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Abstract: The characterizations of free 'M-modules are developed. The cardinality of the basis of the free
I'M-modules is studied. At last we have studied the invariant rank property of free 'M-modules.
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INTRODUCTION

Gamma ring: Let M and I' be two additive abelian
groups. Suppose that there 15 a mapping from
MxI'>M-M (sending (x, ¢, y) into xety) such that

¢ (xty)e Z= Xuztyez
x (e+p)z = xaztxpz
Xe(y+z) = Xy txoz

+  (xay)pz=xalypz),

where x, vy, zeM and «, Bel". Then M 1s called a I'-ring.

This definition is due to Barnes!™.

Ideal of T'-rings: A subset A of the I'ring M is a left
(right) 1deal of M if A 18 an additive subgroup of M and
MI'A = {cea | ceM, acl’, ac AH(ATM) is contained in A.
If A is both a left and a right ideal of M, then we say that
A is an ideal or two sided ideal of M.

If A and B are both left (respectively right or two
sided) ideals of M, then A+B = fatb|acA beB} is clearly
a left (respectively right or two sided) ideal, called the sum
of A and B. We can say every finite sum of left
(respectively right or two sided) ideal of a I'-ring 1s also a
left (respectively right or two sided) ideal.

It 1s clear that the mtersection of any number of left
(respectively right or two sided) 1deal of M 1s also a left
(respectively right or two sided) ideal of M.

IfAis a left ideal of M, B is a right ideal of M and
S is any non empty subset of M, then the set, AI'S =
f o avs | acA, vell, s£85, n is a positive integer} is a

)

i=1
left ideal of M and SI'B 1s a right ideal of M. AT'B is a two
sided ideal of M.
If aeM, then the principal ideal generated by a
denoted by {a} is the intersection of all ideals containing
a and 1s the set of all finite sum of elements of the form

natxegataPytuyauv, where n is an integer, x, y, u, v are
elements of M and a, [, v, 1 are elements of I". This is the
smallest ideal generated by a. Let acM. The smallest left
(right) 1deal generated by a is called the principal left
(right) ideal {a| (| a).

Division gamma ring: Let M be al'-ring. Then M is called
a division I'-ring 1if it has an identity element and its only
non zero 1deal 1s itself.

Zorn’s lemma: Let A be a nonempty partially ordered set
in which every totally ordered subset has an upper bound
in A. Then A contains at least one maximal element.

I'M-module: T.et M be a I'-ring and let (P, +) be an abelian
group. Then P 1s called a left 'M-module if there exists a
I-mappmg (I'-composition) from MxI'*P to P sending (m,
¢, p) to map such that

s (mmyep = mepHmn,ep
+  ma(p,+p;) = mep,tmap,
* (m,aem,)Pp = m,e(m,Pp),
for all p, p;, p,€P, m, m; m,eM, «, Pel.

If in addition, M has an identity 1 and 1yp = p for all
peP and some yel', then P is called a unital I'M-module.

Sub I'M-module: Let M be a I'ring. Let P be a left
I'M-module. Let (Q, +) be a subgroup of (P, +). We call Q,
a sub left 'M-module of P if myqeQ for all meM, qeQ and
vel

Quotient 'M-module: Let M be aT-ring and P be left T-
module. Let Q be a sub left M- module of P. Then the set
ip+Q|pePt is called the quotient I'M-module of Pby Q.
It 1s denoted by P/Q, where my(p+Q) = myp+Q for all

meM, peP and yel'and  (p+QiHp,+Q) = (p+p,HQ for
all p,, p,€P.
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T'M-homomorphism: Tet M be a I'-ring. Let P and Q be
two left TM-modules. Let ¢ be a map of P into Q. Then ¢
1s called a I'M-homoemorphism if and only if @(x+y) =
@ He(y) and @(myx) = my@(x) for all x, yeP, meM and
vel' If @ is one-one and onto, then ¢ is a I'M-
isomorphism and is denoted by P = Q. If ¢ is a I'M-
homomorphism of P into Q, then kermnel of @, 1.e., kergp =
{xeP| @) = 0}, which 1s a left sub I'M-module of P and
image of pie., Im@= {yeQ|y=@(x) for some xcP} is a left
sub I'M-module of Q.

