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Abstract

Milne’simplementation on block predictor-corrector methods for integrating nonstiff ordinary differential equations is been considered.
The introduction of Milne’s implementation attracts a lot of computational benefits, which guarantees step size variation, convergence
criteria and error control. Existence and uniqueness for the nonstiff problems were recognized. The approach was employ Milne’s
implementation of the principal local truncation error on a pair of predictor-corrector method of Adams type formulas, which is
implemented either in P(EC)™ or P(EC)™ E mode. The implementation of Milne’s estimate and evaluation of the block method for nonstiff
ODEs was analyzed in details. In addition, an algorithm for the implementation of the method was specified.
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INTRODUCTION

Several techniques have been formulated to yield global
error estimation according to Dormand'. A distinctive
approach, frequently adopted if local error control is used
called tolerance reduction. This relies on the presumption of
tolerance balance being correct. In solving a differential
equations over the required interval, a new result is achieved
employingadecreased orincreased tolerance. The deviations
in the result, obtained at like points can be used to
approximate the global error.

Computational methods for providing solution of ODEs of
initial value type are commonly divided as single-step or
multistep processes. From each one has its pros and cons and
many numerical analyst favours one or the other technique.
Moreover, such a choice may originate from the needs of the
problem being worked out. Authors viewed generally that
several types of numerical methods had better be equated to
the user aims’.

The initial value problem of a first-order differential Eq. 1
of the form is consider as:

Y () =f(x,y), (@ = a, x €[4, b] and f:RxR™ — R"™ M

Eqg. 1is generally written as in Eq. 2:

Z‘J:lai Youi = hzijzlﬁi fn+i (2)
where, his the step size, a, i = 1,...j, B; are unknown constants,
which are uniquely specified such that the equationis of order
j as discussed?.

It is assumed thatfe R is sufficiently differentiable on
x €[a, b] and satisfies a global Lipschitz condition, i.e., there is

a constant L>0 such that:
If(x, y)=f(x, y)IEL|y-ylVvy.yeR

Under this presumption, Eq. 1 assured the existence and
uniqueness defined on x €[a, b] as well as viewed to fulfill the
Weierstrass theorem??,

Where, a and b are finite and y® [y®,, y0,,..., y® ] fori =0
(1) 3and f = [f;, f,,.., f.]", originate in real life applications for
problems in science and engineering, such as fluid dynamics
and motion of rocket as presented by Mehrkanoon et a/®.

However, Adesanya et al/’, Ehigie et al/®, Fatunla®,
Ismail et a/'°, James et a/'" and Ken et al'> proposed
block multistep methods, which were employed in
predictor-corrector mode. Block multistep methods have the
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vantage of evaluating simultaneously at all points with the
integration interval, thereby reducing the computational
burden when evaluation is required at more than one
point within the grid. Again, Taylor series expansion is
used to provide the initial values in order to compute the
corrector.

Scholars have suggested block predictor-corrector
methods for the numerical solution of nonstiff and mildly
stiff ODEs in the simple form of Adams type combined
with P(EC)™ or P(EC)™ E mode implemented using variable
step size appear>>15, Nevertheless, their implementation
was geared towards Backward Differentiation Formula (BDF).
This study presents Milne’s implementation on block
predictor-corrector method for solving nonstiff ODEs of Eq. 1
founded on variable step size technique implemented in
P(EQ)™ or P(EQ)™ E mode. This technique comes with many
numerical advantages as expressed in the abstract.

A block-by-block method is a method for computing
vectors Yy, Y,, in sequence. Let the r-vector (ris the number of
points within the block) Y,, F,and G, forn=mr,m=0, 1,...
be given as Y, = (Vo1 Ynar) s F = (friq,s i) T then the I-block
r-point methods for Eq. 1 are given by:

Y, =X A%Y, +hy! BOF,,

where, A¥, BY, i =0,..., j are r by r matrices?*"”.

