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Explicit Exact Formulas for the 3-D Tetrahedron Inertia Tensor
in Terms of its Vertex Coordinates
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Abstract: The inertia tensor of a tetrahedron is composed of its moments of inertia. This study presents
explicit exact formulas for the moments of inertia of a 3-D fetrahedron as simple pelynemials of its

vertex coordinates.
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INTRODUCTION

The knowledge of the inertia fensor of a solid is of
fundamental importance in many branches of applied
mathematics, computer science and mechanics. For
example, in mechanics the motion of a rigid body is
controlled by the inertia tensor of a body through
Euler’s equaticns [1].

Besides their speculative interest as the simplest
Platonic solids [2], tetrahedra are important in
engineering: {e. g.} in rock mechanics the vast majority
of unstable blocks are found tc be tetrahedra [3, 4].
Moreover, tetrahedra properties are of interest in
geometric modeling  because any sclid can be
approximated as a polvhedron and an n-vertex
polyhedron can be triangulated with O(n®} tetrahedra (if
the polyhedron is convex, it can be triangulated with at
most 2n-7 tetrahedra) [5]. If the tetrahedron inertia
tensor can be easily calculated with respect to the same
reference system, then the inertia tensor for the entire
solid can be obtained as the sum of those inertia tensors.
The solid’s inertia tensor with respect to any other
reference system can be calculated by rotating the
tensor and using Steiner’s theorem.

Although formulas have been given for the integration
of polynemials over a tetrahedron [6-9] and references
therein, in the literature no explicit expression has been
given for the inertia tensor in terms of the vertex
ceordinates. This study provides these expressions with
respect to a reference system of arbitrary origin and
gives a numerical example for validation.

Formulation: Let A={X;.¥% .,z i=1..4 be the
tetrahedron vertex coordinates with respect to a generic
ceordinate  system O,%,5,Z  {(Fig. 1) and let

Q:(EQ,%,ZQ] be a point of the Euclidean 3-D space.

Now, consider a new coordinate system whose axes x,

¥, z are parallel to ¥, ¥,7, respectively and whose

origin is (J; in the new system, the coordinates of the
vertices are A; = {x;, ¥, 7}, i = 1,...,4, where:

X, =X —¥p
yl=jjl _j:;Q (1)
Z[=2i _’Z‘-Q

The inertia tensor Eq of a body I} with respect to the
three axes x, v, z centered at (0 is defined as [10]:

a =-b =
Eog=/-8 b -—a (2)
-¢ —-a ¢

where, indicating with g the density of the medium:
a= _[,u(y2 +zz]dD i b= j/u(xz +zz)dD ;

D D
c= I/u(xz + yz}dD (3a)

D

a'= jWZdD b= j,uxza’D; = j;zxydD (3b)
g g g

Quantities a4, #, ¢ are the moments of inertia with
respect to axes x, ¥, z, respectively and @', &°, ¢’ are the
products of inertia. The principal directicns are the
eigenvectors of Eg and the principal moments of inertia
are the eigenvalues of Eq. If x1is a principal direction,
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Fig. 1: Transformation g and g’

then b’ and ¢’ are zero and so on. In order to calculate more easily the integrals in (3a) and (3b), let us change
coordinate system by means of the following (affine) transformation g (Fig. 1):

X =x +(x2—x1)-§+(x3—xl)-77+(x4—x,)-§
y=yi+(y =) E+(ys—y)-n+(ys—n)-¢ @)
2=+ (7)) é+(zs—a) n+(za—2)- ¢

The determinant of the Jacobian is :

