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Abstract: The influence of radiation on the unsteady free convection flow of a viscous incompressible fluid

past a moving vertical plate with Newtonian heating is investigated theoretically. The fluid is gray, absorbing-
emitting but non-scattering medium and the Rosseland approximation is used to describe the radiative heat flux
in the energy equation. For a detailed analysis of the problem, three important cases of flow due to: (1) motion
with uniform velocity, (2) uniformly accelerated motion and (3) exponentially accelerated motion of the plate

have been considered. The dimensionless governing equations are solved analytically using the Laplace

transform techmque. Numerical results for the temperature, velocity, skin-friction and the Nusselt number are

shown graphically. The results show that an increase i the radiation parameter leads to a decrease m the
temperature and velocity. Also, an increase in the radiation parameter increases the skin friction and the Nusselt

number at the plate.
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INTRODUCTION

Free convection flow of an incompressible viscous
fluid past a moving vertical mfimte plate finds
applications in many industrial processes. This is
particularly important in the design of spaceship, filtration
processes, the drying of porous materials mn textile
industries, solar energy collectors, nuclear reactors, etc.
Soundalgekar (1977) studied the free convection flow past
an mnpulsively started infinite vertical plate when it 1s
heated or coocled by free convection currents and he
observed that more cooling of the plate by free
convection currents may cause separation near the plate
in case of air. Soundalgelkar and Patil (1980) presented an
exact solution to the problem of free convection flow past
an impulsively started infimte vertical plate mn the
presence of constant heat flux. Soundalgekar and Gupta
(1980) studied the free convection flow past an
accelerated infinite vertical plate. This problem was solved
for (1) 1sothermal plate and (2) constant heat flux at the
plate by Laplace transform technique and it is observed
that in case of air, separation exists even at small values
of Grashof number. Free convection flow of an
mcompressible and viscous fluid past an exponentially
accelerated infinite vertical plate was analyzed by Singh
and Kumar (1984). An exact solution of the flow of a

viscous incompressible fluid past an impulsively started
infinite vertical plate in the presence of foreign mass was
presented under the conditions of (1) varable plate
temperature and (2) constant heat flux by
Soundalgekar et al. (1984). An analysis of the effects of
free convection currents on the flow of an incompressible
viscous fluid past a moving vertical mfinite porous plate
was presented by Perdikis and Takhar (1986). An
analytical study to examine the mass transfer effects on
flow past an exponentially accelerated vertical plate was
performed by Tha ef al (1991). The unsteady free
convection flow with constant heat flux and accelerated
boundary motion was investigated by Chandran et al.
(1998). Transient free convection flow past an infinite
vertical plate with periodic temperature variation was
studied by Das ef al. (1999). An exact solution to the
problem of flow past an impulsively started infinite
vertical plate in the presence of variable temperature and
mass diffusion was considered by
Muthucumaraswamy et al. (2000). Theoretical study of
unsteady free convection flow past an exponentially
accelerated infinite isothermal vertical plate in the
presence of variable mass diffusion was presented by
Muthucumaraswamy et al. (2008). Recently, a theoretical
analysis to the problem of free convection flow induced
by an infinite moving vertical plate subject to a ramped
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wall temperature with simultanecus mass transfer was
presented by Narahari and Dutta (2009).

The usual way in which free convection flows are
modeled 15 to assume that the flow is driven either by a
prescribed surface temperature or by a prescribed surface
heat flux. Here a somewhat different driving mechanism
for free convection flow past a moving vertical plate 1s
considered, in that it 1s assumed that the flow 1s set up by
a Newtonian heating from the surface. That is, the heat
transfer from the surface is taken to be proportional to the
local surface temperature. This situation was first
considered by Merkin (1994) for the free convection
boundary-layer over a vertical flat plate immersed in a
viscous fluid. Lesnic e al. (1999, 2000} considered free
convection boundary-layer flow along vertical and
horizontal surfaces in a porous medium with Newtonian
heating. The steady free convection boundary-layer along
a semi-infinite, slightly inclined to the horizontal plate
embedded m a porous medium with the flow generated by
Newtoman heating was investigated by Lesnic ef al.
(2004). An exact solution of the unsteady free-convection
boundary-layer flow of an incompressible fluid past an
mfinite vertical plate with flow generated by Newtoman
heating and impulsive motion of the plate was presented
by Chaudhary and Jain (2007). Recently, an exact solution
to the problem of unsteady free convection flow of a
viscous incompressible, optically thin radiating fluid past
an wmpulsively started wvertical porous plate with
Newtonian heating was investigated by Mebine and
Adigio (2009). Tn the present study, an exact solution to
the problem of unsteady free convection flow of a viscous
mcompressible, optically thick radiating fluid past a
moving vertical infinite plate with Newtonian heating is
derived using Laplace transformation techmque and the
Rosseland diffusion approximation is used to describe the
radiative heat flux in the energy equation.