Thus, from the above explanation, a block method has the
numerical advantage that in each practical application, the
solutionis estimated at more than one point concurrently. The
number of points depends on the construction of the block
method. Hence, employing these methods can give quicker
and faster solutions to the problem, which can be managed
to generate the desired accuracy®'>. Therefore, the objective
of this study is to propose Milne’s implementation of block
predictor-corrector methods for solving nonstiff and mildly
stiff ODEs implemented in P(EC)™ or P(EC)™ E mode adopting
variable step size technique. This technique possess the
following vantages like designing a suitable step
size/changing the step size, specifying the convergence
criteria (tolerance level) and error control/minimization as well
as addressing the gaps stated above.

MATERIALS AND METHODS

In this section according to Akinfenwa et a/2, the main
aim is to derive the principal implicit block method of the
Eq. 2. It is proceed forward by seeking an approximation of
the exact solution y(x) by assuming a continuous solution Y(x)
of the Eq. 3:
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+k-1

Y= d ()

i=0

(3)

where, x €[a, b], d, are unknown coefficients and 9,(x) are
polynomial basis functions of degree g+k-1, where, q is the
number of interpolation point and k is the collocation points,
respectively chosen to satisfy g =j>3 and k>1.The integerj>1
denotes the step number of the method. Thus, it is construct

)\

X=X

aj-step implicit block multistep method with 9, (x) = (

by imposing the following Eq. 4 and 5:

(
S

where, y, ., is the approximation for the exact solution y(x,,,),
foer = f(Xo41, Your), N is the grid index and x,,,, = x,+ih. It should
be observed that Eq. 4 and 5 leads to a system of g+1 Eq. 6 of
the AX = B where:

q

>4

i=0

X=X,
h

j = YM 'i :0""vq_l

(5)

X — X i-1
‘) =f,.ieZ
h

0 1 2 3 4

X

4
Xk
0

Xk
k(k-1) (k-2)x2,

0 1 2
Xk Xok Xnk
0 0 0

k(k-1) (k-2x5, -
k(k-1) (k-2x5, -

k(k-1) (k-2)x2,
k(k-1) (k-2)x°,

. k(k-1) (k-2x7,
o k(k-1) (k-2)%°,

k(k-1) (k- 2))(1k k(k-1) (k- 2))(:k . . k(k-1) (k- 2))(:+K

_ T
X=[Xg Xp, Xp, X500 X, ] ) ©)
U:[fn’fnfl’""fnfkfl’fml’frwz""’fn+k’yn'yn—l""’ynfkfi]
Solving Eqg. 6 using mathematica, we get the coefficients
of d;and substituting the values of d; into Eq. 4 and after some
algebraic computation, the implicit block multistep method is
obtain Eq. 7 as:

q-1
i zoai yrH -

) UDIN TS WA @)

where, o; and B; are continuous coefficients.

General overview of the block predictor and corrector
methods: Assuming P defines the application program of the
block predictor, Ca block corrector application program, with
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E as the evaluation application program of f with respect to
given values of its parameter. If y©, is computed from the
block predictor, f© =f(x,, y?) is calculated one time and
employ the corrector at one time as well to obtain Y&,; this
describe the computation as PEC. Further appraisal of
fO =f(x,,. y?,) succeeded byanotherapplication program of
the corrector gives y® and thus, denoted by PEC?.
Implementing the application program of the block corrector
m many times can be referred to as PEC™. Since m is constant,
y™ is accepted as the computational solution at x,,,. At this
point, the last computational value for f,,, is preferred as
fY=f(x,, y"?) and this will be further decided whether
or not to execute f™ =f(x,,, y™). Assuming this concluding
execution is done, the mode is denoted by P(EC)™ or P(EC)™ E.
Eventually the decision clearly impacts the next step of
the execution, when both predicted and corrected
numerical values for y, .., will rely on whetherf, ,, is accepted
as £ or 2. Finally, for a given m, P(EC)™ or P(EC)™ E mode
utilize the corrector the same number of times; only P(EC)™ E
requires one more evaluation per step than P(EC)™ as

discussed® 8,

Theorem 1: If the multistep method (2) is convergent for pth
order equations, then the order of (2) is at least p'°.

Theorem 2: The order of a predictor-corrector method for first
order equations must be > 1 if it is convergent'.

Theorems 1 and 2 draws the conclusion that the order
and convergence of the method holds.