Let M be a I'ring and A 1s an ideal of M. Since every
1deal A 1s a I'M-module, then the homomorphism between
two ideals are the same as that of given above.

T-ring homomorphism: Let M and N be two I'-rings. Let
@ be a map from M to N. Then ¢ 13 a I'rng
homomorphism if and only if @(xt+y) = @x)+e(y) and
QxYy) = pE)y@(y) for all x, yeM and some vel™. If @ is
one-one and onto, then ¢ 1s I'-ring 1somorphism. If p 1 a
T'-ring homomorphism of M into N, then kernel of @, 1. e,
¢H(0) = {xcM|p(x) = O}which is also an ideal of M. More
generally, if B is a left (right, two sided) ideal of N, then
@' (B) = {xeM|@(x)eB} is alsc a left (respectively right or
two sided of M. Similarly, if @ 1s a I'-ring homomorphism
of M onto N and A is any left (right, two sided) ideal of
M, then (A) = {p(a)|acA} is a left (right, two sided) ideal
of N.

Equivalent sets: A set A is called equivalent to a set B,
written A~B if There exists a function ¢: A-B which is
one-one and onto. Clearly two finite sets are equivalent if
and only if they contain the same mumber of elements.

Cardinality of sets: If A 1s equivalent to B, that 1s, A ~ B,
then we say that A and B have the same cardinality or

cardinal number. We wnte | A | for the cardmality or
cardinal number of A. So| A |=|B|ifand only if A ~B.

Theorem (schroeder-bernstein theorem): If | A |= | B |
and |B|=| A |, then | A | =|B]|. For the above preliminaries
we refer tol*?,

In this study, free I'M-modules are considered. We
have defined free I'M-modules and some of its properties
are developed. We also study invariant rank properties of
these modules.

Our results are the generalizations of the results due
tol®,

Basic notions of free I'M-modules

Definition: Let P be a I'-module over a I'-ring M. Then
for any vel' a subset X of P is said to be lmnearly
y-independent or simply y-independent over M if there

exist distinct elements x,,%,,. . . .. . %, in X and elements
my,m,,. . . ... ;m, i M all of which are zero, such that
m,yx, T myyx,t ... +m,yx,= 0.

If X 18 linearly y-independent for every yel', then X
in called linearly I'-independent or simply I'-independent.
Again for any yel', a subset X of P is said to linearly
y-dependent or simply y-dependent if there exist distinct

elements x,, X,,..., X, X and elements m,,m,,. . ., m, not
of all which are zero, such that myxtm,yx,+. .....
+m,yx,= 0.

I X is linearly y- dependent for every yel', then X is
said to be linearly I'-dependent or simply I'-dependent.
IfX = {x; | €A} is a set of distinct elements of a
left I'™M-module P, then for every yel', an expression
Y, myyx;, where m M and at most finitely many m, 0, is
ieA
called a linear I'-combmation of {x;| 1€A}. Infact, whenever
we write x = ¥, m,yx;, we mean that x is a linear I'-
e
combination of {x|1€A}.

Definition: Let P be a unital left I'M-module and let
x| 1€A} be a subset of P such that each element peP can
be written in at least one way in the form

where m; M, all vel" and ieA;

i{x; ieA} is called a set of generators of P. If each
element peP can be written in only one way in this form,
then {x;[icA} is a basis for P. A unital left I'M-module P is
said to be a free left I'M-module if it has a basis (finite or
infinite) , that 1s , if each element of P can be written 1s
precisely one way as

P= mlyxll + mz'\[Xlz F o + mn'\{Xin

meM, all yel"and xi € {x|1€A}, then P is a free left M-
module on the basis.