MATHEMATICAL ANALYSIS

Consider the unsteady free convection flow of a
viscous incompressible fluid past a moving vertical plate.
The x’- axis is taken along the plate in the vertically
upward direction and the y’- axis 1s normal to the plate.
Tnitially, for time t’<0, the plate and the fluid are at the
same constant temperature T'_ in a stationary condition.
At time t">0, the plate starts moving with velocity u, f(t")
inits own plane along the x’- axis against the gravitational
field and it is assumed that the rate of heat transfer from
the surface is proportional to the local surface temperature
T’, where 1, i3 a constant. Since, the plate is considered
infinite in the x’- direction, all the physical variables are
functions of y* and t* only. It 1s also assumed that the
radiative heat flux in the x’- direction is negligible as

compared to that in the y’- direction. Then, under usual
Boussinesq approximatiorn, the free convection flow of a
radiating fluid is shown to be governed by the following
system of equations:

?;: =gB(T'—T'm)+vgzy1_12' (1)
pCPBT'zkazT'_a% (2)
a; aypz ay;

The imitial and boundary conditions are

t'<0:u'=0,T'=T forall y'>0,
t'>0:u"=u,f(t", aT,=—ET’ at y'=0, (3)
& k
=0T -T as v oo,

where, U’ 13 the velocity m the x* dwection, T" the
temperature of the fluid, T'. the ambient temperature, g the
acceleration due to gravity, B the volumetric coefficient of
thermal expansion, v the kinematic viscosity, p the
density, C | the specific heat of the fluid at constant
pressure, g, the radiative heat flux in y’- direction, k the
thermal conductivity and h 1s the heat transfer coefficient.

The radiative heat flux term 1s simplified by
making use of the Rosseland approximation (Siegel and
Howell, 2002) as:

4o OT"

o -l 4
where, 0 1s the Stefan-Boltzmann constant and k* 1s the
mean absorption coefficient. It should be noted that by
using the Rosseland approximation we limit our analysis
to optically thick fluids. If temperature differences witlhun
the flow are sufficiently small such that T may be
expressed as a linear function of the temperature, then the
Taylor series for T" about T'., after neglecting higher
order terms, 1s given by

T = 4T T’ 3T &)
In view of Egs. 4 and 5, Eq. 2 reduces to

o1’ FT 160T T’ (6)

C, = +
p B at/ ayfz 3k* aylz

For a detailed analysis of Eq. 1 we have considered
three different cases of flow due to: (1) motion with
uniform velocity, (2) Uniformly accelerated motion and (3)
exponentially accelerated motion of the plate.
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Motion with uniform velocity: In this case, f (t") =1. We
introduce the following non-dimensional quantities:

<
£ =,
3

- (7

v
pr=r = VL o K
k u, 40T,

The corresponding dimensionless forms are:

du du (8)
5 Gro+——
2
06 2’0 (9)

3RPr—=03R+4
5 )ayz

The transformed mnitial and boundary conditions are:

t=<0:1=00=0 foral y=0
=012 gie a yo (10)
u—0,0-0 a Yoo,

where, p is the coefficient of viscosity, u the
dimensionless velocity, 6 the dimensionless temperature,
Gr the Grashof number, Pr the Prandtl number, R the
radiation parameter, t the dimensionless time and y is the
dimensionless coordinate axis normal to the plate.

According to the above non-dimensional process,
the characteristic velocity u, can be defined as:

_hv (11)
by

Equations 8§ and 9 subject to the boundary conditions
10 are solved by the usual Laplace transform technique
and the solutions are given by

uy,t)=£{y,t)
SN[ E VN 650~ VND+ ) | )
N[ WN.O- L0
+B EGVN.O- L0 |
By =£, (7N, - £ (3N.) (13)

where:

fl(z,t)=erfc(2LJt_]

f,(zt)= 2@&){;{%} —Z erﬁ:{zi\ﬁJ

At

e L2 2t
ﬁl(z,t)eXP[N NJBIT{QJI \/;}

fzt) ={Z; + t]erfc[z}—z\’t/_n e@(—i)

z is a dummy variable and f, f,, f;, f,, f; are dummy
functions defined above.

