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Abstract: This study will discuss the problems of quadratic investment portfolio without a risk-free asset based
on value-at-risk. It 1s assumed that the risk of an investment portfolio measured by value-at-risk. The resolution
of problems that do include: first, formulate models the trade-off problem. Secondly, formulate expectation
maximization model of the problem. Third, formulate model mimimization of value-at-risk problem. Based on the
results of the discussions can be concluded that the trade-off between risk and expected return does not only
depend on the type of mvestor but also on the size of the investment. In a realistic investment situation, it 1s
likely that more constraints, e.g., restriction on short-selling, need to be considered.
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INTRODUCTION

Investment in the capital markets 1s one way that can
be done by an mvestor. The capital markets have
provided many benefits to development the economy of
a country. There are many investments that are cultivated
through stocks and bonds (Strassberger, 20035). An
investor who will invest in the capital market in particular
stocks should be able to understand the risks mvolved
because such investments generally mvestors will be
faced with the forthcoming period contaimng uncertainty.
This means that contain elements of risk for investors.
The desire to make a profit is one of hope for all investors.
The higher the risk faced by an investor, the higher
the expectations of investors to profit (expected return)
(Hult et al., 2012).

The need for a risk measure of reliability was further
strengthened (Wang et al., 2016). The growth of trade
activities and the market more erratic make market
participants feel the need to develop risk measurement
techmiques are more accurate and reliable (Plunus et al.,
2015). One method 18 to use sk measurement
approach kuantil, better known as Value at Risk (VaR)
(Alexander et al., 2006; Boudt et al., 2012).

Value at Risk (VaR) is a method of calculation of the
market risk to determine the maximum risk of loss that can
occur n a portfolio, either single-or multiple-mstrument
mstruments on a certain level of trust, during the holding
period and in normal market conditions (Goh et al., 2012;
Ogryczak et al., 2015).

The advantage of this method is that VaR focus on
downside risk does not depend on the assumption of

the return distribution and this measurement can be
applied to all financial trading products (Boudt et al.,
2012).

Figures obtained from the measurements with
this method are the result of the calculation m the
aggregate or overall against the risk of products as a
whole. VaR also provide estimates of the likelihood or
probability as to the incidence of loss that the sum is
greater than the number of losses that have been
determmed (Goh ef al, 2012; Ogryczak and Shiwinski,
2010).

This indicates something that is not obtained from
the methods of other risk measurement. VaR also noticed
the price change of the existing assets and its influence
on other assets. So, this allows doing measurements
against the reduced risk due to the diversification of some
instrument investment or portfolio.

The nature of the establishment of the
portfolio is to allocate funds on a range of alternative
investment, so that the overall investment risk can be
minimized (Bansal er af., 2014; Cochrane, 2014). In
investing, investors can choose to nvest ther funds in
various assets, either assets that are at risk as well
as risk-free assets or a combination of both of these
assets.

Optimal portfolio is a portfolio of selected an investor
from the many options that exist on the set of an efficient
portfolio. Categorized portfolio efficiently if have the same
risk level, capable of delivering higher profit level or 1s
capable of producing the same level of profit but with
lower risk (Ahmadi and Sitdhirasdr, 2016; Baweja and
Saxena, 2015).
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Modern portfolio theory was first introduced
by Harry Markowitz in 1952, until now many serve
as reference m compiling a portfolio of stocks
(Pinasthika and Surya, 2014). This gives a lot of Model
Markowitz steps investors in putting together a portfolio
and given also the weighting allocation of funds on such
stocks often known as Markowitz Model 1s a model of
mean-variance (Golafsham and Emamipoor, 2015). The
mean-variance portfolio model is quadratic because
variance is the shaped quadratic function (Qin, 2015;
Shakouri and Lee, 2016).

Furthermore, based on the description above in
this study was conducted research on “‘Quadratic
Investment Portfolio without a risk-free asset based on
value-at-risk”™. The goal 18 to specify the optimum weights
combination formulations of a risk free asset without a
portfolio based on the size of risk value-at-risk. As an
illustration of numeric, analyzed some of the shares traded
on the stock market in Indonesia.

MATERIALS AND METHODS

Mathematics models: In the descriptions of mathematical
models are here discussed about the basic concepts to be
used in the next discussion. Furthermore, the description
followed by a discussion of modeling-based investment
portfolio value-at-risk.

Basic concept: Suppose the length of time the investment
is expressed by t; = 0 the initial investment and t, = 1 end
mvestment. Investors form a portfolio with value
expectations E[V|] at ime t;, = 1 1s high. Because V ,
fluctuates, it is expected that the risk Var [V|] is minimum.
Suppose V, mutial investment and a simple asset market
with nz2 risky assets with spot prices S where t = 0, 1
and k=1, ..., n. Note that S;* is known whereas S,* is not.
We also allow positions in a risk-free zero-coupon bond
that cost B, at time 0 and pays one unit of the chosen
currency at time 1 (Hult ez af., 2012).