Definition: Let M be I'-ring. A left 'M-module P is called
finitely generated if P can be generated by fimte set of
elements, that is, P is finitely generated if and only if
there exist finitely many elements x,, x,,. . . . .. ,x,€P such
that each peP can be expressed as a linear I'-combination
pP= i m,yx; of the x; with coefficients meM and all yel.
i=1

If P 1s finitely generated, among all generating sets,
then there are those with a minimum number of elements.
The number of elements in a minimal generating set is

called the rank of P. It 15 denoted by rankP.
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Theorem: Let P be a non zero left I'-module over a I'-ring
M. A non empty subset B of P 15 a basis of P if and only
if every element of P can be umquely written as a linear I'-
combination of the elements of B.

Proof: Let B ={x|ieA} be a basis of P. Let x€P, then x
can be written as a linear I'-combination of the elements
of B. Suppose that x = ¥, myyx;and also x = ¥, svyx

i=A i=A
where m,,5,€M and all yel and are non zero finitely many
indices 1€A.

Then ¥ myyx; = ¥ st

ieA iEA
= X myyxi- X srx; =0
ieA ieA
= E (ml—SI)YXI =0.
iEA

Since B 1s a linearly I'-independent, thenm, —s, = 0 for
all 1€A. Hence m,= s, forall 1€A. Therefore every element
of P can be expressed uniquely as a linear I'-combination
of the elements of B.

Conversely, suppose that every element of P can be
expressed uniquely as a linear I'-combination of the
elements of B. Then clearly B generates P. If B is linearly
I'- dependent, then there exist distinct elements x,, X,,. . .

oK ofBandm, m,,. .. ... , meM not all zero, such that
m yx,tmyyx+ ...+ myyx, = 0 forall yel' . Also 0 =
Oyx,+H0yx,+. ... .. +0vyx,. This 13 a contradiction, as 0 can

now be expressed in more than one way as a linear I'-
combination of the elements of B. Hence B 1s linearly I'-
mdependent. Therefore B 13 a basis of P. Thus the
theorem 1s proved.

Theorem: A left I'M-module P is free if and only if it is
isomorphic to a direct sum of copies of the left I'M-
module M", where M" is a left I'M-module over itself.

Proof: Suppose that P is a free left I'M-module. Let

B ={x | 1€A} be a basis of P. Then by Theorem 2.4, we

have P = @ Myx; for all yeI'. Now consider a mapping
1EA

p:M"-Myx, defined by ¢p(m)= myx, . Let m,, m,eM, then
@(m, )= m,yx; and @(m,)= m,yx; . Therefore ¢p(m,+ m,) =
(m,+m,)yx
= m, YXTm Y
= @(m, }+ @(m,)
Let meM, then @(mym,) = (mvm,)yx
= my(m,yx;)
= my@(m,).
Hence ¢ 13 a I'M- homomorphism.

Let ¢(m,) = (¢(m,)

= mLYX < ILYX

= mYX-myx=0

= (m-m,)yx, =0

= m,—m, =0, since x,#0.

Thus m; = m,. Hence ¢ 13 a one-one. Clearly @ 1s onto.
Therefore M™=Myx, . Thus P is isomerphic to a direct sum
of copies of the left 'M-module M".

Conversely, let P = Q;)\ ,where M, = M" and let

=

B ={e | 1€A}, where ¢(j ) = &, for jeA. Hence §; 1s the
Kronicker delta function. Then B is a basis of P. Since
if xeP, then x =Y myye and if 3 mye = 0, then
iEA iEA
(2 mye)(j)=0, that is, m = O for all jeA. Hence Pis a
iEA
free left I'M-module. Thus the theorem is proved.
Our next results show that all left I"-modules over
division I'rings are free left I'-modules.