ﬁ ﬁ ﬁ Xy =X X3 =X X4 X
da an I
DET(J) = % % % =|Y2=Y1 Y3—Y1 Y4—yi|=06-Vol=constant (5)
ﬁ ﬁ ﬁ G —X1 3T L4 T4
da an I

where, Vol is the volume of D.
Transformation g normalizes tetrahedron D into a tetrahedron D’, (Fig. 1). Let now f(x, y, z) be a generic function,
continuous on D; since g is regular and D is bounded by regular surfaces (planes), one can write:

jf(x,y,Z)dD= ff[x(én,i),y(f,U,C),z(é77,4)]-|DET(J)|dD‘ 6)

Since D’ is normal with respect to the (& 7)-plane and the projection of D’ on plane (& 7)) is normal with respect to
the &-axis, one has [11]:

1 1
[£(x.y.2)dD=|DET())|- [a¢
D 0

1-&—

&-n
[ r[x(Em).y(Eng).2(Em8)]ds )
0

-
dn
0

For example, if D is homogeneous:
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1 =5 1-¢-7

a=p- [y +22)ap=w|DET(|- Jag [ an [[*{end)+2{endllac ®)

D 4] 0

Integral {8) was solved and its solution checked using Mathematica:

a=pu-DETD| (y,> + y1¥:+¥2" +¥1¥5 + ¥a¥s +
3 2 2
+¥sT FYiVy FVYo¥s F¥3Yet Yy 2T 22, + (9a)

2 2 2
+ Zo  + 22y ‘ZyZq + Ly + 224+ By 2y + 232, + 24 )00

By preceeding in the same way for the other integrals one obtains:

b= |DET(N| - (x,” + X, X, + X,° + X1 X3 + X, X3 + X3~ +
+x1x4+7{2>(4+7<3}<4+>(42 +z12+zlzz+zlz+zlz3+ {9b)
+ z,24 + 232 + Z,Zy+ 2524 + Z3Z4 + Z42}/60

c=p|DET(D| - {x,” + X, Xy + X;” + X X3 + X, X3 + X3° + X; X, +

XKy b X3Xy k Xy kY HYiVa £ Yol o+ Vi Ys + {9c}
+Ya¥s Y R Vi Vet Ya¥g + Y3V +ys )/ 60

a'=p |DETD| - 2vyz) + Y02y + ¥32Zy + V427 + V125 +

+2¥y7y +¥3Zy * Y47y F Y123+ Yo7y +2Y572;5 + {9d)
+VyZs + V124 +VoZy ¥ Y324 +2Y,24)/120

b':,Lz‘|DET(J)‘-(2x1z1 + Xy2Z) +X32Z) + X432 + X2, +

+ 2X,2Z, + X325 + X32Zy+ X235+ X323 +2X324 + (9e}
+ X4 Zy + X2y + X324 + X324 + 2X,2,)/120

¢=p-DET(D| -(2X,y) + X5 ¥) + X3¥) + Xg¥) + X, ¥, +

+2Xp ¥y XYy F Xy ¥y ¥ X Y3t Xo¥s +2X3¥3 4 {91}

+ Xy Vs XV F Xy + X3y +2X,9,)/120

Equaticns (9} give the compenents of the inertia tensor the density of the medium.
as quadratic polynomials of the vertex coordinates Numerical Example: Consider a tetrahedron with
multiplied by six times the tetrahedron volume and by vertex coordinates:

10
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A=(%,5,,3,) =(8.33220, —11.86875, 0.93355) m
A=(%,.5,.3,)=(0.75523 ,5.00000, 16.37072) m
A=(%,, 55,7, ) = {52.61236, 5.00000, - 5. 38580]

A=(%,, 54,2, ) =(2.00000, 5.00000, 3.00000} m. The

coordinates of the centroid can be calculated as [12]:
G=(%y,55.%;)=115.92492, 0.78281, 3.72962) m. The
values of the components of the inertia tensor calculated
with respect to the centroid, Eg, result as follows: a/u=
4352033257 m”, blg = 19471128938 m™; olu =
191168.76173 m*, a'/fu = 4417.66150 m>; b/u = -
46343.16662 m” ; ¢’/ = 11996.20119 m”.
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