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Abstract: In this study, we propose a method of image decomposition on the orthogonal basis of eigenvectors
of specially calculated subband matrices. We show the difference of so called basic unages generated by
eigenvectors of subband matrices corresponding to various subdomains of spatial frequencies. The accuracy

of the images presentation on the specified basis is given.
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INTRODUCTION

In modern information and telecommunication
systems, the main volume of the information 1s presented
in the form of signals and images in digital form. Analysis
of this information 1s performed m both the time (spatial)
domain and the transform domain.

In solving many problems of digital image
processing  for example, filtration, compression
(Gonzalez and Woods, 2012; Pratt, 1982; Yaroslavsky,
1979) information steganography embedding
(Khonahovitch and Puzyrenko, 2006, Chernomorets ef al.,
2015; Zhilyakov et al, 2015) and other, the specialists
often use the analysis of digital images in the transform
domain also called image analysis in the frequency
domain D, (domain of normalized spatial frequencies
(u, v) (SF) -m<u, v<m). Now they widely use the
presentation of mmages based on different systems of
orthogonal basis functions (Gonzalez and Woods, 2012;
Pratt, 1982; Atafar et al., 2013) such as trigonometric
functions (exp -jnu), sin (nu), cos (nu)), Hartley function
cas (nu), Walsh functions (wal (n, u) had (n, u), pal (n, u))
Haar function har (nu) and etc.

In this study, we propose a method of image
decomposition on the basis of eigenvectors of specially
calculated subband matrices (Tahmassebpour, 2017)
which provides exact presentation of images in the
specified basis.

MATERIALS AND METHODS

Main part
The method of image decomposition in the special
orthogonal basis: Let us consider the digital mmage

presented in form of real values matrix @ = (f),1=1,2, .,
N, j =1, 2, ..., M which elements correspond to the
brightness of individual pixels of the image. Let us build
a centrally Symmetric Subdomain of Spatial Frequencies
(8SF) V of following type:

Vi {(u, V)| (ue [o, a,[ve [B, B,DUE [ay, a,
[ve [-B,, -BDUe [-a,, —a[ve [-B,,-BDU (1)

ue[-o,, —o[ve [B, B0} 0<ay, oy, B, B, <w

and the corresponding square matrices A = (a,), i, k =1,
2, ., Nand B=(b,),j,n=1,2, .., M (Tahmassebpour,
2017) having dimensionality of NxN and MxM
accordingly (we call them as subband matrices) whose
elements are calculated using the following ratios:

sin( o, (i —k)) —sin (o, (1 —k))

- ,1#k,

a, - (i — k)

%% -k,

(2)

sin(Bz(j—m)).—sin(Bl(j—m)), i#m,
bm: T[(_]*Il’l)

Bz 781 ,j=m

T

In study (Tahmassebpour, 2017; Zhilyakov et al.,
2016) we shown that subband matrices A and B are
symmetric and positive definite, therefore, they can be
presented as the following decompositions:

A :QALA(QB )T, B= QBLB (QB )T (3)
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Where:

Q* = The columns of the matrices

QF = Are eigenvectors of matrices A and B, the main
diagonals of matrices L* and L® contain eigenvalues

of Aand B
G @G Q@)
~ g, A2, ), 1P =diagOh, A%, L35 )

Consider the matrix:

T=(yi=1,2,.. . Nk=1,2 ..M

¥ =(@QeQ" (3)
which elements:

Y.i=12 . Nk=12 ..M
¥y = (@ OGS (6)

can be considered as projections values of mmage @ on
the orthogonal eigenvectors {G*1, i=1, 2, ., N and{g"1,
k=1, 2 M of subband matrices A and B,
corresponding to the given SSF V.

It 18 obvious that the product of the projections matrix
I'" to the matrices Q* and QF, formed by the corresponding
eigenvectors comncide with the image @:

.