Implementation on Milne’s block predictor-corrector
methods: Holding to**'%, the implementation in the P(EC)™ or
P(EC)™ E mode becomes significant for the explicit (predictor)
and implicit (corrector) methods if both are separately of like
order and this requirement makes it necessary for the
stepnumber of the explicit (predictor) method to be one step
higher than that of the implicit (corrector) method.
Consequently, the mode P(EC)™ or P(EC)™ E can be formally
examined as follows form =1, 2,...P(EC)™:

j1 j1
Yo+ 20y =h) B
i=0 i=0
[s] — [s]
fn+j =f (Xn+j ’yn+j)
-1 -1
Yol + 2 e Yl = hpByf3 +h) B £} s=01,..,m-1  (8)
i=0 i=0
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P(EQ)™E:
O K e hjf fimi
yn+,+;a. yil = ZB

5] _
n+|

[s]
n+j ’yIH»J

=f(x )

flsl

J n+j

}s=01,...m-1

Yo s 'z 'y =hp +hzs.fm

flol =
n+|

[s]
n+j ’yIH»J

=f(x )

Noting that as m-«, the result of evaluating with either of
the above mode will slope to those given by the mode of
correcting to convergence.

Moreover, predictor and corrector pair based on Eq. 1 can
be applied. The mode P(EC)™ or P(EC)™ E specified by Eq. 8,
where, h is the step size. Since the predictor and corrector
both have the same order p, Milne's device is applicable and
relevant.

The following theorem demonstrate adequate condition
for the convergence of P(EC)™ or P(ECQ)™ E.

Theorem1:Let {y'™} beasequence ofapproximationsofy,,,
obtained by a PECE... method. If:

of
7(Xn+1!y) <L

5

[4

yi ) where, L is satisfies the

(for all y near )’n+1 including y\%,,

condition L<7—, thenthe sequence {y!"!

n+1.

\hBo } convergestoy,,.

Proof: The numeric solution satisfies the equation:

j-1

hz B| fn+\

i=0

1
yn+1:zo“\ yn+| + hBOf (Xn+1'yn+1) +
i=0

The corrector satisfies the equation:

(m+l) _

i =
yn+\ ZU“\ yn+| + hBOf (Xn+1’y£1T|)) + hZBI fn+|
i=0 i=0

Subtracting these two equations, it is obtain:

(m+l) _

(m)
yn+1

n+1?1 yn+1

= DBy [f (1Y) ~ (X

yn+1 ]
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Applying the Lagrange mean value theorem to arrive at:

(m+1) _

m Of
yn+1 hBO (yn+1 y£1+i)

ay( n+1’y*)

yn+1

where, y™

n+l

<y*<y,.. Thus,

(m) 6f

yn+1 ay

(m+1)

yn+1 yn+1 ‘hBO‘ yn+1

n+17 y)‘

<hL|B,|

(m)
Yo = Yna

< [hl- ‘Bo‘]m Yoa— y£10+)1

Now,

“m yn+1 y(anl _)0' If

m—a

hL|B,|<lor L<——
pl<tor g

This means that the conclusion of theorem 1 holds3. In
cases, where, C,,;, C*,,, are the computed error constant of
the predictor-corrector method, respectively. The following
consequence holds.

Proposition: Suppose the predictor method have order p*
and the corrector method have order p. Then: If p*>p (or p*<p
with m>p-p*), then the predictor-corrector methods
possesses the same order and the same PLTE as the corrector.
If p*<p and m = p-p*), then the predictor-corrector method
possesses the same order as the corrector, but different PLTE.
If p*<p and m<p-p*-1, then the predictor-corrector method
possesses the same order equal to p*+m (thus less than p).

Specifically, it is observe that suppose the predictor has
order p-1 and the corrector has order p, the PEC answers to
get a method of order p. Moreover, the P(EC)™ or P(ECQ)™
scheme has always the same order and the same PLTE*%,

Combining*'®2! Milne's device stated that it is viable to
estimate the principal local truncation error of the explicitand
implicit (predictor-corrector) method without estimating
higher derivatives of y(x). Assuming that p = p*, where, p* and
p defines the order of the explicit (predictor) and implicit
(corrector) methods with the same order. Directly, for a
method of order p, the principal local truncation errors can be
written asin Eq. 9:
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C ot PP YE (%) = Y (X)W, +O(HP2) 9)

Also in Eq. 10:

Cor PP YO™ () = Y(X)-Co ¥O(HP?) (10)
where, W,,; and C,,; are called the predicted and corrected
approximations given by method of order p while, C*,; and
C,+1 are independent of h.