A position m the risky assets 1s represented by a
vector h = (h,, ..., h)"eR", h, is the number of units of
asset number k held over the time period by the investor.
We let by denote the position in the risk-free bond. The
prices or market values at ime t = O and t = 1 of an
affordable portfolio are (Hult et al., 2012):

h,B,+Y h,8f <V, and V, =h,+) h,S}
k=1 k=1

If no risk-free bond is available, then we simply
set hy = 0. The next, we take the initial monetary
value of the position in the kth asset w, = h.S," and

w,, = hyB,. With monetary portfolio weights the current
and future portfolio values can be expressed as
(Hult et al., 2012, Pinasthika and Surya, 2014):

n n Sk
WD"FEWk <V, and an—u-ﬁ-;wks—i (1
= o

k=1

Tt is seen that determining the optimal allocation of
initial capital V; requires the knowledge of the expected
value p and covariance matrix % of the vector R where
(Hult et al., 2012):

T _ (& Gy
R'=(%,.. %)
with R, = 1/B; and w" = (w,, .., w,)’, we may write
V, = w,R+w'R and therefore (Hult et al, 2012;
Pinasthika and Surya, 2014):

E[V.]=w,R, +wu (2)
And:
ValV,]=w' Xw (3)

We assume that the covariance matrix % = Cov
(R) = E[(R-u) (R-W)7] is positive definite: w' Zw>0 for
all w#0. By defmition, any covariance matrix 1is
symmetric and also positive-semidefimte: for any w=0,
w'Zw = Var(w'R)z0. Therefore, assuming that % is
positive defimite i1s equivalent to assuming that % 1s
invertible or equivalently that all the eigenvalues of %=0
(Hult et al., 2012).

Modeling of portfolio investment based on value-at-risk
item: In this study, are discussed about the mvestment
portfolio optimization model Mean-VaR without the
risk-free asset. It is assumed that the asset return has a
certain distribution and the risk of the portfolio 1s
measured using the Value-at-Risk (VaR). According to
Alexander et al (2006) and Boudt ef al. (2012) risk
measurement model of the value-at-risk for portfolios
formulated as:

VaR, = -V {u, +z,0.}

Because it is a risk-free asset and is constant, then
refer to Eq. 2 and 3, the value-at-risk for the portfolio can
be expressed as:

VaR, =-V, (win+z, (w Tw)'") (4)
Where:
- = Stated losses
Vy = The initial capital invested
z,, = Percentile of the standard normal distribution when

o

the given level of significance (1-c)%
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So, the purpose of the function model of
mvestment portfolic 1s maximize {p-pVaR } or maximize
fwiute/ 2V, V [wiutz,(w'Zw)'?]}. Thus the model of
optimization of mvestment portfolio which need to be

resolved are:

. €. T c T 172
Maximum {(1-#— 2)W L+ 2zm(w Yw) } )

Subject to, w1 <V,

Assume there are two mvestments with return R and
R, investors who invested V, have expectations the same
result, then the value of the constant ¢, can be determined
through the equality that:

C ~ C -
E[V,R]-—VaR[V,R]=E[V,R]-—VaR[V R
[”]2V [U][u]zv [V,R]

0 o
So, we get that:

oo ME[V,R]-E[V,R]}
 {VaR[V,R] - VaR[V,R]}

Next, to find the solution optimization Eq. 5 can be
done by using the Lagrangian multiplier method and
method of the Kuhn-Tucker. Lagrangian multiplier
function from Eq. 5 1s given as (Ghaemi et al., 2009,
Mustafa et al., 201 5):

c c
L{w,A)=(1+ E)WTH + Ezm(wT Tw) AW T-V,)

Based on the method of the Kuhmn-Tucker, obtained
the following system of equations:

dl. czZ, W

$:(1+§)H+W+M:O (6)
%:WTI_VDZO or wil=V, (7
Equation 6 can be expressed as:

If the Eq £ multiplied by 2X'cz, because
'Y =X%"' =17 and U the squared and matrix as a unit so
that Uw = w'U = w thus can be obtained from the
equation:

w (1%)2*1“%2*1

(WT EW)UZ - c Z
2 [+3

(%)

Equation 9, if multiplied by I" because I'w = w'l = V,
then the equation 1s obtamed:

{(H%)GT 3 H+MT2‘11}

Vi __ (10
(W' T Ezm
Or:
A
W Tw)? = — 20 (1)

{(1 + %)F Spt Ay 1}

When the Eq. 9 multiplied by Eq. 10 and 11, then the
obtained optimal portfolio weights vector equations
as:

e V{a+ 9T p+ax 12)
ST Y AT

When the Eq. 9 multiplied by w" and simplified, then
retrieved the equation:

%ZDL(WTZW)”2 —{(1+§)HTW+;\,} (13)

Furthermore, if the Eq. 11 and 12 of substituting into
Eq. 13 and simplified being;:

(TSI + (WS e )3 A+
2 4

Gz, Ts-1, S 2y _
Vil P2 =0z =0

Equation 14 is a quadratic equation in A so that it can
be calculated using the equation ABC constants as

follows:
5, = —pEVb —dac (14)
’ 2a
Where:
a=1"2"1

b= (14+e/2) T8-S T}
¢ = Vyi(1+e/2Ypn'Z'u-(c/2-2,)"} with £ inverse from
matrix 2
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Equation 15 and 11 are jointly used to determine the
proportion of the weighting of asset allocation funds in
some stocks in the formation of optimal mvestment
portfolio.