Theorem: Let A be a division I'-ring and let P be a left
T'A-module. Then P 15 a free left I'A-module.

Proof: We apply Zorn’s Lemma to prove this theorem.
Let X be a generating set of P and let B, be any linearly
I'-independent subset of P(B, can be the empty set).
Let R be the set of all linearly I'-independent subset of
X contamning B;. Then R is partially ordered by set
inclusion. If {B; | i€eA}is a chain in R, \JBj then is a
iEA
linearly I'-independent subset of X containing B,. Thus
every chain in R has an upper bound. By Zorn’s Lemma,
R has a maximal element. Let B be a maximal element of
R. Then B is a maximal linearly I'-independent subset of
¥ that contains B,. Now to show that B 1s a basis of P, all
we have to show that P = {B), that is; B generates P. For
this it is sufficient to show that X<{B}. If xeX\B, then by
maximality of B, the set B u{x} 15 linearly I'-dependent, so
there exist distinet elements x,, x,.. . . . . . . X, in B and
m,I,. . . ... , m, in A, not all zero such that myx
+ 0 myyx =0 forall vel'.
2
i=1

Nowm # 0, otherwisem, =0Oforalli=12, ... . I as
{%%5 - . . .. X, }18 & linearly I™-independent set. Therefore

my=-§ mo
i=1

m Yy - m -y myx)

i=1

(m ™ 'ymyyx=- 3 m ymyx)

i=1
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R —
i=1
Therefore x = — i m ™~ ymyxelB)
i=1
Hence X<(B). Thus P is a free left T'A-module. Hence
the theorem 1s proved.

Corollary: Let P be a left I'-module over a divisionT'- ring
A. Then a maximal linearly I'- independent sub set of P 1s
a basis of P .

If P 1s a free left 'M-module, then its basis facilates
the construction of a I'M-homomorphism from P to
another left I'M- module N.

Theorem: Let M be a I'-ring and let P be a free left
I'M-module with basis B. If N is any left I'M-module
and @: B~ N 18 any mapping, then there exists a unique
I'M-homomorphism ¥: P~N such that ¥|,= ¢.

Proof: Let B={x| i € A}. Then any x€P can be written
umquely as
x = » myx, where mieM and all yel" and at most
e
finitely many m; # 0. Define

P P-N by P{x) = ¥ myex). Let x,y P, then
iEA

x=Y myx and

ieA
y = > m;v%; , where m, meM. Then P(x) = X
iEA iEA

mye(x) and P(y) = ¥ m; y¢(x,). Therefore P(x)+
iEA

Fly) = E}\ mye(x) + EA ;Y Q(x;)

= EA (mAm;")yelx) = Flixty).

Let meM, then $(myx) = 2 (mym)yp(x)
ieA

=my EEA mye(x) = myPx).

Hence ¥ is a 'M-homomorphism. Therefore Y|g = ¢.
Thus the theorem 1s proved.

Let P be a left I-module over a I'-ring M. If P 1s
finitely generated, then denoted by {(P), the minimum
number of generators of P. If P 1s not fimitely generated,
thenwe define {(P) =. Clearly if P ={0}, then{(P) = 0and
C(P)=1 for a cyclic left 'M-module P.

Let @: P~ N be a 'M-homomorphism and let P be a
finitely generated left I'M-module. If P={x,x,...... X

then (P) = { ¢{x)), (x,),. .. ... , @(x,)). Since if yeP, then

y = @(x) for some xeP and as x = i m,yx; for some m,eM
i=1
and all yel' So ¢(x) = ¢(¥ myx) =3 mye(x).
i=1 i=1
Therefore {(@(P))< C(P). Thus if N is a sub T'M-module of
a fimtely generated 'M-module P, then Z(P/N)=< {(P).

Theorem: Let P be aleft I'-module over a I'-ring M and let
N be a sub I'M-module of P. If N and P/N are finitely
generated I'M-modules, then P is also finitely generated

and {(P)=< {(N)+ {(P/N).

