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Abstract: This study presents an extension to Barlett’s bisection theorem that can be used for analysing
balanced and symmetric circuits only. It 15 shown that the extended theorem could be used for both
differential-mode and common-mode analysis of symmetric circuits that contain unbalanced cross-coupled
structures. Tt is also shown that the new approach not only simplifies the analysis of complex circuits but also

provides better insight.
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INTRODUCTION

The Bartlett’s bisection theorem 1s a powerful tool
which can be used to analyze two-input, balanced and
symmetrical circuits. Balanced symmetrical circuits can be
divided mto two identical parts where they are 1dentical in
topology, components, variables and wvalues. These
circuits are often decomposed into differential and
common-mode equivalent circuits. The differential-mode
and common-mode responses can then be determined
independently applying proper inputs. Main advantage of
applying the Barlett’s bisection theorem is in simplifying
the circuit for the differential-mode and common-mode
analysis reducing number of circuit elements for hand
calculation. These circuits are often termed as
differential-mode and common-mode half-circuits. In both,
half-circuit is analyzed and the results are expanded to
whole circuit.

The bisection concept was first introduced by Bartlett
and expanded by Brune (1932) and Tyer (1985) that
geometrically symmetrical circuits were treated. In 1941
Cauer published his worlk on circuit theory titled “Theory
of Linear AC circuit Leipzig”. Cauer (1958) had an
extended edition of luis research where he discussed
Barlett’s and Brunes’s theorems. In Cauer’s research an
extension to symmetric 4-ports was presented. Cauer was
also able to extend the theorem to electrically symmetrical
circuits where the response of each half is symmetrical
and the physical implementation of the half-circuit is

not required (Belevitch, 1962). Barlett’s theorem gives
parallel and series impedances when only there is direct
connection between the two halves (Matheau, 1965).
Matheau (1965) was able to prove that even the
two-terminal-pair network exhibits only vertical symmetry
it 1s always possible to find the parallel impedance Z; of
the equivalent symmetrical lattice assuming the current in
both halves are equal.

There are many other circuits that are similar to
balanced-symmetrical circuits except for the existence of
cross-coupling between two halves where each half has
a dependency found in the other half making them
mneligible for application of the bisection theorem. An
example of a balanced and symmetrical circuit with cross
coupling can be identified in basic building blocks of
a 4 bit quantizer shown in Briseno-Vidrios et al. (2017).
Another example one is the non-overlapping cross
coupled level shifter (Abouzied et af, 2017). Cross
coupling can also be found in many other
balanced-symmetrical circuits such as the cross coupled
oscillator circuit (Bostam et «f, 2017), dynamic
comparator circuits (Chen et al, 2017) in LNA circuits
(Lin and Hsieh, 2017) and many other circuits (Sharma,
2012; Oathman et af, 2016). Even though some end
results in the form of equations and figures exist for these
types of circuits, the reasoning and means to those ends
have never been fully discussed by Wu ef al. (2017)
or has the Bisection theorem been applied or
discussed.
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Fig. 1: A depiction of both type of circuit: a) A depiction
of a balanced symmetrical circuit and b) A
depiction of a circuit where two identical sections
are connected by a set of cross-coupling circuits
and by wires
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Fig. 2: Common-mode: a) A schematic depicting the case
where the common-mode response is desired and
b) Common-mode circuit bisected into two
equivalent, independent halves

Moreover, common-mode analysis of these circuits
has never been discussed or presented in the literature.
Thus, the main contribution of this study is to show
that the bisection theorem can be extended, so that,
it could be applied to a wider class of circuits than
balanced-symmetrical circuits including circuits with
identical cross-coupling which is often found in the
literature.

MATERIALS AND METHODS

Barlett’s bisection theorem: A review of the bisection
theorem 1s presented m this study following the structure
presented by Iyer (1985).
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Fig. 3: Differential-mode: a) A schematic depicting the
case where the differential-mode response 1s
desired and b) Differential-mode circuit bisected
mto two equivalent, independent halves

Consider symmetrical circuits depicted in Fig. la. A
circuit is considered symmetrical if it can be divided into
two muror-image schematics. Only the case where a direct
connection between the two halves exists 1s considered.
In Fig. 1, the mput signals can be decomposed into their
differential-mode and common-mode components. That is:
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Figure 2a depicts the case where only the

common-mode response 18 deswred. V,; = 0 and
Vo, = V.. = V., To determine the common-mode
response, superposition may be applied and the analysis
is done in two steps: V,,"* = 0 and the response to V"
is determined, V,.,* = 0 and the response to V., is
determined.

In step 1 current flows from the left half to the right
half through each of the commecting wires. In step 2
current flows from right half to the left half. This current
is equal in magnitude and 180° out of phase with the
previous step. Thus, the total current that flows between
the two halves 1s in each of the wires 1s 0.