From the velocity field, we determine the skin friction,
which in dimensionless form is given by:

=% (14)
Py oyl
Substituting Eq. 12 in Eq. 14 we obtain:
= b
t
Vin (15)

FAT Al

Another important phenomenon in this study is to
understand the effects of R, Pr and t on the Nusselt
number. The rate of heat transfer is given in the form of
Nusselt number as:

S JT’
u, (T'=T.) oy’

1
= 16
» 8.0 +1 (16)

Substituting 6 (0, t) from Eq. 13 into 16, we obtain:

- 1 17
o exp(t/ N)(1 +erf(Wt/ N))—1 + an

In the absence of radiation effects, the solutions for
the velocity (Pr # 1), temperature, skin-friction and the
Nusselt number derived by Chaudhary and Tain (2007) can
be deduced from Eq. 12, 13, 15 and 17, respectively, by
putting N = Pr (as well as in f ,(z, t) and b).

Uniformly accelerated motion: In this case, f (t") =t’. The
velocity field in dimensionless form is given by:

uy.H=£.1)
SN[ VNO- L0 - ROV (.0 ]
N[ VN O£ |
b LD |
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The non-dimensional quantities introduced in Eq. 18
are defined as follows:

vh  tvh®  uwh’ g T T

y=io = u=—— g
prote gro 2Pl g KK
k' u, = 40T’

Using the expression in Eq. 18, the skin friction in
dimensionless form 1s obtained as:

7h Ehl‘ J?
g=— =2 g f*
puk dyl, ¢

b ==t

In the absence of radiation effects, the solutions for
the velocity (Pr#1)and skin-friction can be deduced from
the Eq. 18 and 20, respectively, by putting N = Pr (as well
as in f, (z, t)yand b).

(20)

Exponentially accelerated motion: For this case, £ (t") =
exp (a’ t"). The velocity field in dimensionless form is
given by:

u(y,t)=exp(at)F;(y,t)

FON[E (3N, 0 — £, (3.0)— £, (7N + £, (3. )] 1)
+bN[f, (7N, )~ 1, (3. )]

+H{E, (y /N, D~ £(3.0)]

Where:

£(z.t) =;[exp(—z\/a)erfc(2‘zﬁ .y }

+exp(eva )exfc[;/{ +a ﬂ

and f; is a dummy function of the dummy variable z.
The non-dimensional quantities introduced mn Eq. 21
are defined as follows:

” £ 2 ’ Y
y:yu",t:tuU ,u:l,ezT ,T"",
veg[T, av
Pr=— 5 Or=— 55 R= 5= 3
L G L)

Using the expression in Eq. 21, the skin-friction in
dimensionless form is obtained as:

2 1096-1104, 2011

o :E‘
P Oy,
=ﬁ + aexp(at)erf(\/a_t) (23)

ool ot oo

In the absence of radiation effects, the solutions for
the velocity (Pr # 1) and skin-friction can be deduced from
the Eq. 21 and 23, respectively, by puting N = Pr (as well
as in f, (z, ) and b). Also, the results of present case
includes the corresponding results of the plate with
uniform velocity when a= 0.

RESULTS AND DISCUSSION

The effect of thermal radiaion and Newtoman
heating boundary condition on flow and heat transfer of
a viscous incompressible fluid along a moving vertical
infinite plate has been considered in the preceding
section. The governing coupled linear partial differential
Eq. 8 and 9 subject to the mutial and boundary conditions
corresponding to the three cases of motion of the plate
have been solved analytically using Laplace transform
technique without any restriction. The numerical results
for the temperature, velocity, skin-friction and the Nusselt
number are computed to carry out a parametric study
showing influences of several system parameters like R,
Gr, Pr,aand t.

The temperature profiles for different values of R, Pr
and t are shown in Fig. 1. Tt is observed that the
temperature decreases with mcreasing values of radiation
parameter. When radiation 1s present, the thermal
boundary layer always found to thicken, which may be
explained by the fact that radiation provides an additional
means to diffuse energy. For R = 10 the temperature
profile is found to increase 11.22% of the pure convection
case (which numerically corresponds to R -~ <) at the plate
whent =0.2and Pr=0.71 (air). In the absence of radiation
effects, i.e. in the case of pure convection, it is noted that
an ncrease of Prandtl number results in a decreasing the
thermal boundary layer thickness and more uniform
temperature distribution across the boundary layer. The
reason is that smaller values of Pr are equivalent to
increasing the thermal conductivities and therefore heat
15 able to diffuse away from the heated surface more
rapidly than for higher values of Pr. Tt is also observed
that the temperature increases with mcreasing time 1n the
presence of radiation.
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Fig. 1: Temperature profiles for different t, R and Pr
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Fig. 2. Velocity profiles for different t, R and Gr when
Pr=0.71 due to uniform velocity of the plate