Proof: Let X ={x,%x,...... , X, + be a minimal generating
setof Nand let Y = {y N, v +N,. ... .. .. ,yitN} be a
mimimal generating set of P/N. Now 1f xeP, then x+NeP/N,
so there exist m,, m,, . . . ... , m, €M such that x+N =

i m,y (y+IN) for all yel and so x+N = i myy+N=x

i=1 i=1

- i myyeN. Since N = {x,, X,,. . ... ., X, ; then there
i=1

exists,8,,. ... .. .8, €M such that x - i myyy, = i SYX

i=1 =1
and sox = é myy, + Zt‘ 3% . This proves that P = {x,,
i=1 =1
- S s Xa Ve Ve o , v, Hence J(P) < ntt =
TN (P/N). Thus the theorem is proved.

Lemma: Let P be a free left I'- module over a I'- ring M. If
P has an mfinite basis, then no fimte subset of P can
generate P.

Proof: Let B be an infinite basis of P and suppose on the
contrary that Y is a finite subset of P and P = { Y}. Since B
1s a basis of P, for each yeY, there exist a fimte subset { x;,

g o oo, % of distinet elements of B and m,, m,,. . . .,
meMV{0} so that v = m,yx+myx,+. .. ... +my,yx, for all
vel'.

Thus there 1s a finite subset X of B such that every
element of Y is a linear I'-combination of the elements of
¥, that is, Yo {X) and so P = {X} . Since X is a finite subset
of B, so B X is nonempty. But then for xeB\X, the set
Xuifxt is a linearly I'-dependent subset of B; a
contradiction. Hence Y is infinite. Thus the lemma is
proved.

Theorem: Let M be a I'ring and let P be a free left I'M-
module with en mfimte basis B. Then every basis of P has
the same cardinality as B.
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Proof: Let B’ be another basis of P. Thus by Lemma 2.10,
B’ is an infinite set. Now let F(B") be the set of all finite
subset of B'. Then for each xeB, there are uniquely
determined distinct elements v, y;,. . . . . . . v of B" such

that x = i myyy, where m,, m,. ... .... , meM 0} and
i=1

all yel. Thus, we have a well defined mapping ¢: B-F(B")
givenby @x)={v,¥un ... .. . ¥t . Note that @(B) is an
mfinite set. If on the contrary ¢(B) 1s finite, then every
element of B is a linear I"-combination of elements of ¢p(B)
, that is; B < {@(B)}. But then P = {@p(B)}, a contradicticn to
the L.emma 2.10.

Next, we show that for every Xe@(B), the set p~'(X)
is finite. If x¢ ¢~'(X), then by definition of ¢, we have
xe{X}. Since X is a finite subset of B', then there is a finite
subset Y of B so that Xc(Y). Therefore xe{X) and it
unplies that either x€Y or x 1s a linear I'- combination of
the elements of Y. Inthe later case, Yu {x} is a linearly
T'- dependent subset of B, a contradiction. Therefore xeY
and so ¢(X)=Y. Hence ¢'(X) is a finite set.

Now censider the collection of sets {p™'(X)| XeF(B)}.
Clearly xekﬁ)(B) ©'(20) = B. We claim that @ '(X)n ¢~ '(Y)

is non empty, whenever @ '(X)#¢ ' (Y). Suppose that
xep™'(X) N @ (Y). Since ¢7'X) npT(Y)cB and B is a

basis of P, so x#0. Let @ (30 = {x, %z . .. . ., %} and
(Y ={ v, Ve . ... Yo b. Then xe ¢7'(3) implies that
X = i myyx, wherem, my, .. ... ..... ,meM and all yel’

i=1
and xeqp (V) implies that x = i 5Yx, wheres,, s, .. ..
i=1
., 5,€M and all yel'. But then i myx,= i SYX -
i=1 =1

So i myx; - i svyx, =0 Thusm;=0,i=1,2, .. tand
i=1 =1

5=0,7=1,2, .........,n Thus x = 0, a contradiction.
Hence, the sets ¢ '(X), Xe@(B) form a partition of

B. Now for each Xe@(B), crder the elements of ¢ ™'(X),

BAY Ky Xgy o - - - - , X, and define a mapping g ¢~ (X)-

®(B) by gx{x)=(, k). Let x,, x.€ ¢7'(X), then gx(x,) = (X,

k) and gx(x,) = (X, k').