Neglecting terms of degree p+2 and above, it is easy to
make estimates of the principal local truncation error of the
Eqg. 11 as:

C
Cou hped y(e) (x,) = #‘ij ~C |<g
C pHl C +1

(1)

n+j

Noting the fact that C,,; » C*,,; and W,,,; # C,;.

However, the estimate of the principal local truncation
error Eg. 11is used to determine, whether to accept the results
of the current step or to reconstruct the step with a smaller
step size. The stepis accepted based on a test as prescribed by
Eg. 11 as?2. Equation 11 is the convergence criteria otherwise
called Milne’s estimate for correcting to convergence.

Furthermore, Eq. 11 ensures the convergence criterion of
the method during the test evaluation.

Algorithm: A written algorithm that will design a new
step size and evaluate the maximum errors of the
predictor-corrector methods in the form of P(EC)™ or P(EC)™ E
mode, if the mode is run m times:

Step 1:
Step 2:

Choose a step size for h

The order of the predictor-corrector methods must
be the same

The step number of predictor method must be one
step higher than the corrector method

State the principal local truncation errors of both the
predictor-corrector methods

Define the tolerance level (Convergence criteria)

Step 3:
Step4:

Step 5:
Step 6: Input the predictor-corrector methods inany
mathematical language

Step7: Useanyonestep methodto generate starting values
in needed, if not ignore step 6 and proceed to step 7
Implement the P(EC)™ or P(EC)™ E mode asm
increases

If step 7 fails to converge, repeat the process again
and divide the step size (h) by 2 from step 0 or if not,

proceed to step 9

Step 8:

Step 9:
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Step 10: Evaluate the maximum errors after convergence is
reached

Step 11: Print maximum errors

Step 12: Use this formula stated below to design a new step
size after converge is reached:

1
e 4

ah=f————
2(C psl Cp+l)

Milne’simplementation approachis a collection of Adams
type of the predictor-corrector methods, which can be
implemented in P(EC)™ or P(EC)™ E mode'#1321-2_ All of these
sited above favour the implementation of Milne’s approach for
solving nonstiff ODEs.

Moreover, in its implementation, the predictor-corrector
methods have the same order, thus, demand that the
stepnumber of the predictor to be one step higher than the
corrector method. The principal local truncation error of both
the predictor-corrector methods are considered in the
construction of Milne’s implementation for the evaluation of
maximum errors. Again, evaluation of Milne’s implementation
is achieved with aid of the convergence criteria. This
convergence criteria decide, whether the result is accepted or
repeated as seen in the algorithm.

Nevertheless, on block predictor-corrector methods’'2, do
not possess the same attributes of Milne’s implementation
approach, which includes varying the step size, deciding the
convergence criteria for accepting the results, designing a
suitable step size, controlling the error, implementing
P(EQ)™ or P(EC)™ E mode and lastly, Adams type of the
predictor-corrector methods. These are in contradiction to the
implementation of the block predictor-corrector methods.

CONCLUSION

Milne’simplementation approach is seen as an extension
of the block predictor-corrector methods because of certain
parameters, which are utilized for the implementation. In
addition, the implementation of this method comes with
many computational advantages as mention previously in
Milne’s and Gear’s implementations. Finally, the algorithm
provides a vital step for the successful implementation of
Milne’s estimate.

ACKNOWLEDGMENT

The authors would like to thank the Covenant University
for providing financial support through grants during the
study period.



10.

11.

12.

J. Applied Sci, 16 (5): 236-241, 2016

REFERENCES

Dormand, J.R, 1996. Numerical Methods for Differential
Equations: A Computational Approach. CRC Press, Boca
Raton, FL., ISBN-13: 9780849394331, Pages: 384.
Akinfenwa, O.A., S.N. Jator and N.M. Yao, 2013. Continuous
block backward differentiation formula for solving stiff
ordinary differential equations. Comput. Math. Applic.,
65: 996-1005.