The velocity profiles are shown in Fig. 2 for different
values of t, R and Gr when Pr = 0.71 due to uniform
velocity of the plate in the presence of radiation. Tt is
observed that the velocity increases with increasing t and
Gr. Physically this is possible because as the Grashof
number or time increases, the contribution from the
buoyancy force near the plate becomes significant and
hence a rise i the velocity near the plate 1s observed.
Moreover, it 1s seen that the larger the value of radiation
parameter, the thinner the momentum boundary layer size.
This result may be explained by the fact that an mcrease
in the radiation parameter R =(k k*/4GTf)for fixed
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1.6 7 o 04 0715
m 0.6 0.71 5

144 IV 0.2 7.00 5
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Fig. 3: Velocity profiles for different t, Pr and Gr when
R - o due to uniform velocity of the plate
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Fig. 4 Velocity profiles for different t, R and Gr when
Pr=0.71 due to umformly accelerated plate

k* and T'. means an increase in the Rosseland mean
absorption coefficient k*.

The velocity profiles are shown in Fig. 3 for different
values of t, Pr and Gr in the pure convection case due to
uniform velocity of the plate. It 15 observed that an
increase in t and Gr leads to an increase in the velocity of
an air flow due to enhancement in the buoyancy force.
Moreover, the velocity of fluid decreases with increasing
Prandtl mumber. This is consistent with the physical
observation that the fluids with high Prandtl number have
greater viscosity, which makes the fluid thick and hence
move slowly.
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Fig. 5. Velocity profiles for different t, Pr and Gr when
R - o due to uniformly accelerated plate

22

t R Gra
2.0

1.8
1.6

1.4 4

sgs<gE="

Velocity (u)
0

Fig. 6: Velocity profiles for different t, R, Gr and a when
Pr=0.71 due to exponentially accelerated plate

From Fig. 2 and 3 it is interesting to note that for
R = 10 the velocity profile 1s found to mcrease 5.95% of
the pure convection case near the plate at y = 0.25 when
t=0.4, Pr=0.71 and Gr = 5. Furthermore, when radiation
is present, the momentum boundary layer was found to
thicken which 15 in agreement with the observation made
earlier with regard to the temperature variations of air flow.

The velocity profiles are shown in Fig. 4 and 6 for
different values oft, R, Gr when Pr=10.71 andin Fig. 5 and
7 for different values of t, Pr, Gr when R -+ for the cases
of umformly accelerated plate and exponentially

2.0
t Pr Gr a
1.8 - 1 02 071 5 05
o 04 071 5 05
16 - m 06 071 5 05
' v 02 70 5 05
1.4 - V 020 071 10 05
: VI 02 071 10 05
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v
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Fig. 7: Velocity profiles for different t, Pr, Gr and a when
R -~ < due to exponentially accelerated plate

Skin-friction (1)

Fig. 8 Slkan-friction for different R and Gr when Pr = 0.71
due to umform velocity of the plate

accelerated plate respectively. Tt is noted that the
parameters in these two cases exlubit similar effects as
seen with the case of umform plate velocity. In addition,
the effect of parameter a on the velocity profiles in the
presence of radiation and pure convection case for an
exponentially accelerated plate 1s presented in Fig. 6 and
7, respectively. It 13 observed that the velocity increases
with increasing values of a.

From Fig. 4 and 5 it is noted that for R = 10 the
velocity profile 1s found to merease 10.74% of the pure
convection case near the uniformly accelerated plate at
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Fig. 9. Skin-friction for different Pr and Gr when R - o
due to uniform velocity of the plate
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Fig. 10: Skin-friction for different R and Gr when Pr=0.71
due to uniformly accelerated plate

v =025whent =04, Pr =0.71 and Gr = 5 whereas 1t 1s
5.33% for an exponentially accelerated plate from Fig. &
and 7.