Let gx(x) = gx(x¢)

- (X B=(k)
~ k=K.

Thus x, = x,.. Hence g is one-one. Tt now follows that
the mapping g: B-@(B) xZ" defined by g(x) = gx(x), where
xeq (X

Letx =x". Then g(x) = g«(x"). So g(x) =g(x"). Hence g
is well defined.

Thus Bl @(B)~Z|
= @B)|Z"| = BN, where N, 1s the cardinality of Z*
< @(B) < [F(B)| = B, Henoe B < [B')
Interchanging the role of B and B’, we get |[B'| < [B|.
Hence by Theorem 1.1, [B| = [B’|. Thus every basis of P
has the same cardinality. Hence the theorem is proved.

Invariant rank property of free left Yym-modules
Definition: Let P be a free left I'-module over a I'- ring M
such that any two bases of P have same cardmality. Then
the cardinality of a basis of P is also called the rank of P
over M and we can write rankP = | B |, where B is a basis
of P. We say that a I'- ring M has an invariant rank
property if for every free left 'M-module P, the rank of P
over M 1s defined, that 1s, any two bases of P have the
same cardinality.

We have shown in Theorem 2.6, that a left I'-module
over a division I'-ring is a free left I'- module. Now we
prove that the rank of such a I'-module is defined.

Theorem: If P 1s a I"-module over a division I'- ring A,
then any two bases of P have same cardinality.

Proof: Let B and B be two bases of P. If either B or B’ is
infinite, then by Theorem 2.11, | B| = | B’|. Therefore, we

assume that B and B” are fimite. Let B= {x,.x,. .. .. .. )
and B = { v, vy, ...... . ¥ob. Without any loss we may
assume that n = t. We write y, = myyx,+tm,yx, + . .. .. +

m,¥yx, where m;eM and all yel'. Let k be the first index
such that m,#0, so

YR = Yoo ML YX - Y - Ty ¥y - e Yy~ - -

m,yx,. Then

my (myyx,) = my Yy, - YK - YK - - e Y -

M Y Xy = - - - 'thXJ

= (m, ' my)yx, = my ' yy,-my ymyyx - my | Ymyyx, -

ComMT YME YR M YN VR -m,”

Y YX,

= 1y, =my Yy, Y Y - YLK, -my”

VI VX = T YT Yo = o o -my ' YImLYX,

Therefore x,= m,”" vy,- m, " ym,yx,-m, " ym,yx,-. ... -

My Yy YR - My Y Y- -my T ymyx,
Thus the set {x, x,, . ... .. S XL Xirps - - e Koo Yaf

generates P. In particular

Ya-1 = SYYyat i 8;Yx . Now as {y., yui} 18 a linearly
i=1

I'-independent set, then

Y1 - 57Y, # 0. Let j be the first index such that s;# 0;
then %, is a linear I'- combination of y,-,, v, and x;, 1#], k
and so { vy, juixi#.k} generates P. In particular y,, 1s
a linear I'- combmation of v, v, and x; 1#), k. The above
process of adding an element of B" and deleting an
element of B may be repeated. If n < t, then after n steps,
we conclude that {y, v .. .. . Vs generates P. In
particular v, , 15 a linear
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I'-combination of y,. v, . . ¥V eanand this
contradicts the linearly I'-dependence of B'. Therefore
t = n. Hence B and B™ have same cardinality. Thus the
theorem is proved.