Jain, MK, SRK. lyengar and RK. Jain, 2007. Numerical
Methods for Scientific and Engineering Computation.
5th Edn., New Age International (P) Ltd., New Delhi, India,
ISBN-13:978-8122420012, Pages: 816.

Lambert, J.D., 1973. Computational Methods in Ordinary
Differential Equations. John Wiley and Sons, New York, USA.,
ISBN-13: 9780471511946, Pages: 278.

Xie, L. and H. Tian, 2014. Continuous parallel block methods
and their applications. Applied Math. Comput., 241:356-370.
Mehrkanoon, S., Z.A. Majid and M. Suleiman, 2010. A variable
step implicit block multistep method for solving first-order
ODEs. J. Comput. Applied Math., 233: 2387-2394.

Adesanya, A.O., M.R. Odekunle and A.O. Adeyeye, 2012.
Continuous block hybrid-predictor-corrector method for the
solution of y" =f (x, y, y'). Int. J. Math. Soft Comput., 2: 35-42.
Ehigie, J.O., S.A. Okunuga and A.B. Sofoluwe, 2011.
3-point block methods for direct integration of general
second-order ordinary differential equations. Adv. Numer.
Anal. 10.1155/2011/513148

Fatunla, S.O, 1991. Block methods for second order. Int.
J. Comput. Math., 41: 55-63.

Ismail, F., Y.L. Ken and M. Othman, 2009. Explicit and implicit
3-point block methods for solving special second order
ordinary differential equations directly. Int. J. Math. Anal.,
3:239-254.

James, A.A,, A.O. Adesanya and S. Joshua, 2013. Continuous
block method for the solution of second order initial value
problems of ordinary differential equation. Int. J. Pure Applied
Math., 83:405-416.

Ken, Y.L, l.F. Ismail and M. Suleiman, 2011. Block methods for
special second order ODEs. University in Seri Kembangan,
Malaysia.

241

13.

20.

21.

22.

23.

Cash, J.R. and S. Semnani, 1993. A new approach to solving
nonstiff initial-value problems. J. Comput. Applied Math.,
45:41-46.

Cong, N.H. and LN. Xuan, 2008. Twostep-by-twostep
PIRK-type PC methods with continuous output formulas.
J. Comput. Applied Math., 221: 165-173.

Majid, Z.A. and M.B. Suleiman, 2007. Implementation of
four-point fully implicit block method for solving ordinary
differential equations. Applied Math. Comput., 184:514-522.
Majid, Z.A. and M. Suleiman, 2008. Parallel direct integration
variable step block method for solving large system of higher
order ordinary differential equations. World Acad. Sci. Eng.
Technol., 40: 71-75.

Ibrahim, Z.B., K.I. Othman and M. Suleiman, 2007. Implicit
rpoint block backward differentiation formula for solving
first-order stiff ODEs. Applied Math. Comput., 186: 558-565.
Lambert, J.D., 1991. Numerical Methods for Ordinary
Differential Systems: The Initial Value Problem. 1st Edn., John
Wiley and Sons, New York, USA., ISBN-13: 978-0471929901,

Pages: 304.

Gear, CW. 1971. Numerical Initial Value Problems in
Ordinary Differential Equations (Automatic
Computation). Prentice-Hall, Inc, New Jersey, USA,

ISBN-13:978-0136266068, Pages: 253.

Quarteroni, A., R. Sacco and F. Saleri, 2000. Numerical
Mathematics. 1st Edn., Springer, USA.

Faires, J.D. and R.L. Burden, 2012. Initial-value problems for
ODEs, variable step-size multistep methods. Dublin City
University, Dublin, Republic of Ireland, pp: 2-32.

Ascher, UM. and L.R. Petzold, 1998. Computer Methods for
Ordinary Differential Equations and Differential-Algebraic
Equations.SIAM, Philadelphia, USA.,ISBN-13:9780898714128,
Pages: 314.

Oghonyon, J.G., S.A.Okunuga and S.A. Bishop, 2015. A 5-step
block predictor and 4-step corrector methods for solving
general second order ordinary differential equations. Global
J. Pure Applied Math., 11: 3847-3862.



	JAS.pdf
	Page 1