Based on the results of the previous analysis, the
circutt in Fig. 2a can be transformed to an equivalents
circuit shown in Fig. 2b. In this case, the halves are
bisected along the vertical defined by x-y and the
connections between the two halves are opened,
decomposing the circuit nto two equivalent, independent
circuits. There mtroduces a significant reduction in the
analysis complexity as only one half of the circuit needs
to be analyzed and the results of the analysis are
applicable to the second half. Next, the case where the
differential-mode response is considered. For this case,
Vi = Oand V,,, = V2 = -V, (Fig. 3a).
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Superposition is applied the schematic in Fig. 3a to
determine the differential-mode response in two steps: 1
V. ®/2 = 0 and the response to V%2 is determined, 2
V.02 = 0 and the response to V,,"#"/2 is determined.

In Case 1, V™ V. and V_'* are determined. In
Case 2, the source sees the same circuit as the source in
Case 1. Since, the sources are equal in magnitude but 180°
Yt = Ly Ry = oy Tyl gl Ty
V, = V4 V[ =0 Likewise, V,.= V,= 0and in
summary and any branch voltage that can be defined
based on any pairing of wires 13 zero. Thus, all of the
commnecting wires can be treated as though they are bound
by a virtual short circuit. This can be extended to the case
of “n” branches that will result ‘in_l in wire pairings and
so all branch voltages are zerS!' In practice, one of the
connecting wires 1s often at ground, resulting in all node
voltages defined with reference to ground. Thus, the
voltages at the connecting wires are at zero and be treated
as a virtual ground.

Based on the results of the previous the circuit can be
transformed to the equivalent circuit of Fig. 3b. For this
case, the halves
between the two halves are comected with a dotted line
that symbolizes a virtual short. As with the common-mode
analysis, there is an enormous reduction in complexity
since only one half the circuit needs to be analyzed with
the results of the analysis now applicable to the second
half by setting all voltages and currents 180° out of phase
with the counterpart halve.

are bisected and the connections

RESULTS AND DISCUSSION

Protraction of the Barlett’s bisection theorem: To extend
the bisection theorem to where cross-coupling exists 1t 1s
first shown that this type of circuit can be transformed
mnto a symmetrical circuit where two i1dentical halves for
both the common-mode and differential-mode exist. Once
the transformations are complete. For convenience, a
two-port network described using Y-parameters models
each individual cross-coupling circuit in the set. For each
individual cross-coupling circuit, one independent
voltage resides section and the
independent voltage resides in the other study.
Consider the schematic show m Fig. 1b for the case
where two identical sections that are mirror images of each
other exist and each section has identical cross-coupling
from the other. Cross-coupling 1s taken to mean that the
section on the left has a dependency on the section on
the right via a cross-coupling circuit and vice versa.
Since, the topology of each section is identical, every
branch voltage in the left-hand sign has a counterpart
branch voltage m the right-hand side. For example, if a

in one second
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Fig. 4: A schematic depicting a cross-coupled circuit: a)
The case where the common-mode response is
desired and b) The case where differential-mode
response is desired

branch voltage 13 defined across a single resistor in the
left section that resistor has a mirror image in the right
section and there is a branch voltage across that resistor
that corresponds to the voltage across the resistor in the
left section. In general if V" exists in the left hand side,
there is a counterpart V2" in the right hand side.

For convenience, the cross-coupling circuits are
modelled with Y-parameters. The general set of equations
that models the cross-coupling circuits is:

L=y, Vity,V, (2)
L=y, Vity,V,

For each cross-coupled circuit, the branch voltage V|
is found in one symmetrical halve original and the branch
voltage V; is found in other. Thus, port relationships for
the cross coupling circuit labeled “X” can be expressed
as:

I1 - YIIVIIE& -"_)/12\[211%11t
IZ = yZIVIIEﬁ +YZ2V2right (3)

The port relationships for the cross-coupling circuit
labelled “Y™ can be expressed as:

I = Y11V1right +Y12V215ﬁ (4)
I, = )[21\[1%}‘t Jr)fzzvzlEft

Figure 4a depicts the schematic used for the
common-mode analysis. Superposition 1s applied to
determine the response in two steps: 1 V,,”® = 0 and the
response to V,,'* is determined, 2 V,,** = O and the

icm
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Fig. 5: A differential amplifier with cross-coupling: a) The schematic and b) AC equivalent circuit

response to V;"#* is determined. V, will be considered
first. In step 1, V™' and V,"® ' are determined. In
step 2, V/*® 1 and V" 4 because both sources see
identical circuits V™! = Vo1 and v el = oy
Thus, V& = V& Lyl d = g iibiy yyuebl = 7 dgt Thyg
V" is equal to its counterpart voltage V,"®". Likewise,
V,** is equal to its counterpart voltage V,"* and in
general, all counterpart voltages and currents are equal.
This means for the case of a common-mode input
voltage that the two-ports can be described with the
Eg. 5and &

_ left left
L=y, Vi vV,
I, = Ymvllgﬂ JrY22V21Eft

(3)

I = )(11V1nght Jr)ﬁzvznght (6)

— ght right
L=y Vi 4y, VY,

The dependencies for each cross coupling circuit
have been moved to a single half. The circuit now meets
the criteria for a symmetrical circuit and the analysis
shown m study can be applied. For practical circuits, the
movement from Eq. 3-6 can be achieved by performing
operations on the schematic that effectively achieve the
same end.

