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Abstract: In this study, we find Dulac functions for a quasi-homogeneous polynomial gradient system and
several systems. Using quasi-homogeneous polynomial system theory, we prove non-existence of periodic
orbits at the first quadrant on the plane for a gradient system.
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INTRODUCTION

The characteristics of stationary and non-stationary
gradient systems with strong Lyapunov functions were
studied by Chen and Mei (2016). A gradient system and
a skew-gradient system can be merged into a combined
gradient system (Xiang-Wei ef al., 2016). By Llibre and
Salhi (2013) was characterized non-existence of periodic
orbits for 2-dimensional Kolmogorov systems. By
Wang et al. (2013), they used Dulac criterion to prove
the non-existence of periodic orbits for predator-prey
systems. Dulac functions for the Kolmogorov system and
predator-prey system were found (Gasull and Giacomini,
2013). By Marin-Ramirez et al. (2014a) was studied a
geometric method applied for proving the non-existence
of periodic orbits in a dynamical system, Marin ef al.
(2013a, b) found a generalization of a gradient system,
(Marin ez al., 2014, 2013b) applied Dulac’s criterium to a
general quadratic system for finding a Dulac function
Marin et al. (2014), studied a partial differential sinh-cosh-
gordon equation and found solutions to this problem,
Baron-Pertuz et al. (2014) solved several systems for
finding a Dulac function, Marin-Ramirez et al (2014b)
studied the Duffing equation and found a generalization
of this, Osuna et al. (2013), studied the existence of
Dulac functions for planar differential systems. By
Boukoucha and Bendjeddou (201 5), they characterized the
non-existence of hmit cycles of cubic Kolmogorov
systems. In this study, we look for Dulac functions for
gradient systems and prove that there are not periodic
orbits for generalized gradient systems with certain
conditions.

MATERIALS AND METHODS

We consider:

{X'—fl(x, ) a

where, f,, f,eC'(RY.

Definition 2.1: We can take the following quasi-
differential equation:

flﬂﬂ"z@:v o o (2)
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where, V 1is an inverse integrating factor of the
system (Eq. 1) (Laura et al., 2011).

Definition 2.2: Let p, g, k, lexZ*. A real function
K’-R is called a p-g-quasi-homogeneous function of
weighted degree k if fle'x, a%,) = o*f(x, x,) for all
aeR/0. A vector field:

F:fiJrfi

1 2
0x, ~ox,

15 called a p-q quasi-homogeneous vector field of
weighted degree 1 if f; and f; are p-q-quasi-homogeneous
of weight degree ptl-1 and gt+l-1,
respectively. A p-g-quasi-homogeneous differential
system of weighted degree 1 is determined by a
p-g-quasi-homogeneous vector field (Laura et al.,, 2011).
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Theorem 2.3: Given a p-g-quasi-homogeneous vector
field:
pog g 0
gx, ~ox,

then V = gx,fi-px,f; 1s an mverse mntegrating factor of the
system (Laura ef al., 2011).

Theorem 2.4: If a non-zero p-g-quasi-homogeneous
polynomial of weighted k 13 an inverse mtegrating
factor of the system (Eq. 1), then it has no linit cycles
(Laura et af., 2011). We have the following gradient
system (Gasull and Giacomini, 2013):

= 3)
y'=-y

with x, y>0. This 1s a gradient system there exist a function
Wi(x, y) = (x*+y’)/2 such that -W, = -x and -W, = -y.

RESULTS AND DISCUSSION

Theorem 3.1: The gradient system (Eq. 3) has a function
defined by V(x, y) = xy and does not have periodic orbits.

Proof: V (ofx, a'y) = a®V(x, y) then V(x, y) = xy is
a p-g-quasi-homogeneous of degree p+q. From the
gradient system (Eq. 3) and the differential equation

(Eq. 2):

—x%+—y%:(—1—1)vz—2v 4

We can see that with V = xy it holds the equality. In fact:

—oxy = _Xiju_y&:(—l—l)v =2V =-2xy (%)
ox dy

Then, V 1s an wnverse integral factor of the system,
hence, the gradient system has no limit cycles.

Theorem 3.2: The system:

{x' =¢(y)x ©)

AL M
ax ax dx
As:
av
V=xy,—=vand — =X
Y y .

f—=x —x(ill (8)
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o

Then, f; = ¢ (yx. As f, = -x, we can suppose that
af,/dx = -1. Then:

—x@+f2@:\f CLE (10)
ox oy ay
As:
av av
Vexy, @ —yand & =
xyaX y an o X
of
fz—y—y{a}j—lJ (11)
of.
ygz—fzzo (12)

Then, £, = ¢)(x)y.

