
For x>0, ">0, 2>0.
where, " is the shape parameter and 2 is the scale parameter.
The plots for the pdf of the EIE distribution at various
selected parameter values shown in Fig. 1 and Appendix.
Reliability analysis for the EIE distribution: Here, the
expression for the survival function, hazard function, reversed
hazard function and the odds function of the EIE distribution
were provided.

(6)

and:
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Fig. 2: Hazard function of the exponential inverse exponential distribution (a = ", b = 2)
Survival function: The general formula for the survival

Reversed hazard function: The reversed hazard function was

function is:

obtained from:
rx 

S(x) = 1-F(x)

Therefore, the survival function for the EIE distribution
was given by:
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Hence, the reversed hazard function of the EIE
distribution was:
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For x>0, ">0, 2>0.

(12)

Hazard function: The hazard function (failure rate) was
For x>0, ">0, 2>0.

derived from:
hx 

f x

Odds function: Odds function were obtained from:

1  F x 
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Hence, the expression for the failure rate of the EIE
distribution becomes:
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Therefore, the odds function for the EIE distribution was
given by:

(11)
Ox 

For x>0, ">0, 2>0.
The plots for the hazard function of the EIE distribution at
various selected parameter values shown in Fig. 2.
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For x>0, ">0, 2>0.
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Quantile function and median: Quantile function was
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Therefore, the quantile function of the EIE distribution
was obtained as:
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Hence, random samples from the EIE distribution can be
generated from:

x
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Also, when u = 0.5 in Eq. 14, the median of the EIE
distribution was obtained as:
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The solution of
 0 and
d
d
likelihood estimates of parameters a and 2. Meanwhile, the
solution cannot be obtained analytically but it can be solved
numerically with the aid of suitable software like R, SAS and so
on when data sets are available.

(16)

where, u is uniform (0, 1).

RESULTS

Parameter estimation: The unknown parameters of the EIE

As an illustration, the EIE distribution was fitted to three
real life data sets and its performance over the inverse
exponential distribution is compared. The best distribution wa
selected using the log-likelihood and Akaike Information
Criteria (AIC) values posed by each of the competing
distributions.

distribution can be estimated using the method of maximum
likelihood. Let x1, x2, ......, xn be a random sample each having
the pdf of the EIE distribution, then the likelihood function was
given by:
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First data: The first data represents the remission times
(in months) of a random sample of 128 bladder cancer
patients12,13. The observations are as follows:
0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 2.23,
3.52, 4.98, 6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09, 9.22,
13.80, 25.74, 0.50, 2.46 , 3.64, 5.09, 7.26, 9.47, 14.24, 25.82,
0.51, 2.54, 3.70, 5.17, 7.28, 9.74, 14.76, 26.31, 0.81, 2.62, 3.82,
5.32, 7.32, 10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39, 10.34,
14.83, 34.26, 0.90, 2.69, 4.18, 5.34, 7.59, 10.66, 15.96, 36.66,

(17)
Then its log-likelihood function was given by:
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Table 1: Summary of the data on bladder cancer patients
No.

Minimum

Maximum

Median

Mean

Variance

Skewness

Kurtosis

128

0.080

79.050

6.395

9.366

110.425

3.286569

18.48308

Table 2: Performance of the EIE distribution using data on bladder cancer patients
2̂

"
ˆ

Log-likelihood

AIC

Rank

0.21092
2.4847

0.02277
-

-413.6499
-460.3823

831.2998
922.7646

1
2

Distributions
EIE
IE

AIC: Akaike information criteria
Table 3: Summary of data on survival times of patients with breast cancer
No.

Minimum

Maximum

Median

Mean

Variance

Skewness

Kurtosis

121

0.30

154.00

40.00

46.33

1244.464

1.04318

3.402139

Table 4: Performance of the EIE distribution using the data on survival times of breast cancer patients
2̂

"
ˆ

Log-likelihood

AIC

Rank

0.350733
10.3215

0.007599
-

-584.9013
-677.2791

1173.803
1356.558

1
2

Distributions
EIE
IE

AIC: Akaike information criteria

1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62, 43.01, 1.19, 2.75, 4.26,
5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25,
17.14, 79.05, 1.35, 2.87, 5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34,
5.71, 7.93, 11.79, 18.10, 1.46, 4.40, 5.85, 8.26, 11.98, 19.13, 1.76,
3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51, 6.54, 8.53, 12.03,
20.28, 2.02, 3.36, 6.76, 12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63,
22.69

78.0, 80.0, 83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0,
109.0, 111.0, 115.0, 117.0, 125.0, 126.0, 127.0, 129.0, 129.0,
139.0, 154.0

The summary of the data is as given in Table 1. The
performance of the EIE distribution when applied to the data
on bladder cancer patients is as given in Table 2.

Remark: The EIE distribution also has the lowest AIC value and

The summary of the data given in Table 3. The
performance of the EIE distribution when applied to the data
on breast cancer is given in Table 4.

the highest log-likelihood value. Hence, the Exponential
Inverse exponential distribution can be considered better than
the Inverse exponential distribution.