Let P be a left I'-module over a I'-ring M and let A be
an ideal of M .If

ATP= {3 ayx|acA, xePandall yel}, then itis
i=1

easy to verify that AT'P i1s a sub I'M- module of P. Also
P/ATP 15 a I'-M/A-module with the action of M/A or
P/ATP given by (m+A)y(x+AI'P) = myxt+AT'P, where
meM, xeP and all yel™ This 15 a well defined operation; if
m+A = m'+A and x+ATP = x+AT'P, then myx —m'yx’ =
myx —myx +myx —m"yx = myx —x Hm-m")yx'cAl'P
and so myx+AI'P = m yx'+ATP.

Lemma: Let M be a I'-ring, let A be a proper ideal of M
and let P be a free left I'M-module with a basis B.
Then P/ATP 1s a free left I'-M/A-module with basis II{B)
and | B | =| II(B) |, where Il:P-P/AI'P is a canonical I'M-
epimerphism of I'M-modules.

Proof: Tet B = {x| icA} be a basis of P. Then II(B) =
{x+Al'P | xeB}. We now prove this lemma m steps:

Step 1: II(B) generates P/AT'P. If x+AI'PeP/ATP
October 19, 2006, then as B 1s a basis of P, so, x = Y myyx;,
where meM, all yel’ and m; # O for finitely many 1€A.
Thus

x+ATP = Ymyx+ATP

=¥ (m+A Yy G FATP)

=Y (x FAWYTTR,),

Hence II(B) generates P/ATP.

Step 2: | B | = [[I(B)|. Let x+AI'P and x '+ AT'P be elements
of II(B) such that x + x’ and x+AGP = x'+AGP. Thenx —

x'€ATP. Sox—x"= i avyy,
i=1

where a,€A\{0}, yeP, forj =123, ... .. JIL

Now writing each y; as a linear I'-combination of
elements of B over M, we conclude that x —x" 1s a linear I'-
combination of elements of B with coefficient from A.
Since B is a basis of P, on equating the coefficient of x, we
get 1€eA, a contradiction as A#M. Hence | B| = H(B)|.

Step 3: II(B) is a linearly I'-independent set over M. Let

X, TADP, x,+AI'P, . .. ., x,+AT'P be k distinct elements of
II(B) and let m,+A, m,+A, .. ... .. , m+A be elements of
M/A so that

3 (m+A)Y(xFATP) = ATP

i=1

-3 (myx;tAIP)= AP
i=1

-3 myxAIP= ATP
i=1
k

=y myyxeATP.
i=1

If i m;yx, = 0, then I'- independence of {x,x,, .. ..

i=1
.. X implies that m,=m,= ...
=m,tA=....... =m+A = A,
Hence x+AT'P, x,+ATP, ....... , X AP are linearly

.=m,= 0. Therefore m,+A

I'- independent over M/A. Tf i myx;#0, then i myyx,
i=1 i=1

= i a;yy;, where each a,eA\{0tand y,€P. Since each y, is
i=1

a linear I'- combination of elements of B over M, we have

i myyx= zt‘l byyz, where zeB and beA\{0}. Thus,

i=1 j=1

i m,Yx, —Zt‘ byyz = 0. If x; = z for some j, then the

i=1 =t

coefficients of % 1is m, — b, and then I'-independence of

B implies that m;, —b,=0,som; = beA If x#z forany j=1,
B , t, then m; = 0. Thus, in any case m+A = A

feralli=1,2,3,..... .k Hence { x,+AT'P, x,+ATP, ... ..
., XHAPY is a linearly I'-independent set over M.

This shows that every finite subset of II(B) is linearly

I'-independent over M. Therefore II(B) 15 lnearly

I'-independent over M/A. Hence II(B) is a basis of left

I'M/A-module P/AT'P. Therefore P/ATP is a free left

I'-M/S-module. Thus the lemma is proved.