Figure 4b depicts the schematic for the case where
the differential-mode analysis. Superposition is applied to
determine the response in two steps: 1 V,,"®/2 = 0 and the
response to V2 is determined, 2 V '4¥/2 = 0 and the
response to V,/ %2 is determined.

V, will be considered first. In step 1, V/**'and
V" are determined. In step 2, V"™ and V" hecause

both sources see identical circuits V,*% ! = -V 5= {j and
Vlnght,l — V lef, 1 ThUS V left _ Vlleft, I_,’_Vlleft, TR _Vlntht, u+_
Vel = Ly “ght Thus, V *is equal in magnitude but

opposite in phase to its counterpart voltage V2"
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Fig. 6 AC equivalent half-circuit: a) Common-mode and
b) Differential-mode

Likewise, V," is equal in magnitude but opposite
in phase to its counterpart voltage to its counterpart
voltage V," and in general, all counterpart voltages and
currents are equal in magnitude and opposite in phase.
This means for the case of a differential-mode nput
voltage that the two-ports can be described with the
Eq. 7 and 8:

11 ¥ 1V1IEft '}712\’{21Eft

left left )
Iz = Y21V1e 'Y22V2 )
L=y, 1ngt'Y1z zn:; (8)
L=y, V" 'Y22V2
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Fig. 7. A differential amplifier where the cross-coupling is achieved with a second differential pair; a) The schematic and

b) AC equivalent circuit

The circuit now meets the criteria for a symmetrical
circuit and the analysis shown in study can be applied.
For practical circuits, the movement from Eq. 3 and 4
to Eg. 7 and & can be achieved by performing
operations on the schematic that effectively achieve the
same end.

Examples: An example of a circuit with cross-coupling 1s
provided in Fig. 5a (Pei and Kan, 2004). In this schematic
M, and M; form the study and M, and M, form a mirror
image. M, forms one cross-coupling circuit and M, forms
the other.

An AC equivalent circuit 18 shown in Fig. 5b. The
output resistance of the current source has been split into
two resistors, so that bisection at node “x” can be
performed. M, and M, are replaced with small-signal
models.

The ideal common-mode gain when the output is
taken differentially 1s zero. However, it has been shown
that when there 1s mismatch the common-mode gain is no
longer zero and a common-mode half circuit can still
provide useful qualitative and quantitative mformation
about the common-mode response (Amourah and Geiger
2001). For the common-mode response, V; =V, =V, The
connecting wire at “x” can be cut and opened. V,; has a
counterpart voltage V_, and so, they are equal. The
dependency of M; 1s moved to the left half and the
dependency of M; is moved to the right half. The circuit
can now be bisected. A resulting AC schematic fora
half-circuit 15 shown in Fig. 6a.

The voltage controlled current souwrce can be
replaced with a resistor with a value of l/gm, The
common-mode half-circuit forms a common-source
drain
resistance of M, 13 significantly reduced by M, due to the

amplifier with source degeneration The

Ry = (1/gm3Hr03||1/gm5Hros) &)

cross coupling. The expression for the drain resistance of

M. is: the single-ended common-mode gain is expressed

as:

- -gm, X Ry (10)
1+2(gm, +gmb, +1/To, )R ; +R , /T0,

cm, se

Equation 10 can be simplified to:

S (11)
T 2(gm,+gm, )R,

For the differential-mode response, V" = V;/2 = -V, .
The connecting wire between the Ry can set to zero. Vgs;
has a counterpart voltage Vgs, . so, they are in magnitude
but opposite in phase and so Vgs; = -Vgs, The
dependency of M; 1s moved to the left half and the
dependency of M, is moved to the right half. The circuit
can now be bisected. A resulting AC schematic for a
half-circuit 1s shown in Fig. 6b.

