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Abstract: Wavelets constitute a family of functions that constructed from dilation and translation of a single
function. They are suitable tools for solving variational problems. In this study, we want to extremum the
Hamiltonian of hydrogen atom using Legendre wavelets. Legendre wavelets are defined on the domain [0,1].
For solving this problem, we represent a generalized Legendre functions and generalized Legendre wavelets
on the [-s, 5] and [0, 5], respectively. We start from the radial equations of hydrogen atom like and represent
the wave function in term of generalized Legendre function and then convert the redial equation of hydrogen
atom like to a polynomial in term of coefficients of wave function. The eigenstate will be minimize provided that,
the derivative of it respect to the all of coefficients of wave function to be equal zero. The last equation is a
algebraic equation and the solutions are the energy states of hydrogen atom like.
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INTRODUCTION

Orthogonal functions and polynomials series have
recelved attention in dealing with various problems of
dynamic systems. The orthogonal functions and
polynomial series reduce these problems to those of
solving a system of algebraic equations. For example,
Special attention has been given to applications of Walsh
block pulse functions”, Laguerre

Legendre polynemials™, Chebyshev
polynomials®™ and Fourier series'®. Legendre functions is

functions™

2

polynomials™,

an orthogonal set on the [-1,1]. Legendre functions satisfy
Legendre differential equation and it is covered in many
text Books of mathematical physics'™. One of the most
applications of Legendre functions is Legendre Wavelets
i differential calculus. The Legendre wavelets are defined
over [0,1]. Legendre wavelets can be used for vanational
problems™"!. Legendre wavelet scan be used for two
4 In this study we want
to represent a generalized Legendre wavelets that 1s an

dimension variational problems

orthogonal set over the interval [0,s]. Then, We get an
operational matrix of integration and another operational
matrices for them. In final, we present a numerical solution
for Hydrogen atoms like.

Generalized Legendre functions: Generalized Legendre

Differential Equation (GLDE). Tt is obviously that the
following differential equation 1s GLDE.

(8" = )y " (x)-2y' (x)+0(n + 1)y (x)=0 U

The solutions of late equation are an orthogonal set
over [-s,5]. We choosing y (x) = X¢, x' and substituting y
(x) m (1), easily find

P, s:x)=1
P (3:%)=x

P, (S;X):%BXZ —54)
P (S'x):l(5x3 —3s%x)
2 @

P, (S;X):%(35X4 —30s’x* +3s")

1
22 (S;X):§(63XS —70s%%” +13s'0)

1
P, (s;x):gm 1x® —3158°x" +105s"x* — 589

It 15 obwviously that the polynomials m (2) reduce to
Legendre polynomials fors = 1 or in general

P, (5:x)=8"P (%) 3

We can easily find the generating functions for
generalized Legendre functions.

1

———— =3B GOt “
Jl-2xt+ i o=
Recurrence relations for generalized Legendre

functions can be find from (4).
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m+1 m
xP (s:x)=——P _ (:x)+ s’P _(s:x
(%) 2m+1 e (3 2m+1 s (5

(2m+ 1P, {s;x)P'_, (5;x)—s*P'__ {5,x) (5)

Differential representation of generalized Legendre
functions can be obtain from (3)

P (S;X):ZnanX" -8 ®

Legendre functions are an orthogonal set on the
[-1,1] respect to the weight function w(x) = 1. Then,
generalized Legendre functions are an orthogonal set on
the [-s, 8] . Respect to the weight function w(x) = 1.

2n+l
3

TPB (s;x)P_ (S;X)dx:% o

n+1

n,m

Generalized legendre wavelets: We define generalized
Legendre wavelets from generalized Legendre functions.

,2m+1 2 n
2P (5,2x—(2n-1 S<x< -8

W (530 1 _ ( )S) >
0 Ctherwise
®

We represent some of them with details in below.

k

1 27 Q<x <2—S
W, (85%) = V 2%
0 Otherwise
2n
22 2*x-$0<x< 8§
W, 550 = V (Fxososas
0 Otherwise
’ 5 22( (2"x —S)Z—i)0<x<2—ns
‘1“12(S X) = 27 2k
0 Otherwise

Generalized Legendre wavelets are an orthonormal set
such that

.S[wn,m (S;X)wn‘,m‘(s;x)dxzan,n'Sm,m' (9)

OPERATIONAL MATRICES

In this study we want to compute two operational
matrices such that

952

(s 3)dx =Py (5:3) (10)

And

XMy (s x) =" yr(sx) (11)

Inwhich m 13 a positive integer and ) ; ( x s @ defined
as below

W (50 =, o G0, (550 (5250
L (S;X),---,\IJZHJ (S;X),\IJZH_M_I (s:x)]"