Theorem: Let ¢: M-8 be a nonzero I'- ring epimorphism.
If S has the invariant rank property, then M has the
invariant rank property.

Proof: Let P be a free left 'M-module with basis B and B’
and K = kerg. Note that K#M as ¢ is a nonzero I'- ring
homomorplism. If K = {0}, then ¢ 15 a I'- ring
1somorphism. Now P can be viewed as a I'S-module with
scalar multiplication given by syx = ¢ '(s)yx for all s€8,
xe€P and yel'. Clearly B and B are also basis of I'S-module
P. Hence |B|=|B"|

Now let K # {0}, By 1st 1somorphism Theorem of
I'-rings, M/K=S.

Therefore M/K has invariant rank property. Also by
Lemma 3.3, P/KI'Pis a free left I'>"M/K-module with basis
II(B) and II(B") such that | II(B)| = | B | and | II(B")| = [B'|,
where IL. P-P/KI'P is the canonical I'- epimorphism. Hence
| B|=|B’|. Thus the theorem proved.
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Theorem: Let M be a I'-ring with the invariant rank
property and let P and Q be free left I'M-modules. Then P
and Q are 1somorphic if and only if rankP = rank().
Proof: Let ¢: P~ be a 'M-1somorphusm. If B 1s a basis of
P, then we verify that @(B) is a basis of Q. Since ¢ is one-
one and onto, then | B| = |((B)|. Hence rankP = rankQ.

Conversely, let rankP = rank(). Let B be a basis of P
and B’ be a basis of Q.

Since rankP = rankQ, so | B | =| B’|. Thus, there is a
one-one and onto mapping ¥: B-B’. By Theorem 2.8,
there 13 a I'M-homomorphism ¢: P~Q such that | = P.
Clearly ¢ 1s also one-one and onto. Hence P=(Q. Thus the
theorem is proved.

Theorem: Let P be a left free I'-module over a I'ring M
and let Q be a sub I'M-module of P. Then rankP =
rankQ-+rankP/Q.

Proof: Let B"1s a basis of Q. Then it can be extended
to form a basis B of P. Let B = {x |1€A} be such that
B’ = {x]jeA’} and A'c A Therefore [B| = |A] = |A"HA|
= rankQ+HAVA'|. We now show that rank P/Q=|A\A|
and this will prove the theorem. Let B™ = { x| 1€A'\A'} and
B = {x+Q]1€eAA’}. Then for each ieA'A', x+Q+Q, since
otherwise x € Q unplies that x; 1s a linear I'- combination of
elements of Q, a contradiction. Similarly for i,je AVA', 1 #],
we have x+Q# x+Q. Hence [B| = B"'| = [A\A'|. Now we
show that B 1s a basis of P/Q. First we show that B 1s a

linearly I'-independent set. Let  x,+Q, x,+Q, . .. .., X+
Q be distinct elements of B such that é my(x+Q)=0Q,
r=1

where meM, so i mxyt+ Q = Q. then i myyxiQ. If

r=1 r=1

i myyxi#0, then it is a linear I'-combination of element
r=1
of B" and this contradicts the linear I'- independence of B.

Therefore i myyxi= 0 and 1t implies that m, = O for all
r=1

r=12 ...... Jtas {Xip, X, .. ... , Xir}B. Hence every
finite subset of B is linearly I'- independent and so B is
linearly I'- independent.

Now, if x+HQ €P/Q, then as xeP so x = Y, myx,

iEA
where m; €M and m;#0 for finitely many indices ie A. Thus
Q= ¥ mytQ= I my(Q)= I my(xtQ),as
iEA iEA VA

xeQ forall ieA". Hence B generates P/Q. Therefore B is
a basis of P/Q. Hence rank P/Q=|A'A’|. Thus rank P =
rankQ+rank P/Q). Hence the theorem 1s proved.
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