The voltage controlled current source can be replaced
with resistors with a value -1/gm;. The differential-mode
half-circuit forms a common-source amplifier. The drain
resistance of M, can be made significantly larger since the
overall drain resistance can be increased significantly due
to the cross-coupling transistor M, acting as a negative
resistance. The differential-mode gain for the single-ended
out 1s:

Ao = —%gm1 (ro3 Hl/gm3 ||r05 H—l/gm5) (12)

The differential-mode gain for the differential output is:

A =gm, (ro3 Hl/gm3 ||r05 ||—1/gm5) (13)

drm, do

7108



J. Eng. Applied Sci., 12 {Special Issue 5): 7104-7111, 2017

o T

VO — h_ BmVES,

v, —]

Fig. 8: AC equivalent half-circuit: a) Common-mode and b)
Differential-mode

An example of a more complicated circuit with
cross-coupling 18 shown i Fig. 7a (Razavi, 2002). The AC
equivalent circuit 13 shown in Fig. 7b. The output
resistance of I, and T, have been represented by two
resistances rather than one in order to bisect the circuits.
Figure 7b does not fit the case depicted by Fig. 1b since,
there are not two identical cross-coupled circuits but a
single cross-coupling circuit formed by a differential pair.

For the common-mode analysis, the schematic
m Fig. 7b can be transformed to a half-circmt by
cuting the connecting wie at “x” and “y” and
opening both by the lmne of reasoming found in
study. V. has a counterpart voltage V_, and so, they
are equal. The dependency of M; 13 moved to the
left half and the dependency of M, is moved to the right
half. The circuit has now been can now be bisected. A
resulting AC schematic for a half-circuit is shown in
Fig. 8a. The result is a common-source amplifier with
source degeneration.

The drain resistance for M, is M, which is diode
connected in parallel with the resistance looking into the
drain of Mg, which behaves like a cascode. Thus, the drain
resistance of M, 1s approximately:

R, = lgm, ; (14)
The single-ended common mode gain is expressed is:

_ gm > R (15)
1+2x (gm, +gmb <R _+R/To,

o, se

This can be simplified to:

1
M R, e

For the differential-mode analysis, the schematic in
Fig. 7b can be transformed to a half-circuit by cutting the
connecting shorting the connecting wires at “x” and “y”
by the line of reasoning found in study. Vgs, has a
counterpart voltage Vgs,, so, they are in magnitude but
opposite in phase and so, Vs = -V The dependency of
M. is moved to the left half and the dependency of M; is
moved to the right half. The circuit is now be bisected. A
resulting AC schematic for a half-circuit 15 shown in
Fig. 8h.

The circuit in Fig. 8b is topologically identically
to that in Fig. 6b so, those results apply for this
case. The differential-mode gain for the single-ended out
15!

A e = —%gm1 (ro3 Hl/gm3 ||r05 H—l/gms) (17)

The differential-mode gain for the differential output
is:
A = gm, (ro3 Hl/gm3 Hro5 ||—1/gm5) (18)

dm, do

Both examples shown in Eg. 15 are simulated
using cadence simulation tools m order to verify the
equations developed for both circuits. Going back to
Eq. 13, it can be seen that when gm, and gm, are
increased, the gain of the differential amplifier with cross
coupling shown in Fig. 5a. 1s accordingly increased as
shown in Fig. 9a. gm; and gm ,can be increase by
increasing W, and W, or by increasing the tail current. W,
and W, are set to be equal to 10 um where the gain for low
frequencies is equal to 46 dB as shown in solid line
in Fig. 9a and when W, and W, are set to be equal to 100
pm, the gain for low frequencies is equal to 53.2 dB as
shown in dots line in Fig. 9a.

Similarly, going back to Eq. 18 it can be seen that
when gm, and gm, are increased, the gain of the
circuit shown m Fig. 7a 1s accordingly increased
as shown m Fig. 9a gm, and gm, can be increase by
increasing W, and W, or by increasmg the tail
current. W, and W, are set to be equal to 10 pm
where the gain for low frequencies is equal to 18.2 dB
as shown in solid line in Fig. 9a and when W, and
W, are set to be equal to 100 um, the gain for low
frequencies is equal to 28dB as shown in dots line in
Fig. 9b.
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Fig. 9: Simulation: a) Gam simulation for the differential
amplifier with cross coupling where W1 =10 um
and W2 = 10 pm n solid line and W1 = 100 pum and
W2 =100 um in dot line and b) Gain simulation for
the differential amplifier where the cross-coupling
is achieved with a second differential pair. W1 =10
pm and W2 =10 um in solid line and W1 =100 pm
and W2 = 100 pm m dot line

CONCLUSION

Tt has been shown that the bisection theorem can be
extended to melude to the case of a balanced circuit with
cross-coupling for any number of cross-coupling sets and
any level of complexity as long
cross-coupling circuits contains individual cross-coupling

as each set of

circuits that are equal. The results of the extension have
been applied to two differential amplifiers with
cross-coupling that are currently found in the literature to
doa differential and common-mode analysis. The method
made clear the steps in determining the half-circuits and
provided insight while reducing complexity of the
analysis.
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