From Fig. 2 to 7 it is clear that, at low values of t, the
velocity distribution is monotonic, but at a higher time it
passes through a maximum when the buovancy effect
partly suppresses the mertial effects of the plate velocity.
Moreover, close observation of these velocity profiles
reveals that, at a ugher time, the maximum fluid velocity
occurs closer to an exponentially accelerated plate as
compared to other two cases. Among the remaimng two
cases the maximum fluid velocity occurs closer to the
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0.1

0.0

Sidn-friction {x)
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1l P a
0391 o s
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0.0 005 0.10 0.15 020 0.25

Fig. 11: Skin-friction for different Pr and Gr when R - <o
due to uniformly accelerated plate
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Fig. 12: Skin-friction for different R, Gr and a when
Pr = 0.71 due to exponentially accelerated plate

plate with uniform velocity than the uniformly accelerated
plate.

The skin-friction variation with time 1s shown m
Fig. 8, 10and 12 for different R and Gr when Pr=10.71 in all
the three cases of plate motion. Tt is observed that the
skin-friction 1s increasing with increasing R whereas it
decreases with increasing value of Gr in the presence of
radiation. Tn the case of pure convection, the variation of
skin-friction with time is shown in Fig. 9, 11 and 13 for
different values of Pr and Gr in all the three cases of plate
motion. It 1s observed that the skin-friction 18 ncreasing
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Fig. 13: Skin-friction for different Pr, Gr and a when R -
due to exponentially accelerated plate
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Fig. 14: Nusselt number variation for different R and Pr

with increasing value of Pr whereas it decreases with
mcreasing value of Gr. A large Prandtl number mmplies
more prominent viscous effects causing an enhanced
frictional force. Tn addition, the effect of parameter a on
the skin-friction variation with time for an exponentially
accelerated plate 1s shown m Fig. 12 and 13 in the
presence of radiation and m the pure convection case
respectively. It is seen that the skin-friction increases with
an increase in the value of a. Tt is also interesting to note
that these varations are not significant for small
values of t.

Moreover, in the case of uniform velocity plate and
exponentially accelerated plate, the skin-friction is
decreasing with increasing values of t and it 13 also noted
that there 1s a sharp decrease in the skin-friction at small
values of t. In the case of uniformly accelerated plate,
there is a sudden increase in the skin-friction for small
values of t and 1t 18 decreasing gradually with increasing
values of t That 1s, the skin-friction curves assume
parabolic shapes with the variation of time.

From Fig. 8 to 13 it is interesting to note that the
value of the skin-fricion becomes negative after some
time, which means that there occurs a reverse type of flow
near the moving plate after some time. Physically this is
possible as the motion of the fluid is due to plate motion
in the upward direction agamst the gravitational field.
Thus 1t can be expected that large values of Grashof
number may cause separation of the flow even at small
time values.

The Nusselt number varation with time 1s shown m
Fig. 14 for various values of R and Pr. It 1s observed that
the Nusselt number increases with increasing R and this
variation is sighificant only for small values of t. In the
case of pure convection, it 1s noted that the Nusselt
number increases owing to an increase i the value of Pr.
This is evident from the fact that, for increasing values of
Pr, frictional forces become dominant and hence yield
greater heat transfer. Furthermore, as time advances, the
value of the Nusselt number is decreasing and after some
time it becomes constant.

CONCLUSIONS

Effects of radiation with Rosseland approximation on
free convection boundary layer flow past a moving
vertical infinite plate with Newtonian heating have been
studied theoretically. Three unportant cases of flow due
to: (1) motion with uniform wvelocity, (2) uniformly
accelerated motion and (3) exponentially accelerated
motion of the plate have been considered. The
dimensionless govermng lmear partial differential
equations are solved analytically using the Laplace
transform technique. Numerical calculations have been
carried out for different parameters such as radiation
parameter R, Grashof number Gr, Prandtl number Pr, a and
time t. The following conclusions are drawn from the
present investigation:

*  The momentum and thermal boundary layers are
found to thicken when the radiation is present

¢ The temperatwre of the
mcreasing value of R and it increases with increasing
t m the presence of radiation. In the case of pure

fluid decreases with
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convection, the temperature of the fluid is decreasing
with increasing value of Pr

* In all the three cases, the velocity of the flud
decreases with increasing value of R whereas it
increases with increasing value of Gr. In the case of
pure convection, the wvelocity decreases with
mcreasing value of Pr

* For an exponentially accelerated plate, the fluid
velocity is increasing with increasing value of the
parameter a

+ In all the three cases, the skin-friction increases with
mcereasing value of R whereas it decreases with
mcreasing value of Gr. In case of pure convection,
the skin-friction increases with increasing value of Pr

* For an exponentially accelerated plate, the skin-
friction increases with an merease m the value of the
parameter a

¢ The Nusselt number increases with increasing R for
small values of ¢. In the case of pure convection, the
Nusselt number mcreases owing to an increase in the
value of Pr
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