RESULTS AND DISCUSSION

Numerical illustration: [n the illustration of numeric 1s
intended to demonstrate how the application of the model
that has been formulated to analyze data shares traded on
capital markets. Stock data were analyzed through the
website http: /www finance.go.1d//.

The data consists of 5 shares are selected for during
the period from 2 January 2013 until 4 Tune 2016. The data
mclude stocks: INDF, gods, AALL LSIP and the ASIL
The value of the retum of the five rataan shares,
respectively given in vector = (0.0154, 0.0390, 0.0033,
0.0088, 0.0003). While the value of the variansi return
along with the value of the kovariansi between the retum
of the 5 stocks are given in the form of a matrix and its
inverse kovariansi as follows:

0.0026
0.0001
¥ =|-0.0002
0.0002
0.0001

0.0001
0.0028
0.0003
0.0000
0.0001

—0.0002 0.0002
0.0003  0.0000
0.0013  0.0006
0.0006  0.0019
0.0004  0.0003

0.0001
0.0001
0.0004
0.0003
0.0002

0.0450
-0.0022
¥ =10" 0.0365
-0.0018
-0.0916

-0.0022
0.0370
-0.0092
0.0039
-0.0048

0.0365
-0.0092
0.2310
-0.0022
-0.4723

-0.0018
0.0039
-0.0022
0.0694
-0.1008

-0.0916
-0.0048
-0.4723
-0.1008
1.6441

Since, the number of shares that is analyzed is
composed of five kinds, then the vector unit defined as a
I"=1(1,1, 1, 1, 1). Suppose also that the initial capital
invested is V, = 1 unit of currency. Furthermore, vector p",
vector " and matrices inverse, covariance X, jointly used
for the calculation of the investment portfolio optimization
process. Here, it 1s assumed that 1 the traksaksi selling
stock short sales are not allowed. The research was
conducted using the optimization model Mean-VaR
optimization in the process. These values are constants
determined 1n simulated risk a version ¢>0 n sequence
from the smallest to the largest value value. Investment
portfolio optimization process conducted with the help of
software Matlab 7.0.

For the process of optimization of mvestment
portfolio of Mean-VaR done by referring to Eq. 14 and 11

0.0040 1
0.0038
0.0036
=
=
0.0034 1

0.0032 4

0.0030 T T T T T T T T 1
0.022 0.023 0.024 0.025 0.026 0.027 0.028 0.029 0.030 0.031

VaR
Fig. 1: Graphic of efficient portofolio Mean-VaR

as well as here defined value o = 3% so that the
retrieved value z,,, = -1.645. The value of the constant risk
aversion ¢>0 that meet the assumption that short sales are
not allowed 15 0.25 0.25<¢<0.28. Change the value ¢
from 0.25-0.28 here 1s done with the use Ac of 0.001.
Investment portfolio optimization process of Mean-VaR
efficient portfolios such as the graph obtained (Fig. 1).

At Fig. 1, mummum portfolio 18 rsk value
VaR, = 0.0224 and mean value i, = 0.003, occured when
value of risk aversian constant ¢ = 0.140. Minimum
portfolio generated for the combination of weight
portfolio as w*™ = (0.1246, 0.0783,0.0051, 0.0667, 0.7254).
for a whilemaximum portfolic at risk value VaR, = 0.0307
and mean value &, = 0.0033, cccured when value of risk
aversian constant ¢ = 0.25. Maximum portfolio generated
for the combination of weight portfolio is w"* = (0.2308,
0.1115, 0.2254, 01474, 0.2848). In optimization of
investment portfolio process Mean-VaR that obtained
value of global optimum pertfolio VaR, = 0.0245 and mean
value i, = 00033 was occured when value of risk
aversian constant ¢ = 0.264. The most of global optimum
portfolio have ratio #,/VaR, =0.1346939. The resulting of
global optimum portfolio for the combination of
weight portfolio is w™™ = (0.1538, 0.0874, 0.0657, 0.0889,
0.6041).

Based on that analysis at optimization of investment
portfolic Mean-VaR, it seems that for a constant
value of risk aversion which 1s greater, the mvestors will
invest in a portfolio that has a size of value-at-risk which
is smaller.

CONCLUSION

In this study has done research on optimization
modeling portfolic without the risk-free asset based
value-at-risk. So, that the conclusion of research, first
the optimum solution of a model mvestment portfolio
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Mean-VaR without risk-free assets expressed in terms of
weight vector equation w* as given on Eq. 11 and 14.
Second, based on the analysis of 5 stocks of assets for
mvestment portfolio Mean-VaR obtained global optimum
combination of weight portfolio is w®* = (0.1538, 0.0874,
0.0657, 0.0889, 0.6041) with expectation of return mean of
portfolio and value at risk in the amount of 0.0033 and
0.0245 that achieved when value of the constant value of
risk aversion is 0.264. Global optimum portfolio has a ratio
between the average and the risk is the greatest.
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