Theorem 3.3: The system Eq. 3 has a Dulac function
defined by h = 1/y and does not have periodic orbits.

Proof: From the system (Eq. 3) and the differential
equation (Eq. 2):
dh
x(-1)—+
(2

Taking:

y(fl)%:h[cf[fH(fl)ﬂ 13)

c=(-1)

then ¢<<0. Tf we substitute h/0x = 0 and Eq. 14 into Eq. 13,
we obtain:
oh _

—h{=1 (14)
5~

y(-1)

Hence, dh/dy = -h/y with solution:
h = 1/y>0,if y>0 (15)

We have that he<0 and by the Poincare-Bendixson
theorem this system does not have periodic orbits.

Theorem 3.4: This 1s a generalization of the system
(Eq. 3):

8418



J. Eng. Applied Sci., 12 {Special Issue 8): 8417-8420, 2017

with ¢,(y), c,(x)eC" (R) has a Dulac function defined by
h = 1/y and does not have periodic orbits.

Proof: If af/ox = (x (-1)), then f, = x(-1)+c(y).
Substituting dh/ox = Oand of,/Ox = 3/9x (x (-1)) into Eq. 2,

we get:
it x|

From Eq. 14 and 15, we obtamn an ordinary differential
equation in1 f;:
A
&y Y

with the following solution:

We have that he>0 and by the Poincare-Bendixson
this system does not have periodic orbits.

Theorem 3.5: The system (Eq. 3) has a Dulac function h
defined by h = 1/xy and does not have periodic orbits.

Proof: We can obtain another Dulac function and using
Eq 13:
oh__

ey

h(-1+-1
x (11
Taking:

oh ohaz oh oh oz

ax oz ox Ay oz oy

2y 2 [ a0

x ay oz

Ifx9z3x = -1,y 9z0y = -1, then z = -lnxy. If h =3h/0z,
then h = ¢’. Hence:

h=-1

Xy

Hence, he>0 in consequence by the Poincare-
Bendixson theorem this system does not have periodic
orbits.

Theorem 3.6: The following generalization of the system
(Eq. 3):

has a Dulac function defined by h =y and does not have
periodic orbits.

Proof: If 2h/0x = 0 and using Eq. 2, we have:

oh _
dy
h{o—(g, +&,y+x(g; +8'y+ (b, +hy)+y(h,)))

y{hy (x)+h (x)y)

Where:
¢ =g, (x) +xg,(x) +(g1 (x)+xg.(x)+1h (x))y

With:
g (x)+xg, (x)+h (x),g,(x)+xg,(x)<0

Then, ¢<0. Hence:

30 (), (1)) 52 {19 11 ()3)

Then, y oh/dy = -h and h = y' with y>0. Hence, he<0
and by the Poincare-Bendixson theorem this system does
not have periodic orbits.

Theorem 3.7: The generalization system (Eq. 3):

has a Dulac function defined by h = 1/xy and does not
have periodic orbits.

Proof: Using Eq. 2, we have:

X(gﬂ (X)+ 2 (X)Y)%Xh'*' y(hn (X)+ h, (x)y)%yh =

hie— (g +gy+x(g tey)t(h, +hy)+y(h)))

Where:
¢ =xg, (x) +(xg1.(x) +h, (X))y
With:
xg,.(x) +h, (x),(xg, (x)) <0

This guaranties that ¢<0. Taking:

dh _
"y

¥
¥ ¥

¥
v

&
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Hence:
ch ot ogh ot
+gv)— —+y(h,+hv)— — =
x(go+e,y) o 2 y(hy+h,y) o oy

h(~(g,+g,y+h,+h,y))

Then, if xdt0x = yot/dy = -1, WGt = h, then
t=-In{xy)andh=¢'= (xy)"' with x, y>0. Also, we have that
he0 and by the Poincare-Bendixson theorem this system
does not have periodic orbits.

CONCLUSION

We generalized a quasi-homogeneous polynomial
gradient system. And we obtamn several generalizations of
this gradient system. It is important in many fields as
engineering to generalized dynamical systems. For a
future work 1t 13 interesting to obtain a new generalized
gradient system.
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