D= QAFV (QB)T (7

Lets us transform the right side of Eq. 7:

Yll YIZ"'YIM
QAFV(Q ) — (q’AElA *A) YZI YZZ"'YZM
1 2 N
YNI YNZ""YNM
Gro} Gro}
=BT =BT
(CIz) :(glgz. 4M) ( 2)
()" (dp )"
Where:
ECL Vik
Then, we have:
N M
@ = ZEvlkq, @) (&)
=1

i=

Thus, the image ® can be presented as the sum of
several components (images) X, 1=1,2, ... N, k=1,2, ..,
M with multipliers whose wvalues are equal to the
corresponding projections v, of the image @:

o= i i%kxﬂg @)

i=1 k=1

X, =34 .i=12,. . Nk=12... M (10
Tmages X, i=1,2, ., N, k=1,2, .., Mof type (Eq. 10)
which are formed by the eigenvectors §* and §° of
subband matrices A and B respectively, will be called
the baesic unages m the basis of subband matrices
eigenvectors which correspond the given SSF V.

Thus, Eq. 9 and 10 determine the images
decomposition using the images projections to the
corresponding eigenvectors in the basis of orthonormal
eigenvectors of subband matrices (Bolgova, 2017).

RESULTS AND DISCUSSION

Computational experiments: The aim of computational
experiments is basic images visualization and the image
presentation errors detection in the above basis.

Figure 1 shows an example of basic images in the
subband eigenvectors basis of matrices A and B, size
of 64x64 elements and which comrespond to SSF
V: (0, n/4) for each of the spatial frequencies. Tt should be
noted that Fig. 1 shows the basic images formed by the
paired products of the first four eigenvectors (Fig. 1) of
given matrices.

Fig. 1: An example of a basic images in the basis of the
subband matrices eigenvectors which correspond
to SSF V: (0, m/4)
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Fig. 2: An example of the basic images m the basis of
eigenvectors of the subband the matrices which
correspond to SSF V, = (0, n/4) and V, = (n/4, n/2)

Let us show that the view of the basic images varies
according to the basis of eigenvectors of subband
matrices corresponding to different SSF.

Figure 2 shows an example of the basic images in the
basis of eigenvectors of different subband matrices A and
B, size of 64x64 elements. Thus, subband matrix A
corresponds to SSF Vi (0, m/4) and subband matrix B
corresponds to SSFV,: (w/4, ©n/2). Figure 2 shows the
basic image formed by the first four pawrs of the given
matrices elgenvectors.

Basic images shown in Fig. 2 demonstrate that
while using the eigenvectors of subband matrices
corresponding to different SSF, the periodicity of
displaying of presented images individual elements alters
in comparison with the images in Fig. 1.

Computational experiments results have also shown
that a sigmficant number of umage projections to the pairs
of comresponding eigenvectors (Eq. 6) have a relatively
small values. This property of images projection can be
used in solving the problems of image filtration,
compression and mformation embedding mto the images.

It 15 also of interest the evaluating of the error of the
image presentation in the form of decomposition on a
basis of subband matrices eigenvectors.

Thus, while presenting the domam of spatial
frequencies (-m<u<m, -m<v<m) as a umion of equal
subdomains of spatial frequencies V,, s =1, 2,.., 8,
r=1,2, .., R(S=R=4)the error values of studied images
decomposition, calculated as the standard deviation of
the expression (Eq. 9) nght side with respect to the pixel

Table 1: Error of image decomposition on the basis of subband matrices
eigenvectors (S = R = 4) comesponding to different S8F V.

Sh 1 2 3 4

1 3.35E-15 3.37E-15 3.98E-15 3.96E-15
2 2.68E-15 2.85E-15 3.76E-15 3.07E-15
3 2.94E-15 3.24E-15 4.29E-15 2.62E-15
4 3.55E-15 3.15E-15 3.08E-15 5.00E-15

values of the given image @ are shown in Table 1.
In Table 1, the error is calculated for decomposition on the
basis of subband matrices eigenvectors for each of SSF
Ves=1,2.,51r=-1,2,.,R

Summary: Thereby, it was shown that a significant
amount of images projections on the corresponding
subband matrices eigenvectors has a relatively small
values, thus mmages decomposition on the orthonormal
basis of eigenvectors can be used in solving the tasks of
images filtration, compression, information embedding
into images, etc.

CONCLUSION

The results given in the table, show that the values
of the emror of image presentation in the form of
decomposition on the basis
eigenvectors are msignificant and these errors have
values mto the range of error of real numbers presentation
in the computer. The results of computational experiments
show that the presentation of images in the form of a
decomposition on the orthogonal basis of subband
matrices eigenvectors can be used as an effective tool in
dealing with image processing tasks.

of subband matrices
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