Remark: The lower the AIC (or the higher the log-likelihood)
Third data: This data represents the survival times of a group

value, the better the model. It can be seen in Table 2 that the
exponential Inverse exponential distribution has the lowest
AIC value compared to that of the IE distribution. As a
consequence, the EIE distribution was an improvement over
the IE distribution based on the data considered.

of patients suffering from head and neck cancer diseases and
treated using a combination of radiotherapy and
chemotherapy (RT+CT)16,17. The observations are as follows:
12.20, 23.56, 23.74, 25.87, 31.98, 37, 41.35, 47.38, 55.46, 58.36,
63.47, 68.46, 78.26, 74.47, 81.43, 84, 92, 94, 110, 112, 119, 127,
130, 133, 140, 146, 155, 159, 173, 179, 194, 195, 209, 249, 281,
319, 339, 432, 469, 519, 633, 725, 817, 1776

Second data: This second data represents the survival times
of 121 patients with breast cancer obtained from a large
hospital in a period from 1929-193814,15. The observations are
as follows:

The summary of the data given in Table 5. The
performance of the EIE distribution when applied to the data
on survival times of patients suffering from head and neck
cancer given in Table 6.

0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 8.4, 8.4, 10.3, 11.0,
11.8, 12.2, 12.3, 13.5, 14.4, 14.4, 14.8, 15.5, 15.7, 16.2, 16.3, 16.5,
16.8, 17.2, 17.3, 17.5, 17.9, 19.8, 20.4, 20.9, 21.0, 21.0, 21.1, 23.0,
23.4, 23.6, 24.0, 24.0, 27.9, 28.2, 29.1, 30.0, 31.0, 31.0, 32.0, 35.0,
35.0, 37.0, 37.0, 37.0, 38.0, 38.0, 38.0, 39.0, 39.0, 40.0, 40.0, 40.0,
41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 46.0,
47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 55.0, 56.0, 57.0, 58.0,
59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0,

Remark: Unlike in the two previous examples, the IE
distribution has the lowest AIC value and can be considered
the best based on the data considered. However, it was
observed that this could be due to the fact that, the variance
of the data set used is very large (93,286.41).
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Table 5: Summary of data on survival times of patients suffering from head and neck cancer
No.

Minimum

Maximum

Median

Mean

Variance

Skewness

Kurtosis

44

12.20

1776.00

128.50

223.50

93,286.41

3.2691

16.5596

Table 6: Performance of the EIE distribution using data on head and neck cancer
2̂

"
ˆ

EIE

33.44690

0.16085

-280.4043

564.8086

2

IE

76.7000

-

-279.5773

561.1546

1

Distributions

Log-likelihood

AIC

Rank

AIC: Akaike information criteria
Table 7: Result from the simulation study
No.

Parameters

Estimate

Standard error

Mean square error

Bias

50

"=2

1.5592

0.6067

0.012134

0.4408

0.4408

2=3

2.4548

0.6036

0.012072

0.5452

0.5452

100
150
200
500
800

Abs. bias

"=2

1.0018

0.2855

0.002855

0.9982

0.9982

2=3

1.7954

0.3573

0.003573

1.2046

1.2046

"=2

2.4363

0.5033

0.003355

-0.4363

0.4363

2=3

3.4207

0.3987

0.002658

-0.4207

0.4207

"=2

2.0845

0.3905

0.001953

-0.0845

0.0845

2=3

3.2450

0.3572

0.001786

-0.2450

0.2450

"=2

1.4384

0.1812

0.000362

0.5616

0.5616

2=3

2.4072

0.1952

0.000390

0.5928

0.5928

"=2

1.6760

0.1616

0.000202

0.3240

0.3240

2=3

2.6778

0.1603

0.000200

0.3222

0.3222

Simulation study: A data set of size m = 1,000 was simulated

distribution was usually to make it more flexible; as displayed

from the Weibull distribution; a well-known lifetime

in Table 2 and 4, the EIE distribution was confirmed to be more

distribution with parameters " = 2, 2 = 3. Six different

flexible than the Inverse exponential distribution because

data sets with sizes n = 50, 100, 150, 200, 500 and 800 were

it

extracted from the main data (m) using the method of

log-likelihood value. These results are in accordance with that

simple random sampling with the aid of R software. Then,

of previous studies8,13,15,18 and many more where the

the EIE distribution was fitted to the data. The idea is to know

generalized distribution performed better than the baseline

how the parameters of the EIE distribution would behave as

distribution.

has

the

lowest

AIC

value

and

the

highest

the sample size increases. The maxLik package in R software

On the contrary, in Table 6, the EIE distribution failed to

was used to estimate the maximum likelihood estimates of

perform better than its baseline distribution based on the

parameters " and 2. The result of the simulation study as

AIC and log-likelihood values posed by these distributions.

shown in Table 7.

Now, looking at Table 5, the variance of the data used was
very large (93,286.41) and the data can be considered

Remark: It can be seen that the error posed by the parameters

to be over-dispersed. This particular result has been able to

" and 2 decreases as the sample size (n) increases but there

uncover that a compound distribution may be tractable

was an exception for parameter " when n = 150. It can also be

and flexible like the proposed EIE distribution but some

seen that the biasedness of the parameters were not large.

limitations can exist especially when there are outliers in the

The biasedness in this case cannot be zero in because the data

data set.

was simulated from Weibull distribution and EIE distribution

In addition, several studies in distribution theory that

was fitted on it. It is expected that there will be a level

involve simulation were performed using random samples

of biasedness.

generated from the newly developed compound or
generalized distribution19-21 but this present study did not
DISCUSSION

follow that route, though similar conclusions were obtained;
the error posed by the parameter estimates decreases as the

Figure 1 shows that the shape of the EIE distribution at

sample size increases. Here, the two-parameter Weibull

varying parameter values were unimodal (or inverted

distribution was used to generate random samples instead of

bathtub). The aim of generalizing or extending a standard

using the newly developed EIE distribution; as expected, the
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parameter estimates were close to the true parameter values,
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