For computation the operational matrix P, we have

ft o<t
) 2

1
T, (3% )dx =
0 JE s
— —=t<s
s 2
t
W, (s x)dx = wm(s t)+J—w11(s RVANEY
0
vy, x0dx= — Sy s S s (12)
0 11 ‘Vg Lo %\lg 1,2
T, (s0d =~ (50 -, (53D
b 1,2 > %Jg 1,1 B i/g\/g 1,3 »
t
[W,, (s:x)dx = — wzn(s O+ =y, (50
0 J_
M, (5x)dx= —— Ty R 1
_E[wu(sax) - 7%‘“2,0(33 )*W‘Ug,g(& )
If we represent the results in matrix form, We have
I 1 L 0 2 0 0 |
NEY
1 1
—— 0 —= 0 0 0
3 V35
1
0 ——= 0 0 0 0
_s V345
Pﬁxﬁf? 1
0 0 0 1 — 0
V3
1 1
0 0 0 -— 0
V3 5
1
0 0 0 0 - 0
_ N
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And in general

L F F F
O L F .. F
P-—|0 O L F (13)
2
000 L

mwhich O, F and L are M M .matrices. The O 1s null matrix
and F and L defined as

200 0
00 0 0
F=|0 0 0 0 (14)
00 0 0
And
1
1 — 0 0
3
1
-— 0 0 0
N
Le ° 0 0
0o 0 0 !
M —342M -1
o o . 1 0
M —3J2M -1
(15)

For computation the operational matrix I' , we use the
recurrence relations (5) and easily find

U 0 0 .. O
O U, © O

pz% 0o 0 U 0 (16)
0O 0 O U

while 17, is a M>M matrix given by

1
n —-= 0 0
3
1
—= 1 0 0
3
- 8 - N
p7§ M- 1
0 0 n
2M —3+2ZM -1
0 0 M- n
2M —342M -1
(17)
Hydrogen atom like: Consider the radial equation of time
independent  schrodinger equation 1in  spherical
coordinate!?.
' d h (18)

_EE(TZ R'(r))-ze* R (r)+£1(1+ =Er’ R(r)

Determine the energy state of Hydrogen atom like, E,
provided that

[R*0IR dr—1=0

If we do the changing of variable o= {8;_]25  the (18)

reduce to

o R'®)) LR )10+ DRE)--epRipy (19
p 4

in which, E:EZ o
r yf2[g|

We have
T * d IR T *
[PR (p)d—p(p R'(p))dp—1(l+ 1) [pR *(p)R (p)dp
o o
3
s’ SuE| | (20)
—[—=R*p)Rip)dp=—¢
DI o RIER(p)p { e
And use the multiplier lagrange technique

o= d o
T=[pR *(9)5(92 R'(p) )dp+ 1+ DJPR *(P)R (pidp

953
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8ulE]|
hZ

f

If we choose R’(p)= CT.W(s; x) (In which C is column
matrix of coefficient and Tindicate the transpose of matrix)
we have R(p)=C". P ¥(s; x)

+I%R*(D)R(p)dpfk °jR*(p)R(p)pzdp{

T=CT PI?.C+CT.I*.C+1(1+ D)

CT.P.l".PT.C+iCT.P.1"3 P.C

3
8ulE| 17
~%| CT.P.I'2.PT.C- Lz‘ (22)
The (22) 1s mimumize provided that
9920 250 (23)
aC oA
The (23) have solutions provided that
Det (A) =0 (24)

In which

A=P. T +T° +1(+1)P.T" PT+iP.F3PT —AP.I* PT

From solving (24) find the energy state of hydrogen
atom. Tables 1, 2 and 3 shows the results for various 1 and
s =15 k=4, M = 3. Parameter A is first quantum number
of Hydrogen atom like n . As youknow n > 1+1.

Table 1: Exact solution and Legendre wavelet solution Hydrogen atom for
I=0ands=15k=4M=3

No Exact solution A Estimate solution A
1 1 1.00094

2 2 1.88885

3 3 2.78469

4 4 3.66495

Table 2: Exact solution and Legendre wavelet solution Hydrogen atom for

I=1lands=15k=4,M=3

No Exact solution A Estimate solution A
1 2 2.00138

2 3 2.92433

3 4 3.06456

4 5 4.38912
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Table 3: Exact solution and Tegendre wavelet solution Hydrogen atom for
I=2ands=15k=4,M=3

No Exact solution A Estimate solution A

1 3 296964

2 4 3.77261

3 5 4.85850

4 6 649375
CONCLUSION

In this study, we present a numerical method for
Hydrogen atoms like. This method is based on orthogonal
sets. This method 1s suitable perturb Hydrogen atoms like.
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