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Abstract: Establishing some fixed peint theorems for set-valued maps in ordered D'-metric spaces by using
imnplicit-relation with example. These conditions are employed to demonstrate the existence of single,
set-valued) mapping in metric space. Certamnly, this type confirmed to have applicable for different equations.
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INTRODUCTION

The hypothesis of inplicit relation are researched by
many researchers that associated with solving non-liner
fumetional equation (Altun, 2011; Altun and Simsek, 2010,
Beg and Butt, 2009). Dhage (1992) validatedthe existence
of unique fixed pomnt of the contractive mappmg in
bounded and complete D-metric space. Different
researchers, Dhage (1992, 1999), Dhage et al. (2000) and
Ahmad et al. (2001) have studied the fixed point theory in
D-metric space. Sedghi et af. (2007) and Rhoades (1996)
intreduced the definition D -metric space.

MATERIALS AND METHODS

Definition 1.1; Rhoades (1996): Let X be a non-empty set
and a function, m: X*~[0-], <), ¥ u, p, w, ¢ in X satisfies
the following:
m{u. p, w)=<0
m(y, p, w)=0<u=p=w

m(w p, w)=m(p{w, p. w})

m(u, p, w) =m(piu, p, w}), (symmetry) where, p{x, p, w}
1s a permutation function:

miw, p, w)<m(u, p, ¢)+m(c, w, W)

Then (X, ) is called a D’-metric space or (generalized
metric). Now, we provide examples for this definition are
(Rhoades, 1996):

rT](u, P: W) = max{d(u, p), d(p, W), d(W, u)}
m(u. p. w) =d(u, 7} d(p. w)H(w, u)’

Remark 1.2; Rhoades (1996): Let (X, m) be D'-metric
space then m(w, w, ¢) = m(w, ¢, ¢) (symmetric).

Definition 1.3; Rhoades (1996): Let X be a D'-metric
space:

* A sequence {u,} in X converges to point u-nj (u,
u, u) = mu, v, u)-0 as n-==, Ve>0 there exists nleN
then m (u, u, u,)<€, for eachn=n,

»  Asequence {u} in X is called a Cauchy sequence if
‘We=(, there exists, €N, since, M (u,, U, u,)<€, vn,
m=n,

*  The pair (X, m) is called a completeif every Cauchy
sequence is convergent to point

The class of all non-empty bounded subset of X
denoted by X,

Definition 1.4: Let C, E, JeX, &, define of the following:

8, (C,E,J)=supxe Cm(x,y,7)
yeE
zel

Remark 1.5:
8,(C.E.J)=0 &>C=E=I=x

8, (C.E,K)<8m(C,E,1)+8m(1K.K)

Proof: 8, (C.EK)=mp .cm(x,y.k)< SUPsec ﬂ](X’y,Z)ﬂupE{{n] ok k)
& x

<9, (C, E, D6, (7. K, K) (by definition 1.1 and 1.4) m (C,
E, D<d, (C,E, D forall C, E, JeX,. Now, we define implicit
condition on T'-metric: Let R, be the set non-negative real
numbers and F: The set of continuous real numbers
functions F: R,,~R satisfying of the following: F: F(f, ...,
f, 1s mcreasing 1 f; and decreasing in £, ..., f; F,: JAe (0,
Iysuchthat F (£ d, f, £+d)<0 or F(f, d, f+d)<0 implicit< Ad:
F.: F(L, 0, £, £5=0 and F(f, £, 0, £)==0, for all £=0.

Example 1.6: Let, F(f,, ..., f,) = fi-0 max {f;, f;, {/3} where
Oz<w<l.
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Solution: F, is true; F,: Let, >0 then F(f, 4, f, f+d) = f-w
max {f, d} <0-f<w max {f d} . Iff>d, we get fcwfthenw=1
this is contradiction, since, O<w=<1. Thus, f<d and
f<wd

In the same method and let £>0-F (f, £, d, f+d)<0, we
have f<wd. If f = O=f<wh. Therefore, F, is satisfied with
A=w<l.

F,. F({, 0,1 f)=f-wmax {0,f, {} =f-0f=(1-w) =0 =F
(f, £, 0, f) for all 0.

Example 1.7: Let, F(f, ...,
w, p>0and pt2w<l.

F,) = f-p max {f,, f,}-wf, where,

Solution: F, is true; F,: let £=0, F(f, d, f, f+d) =
max {d, f}-w(f+d)<0 or f<p max {d, f}+w (f+d).

Then, fwmax {(ptw) ftwd, (ptw) dtwfi. If
frd=f<(ptw)ftwd, we get p+2w=1 that is contraction.
Then, f<d and f<(pt+w/1-w)d.

In the same method and let, f>0-F (f, f, d, f+d)<0, we
have f<(wt+p/1-p)d. If f = O=f<(ptw/1-w)d Therefor, F, is
satisfied with A = (ptw/l-w)d<l. F;: Fif, 0, f, f)= f-
pmax {0, f}-of = f-fp-wf = (1-p-0)f>0 =F({, {, 0, {), for all
£=0.

RESULTS AND DISCUSSION

Theorem 2.1: Let (X, ) be complete D"-metric space and
T, S: X-X, satisfy the following conditions:

¢ TIf peKu, then u<p and if keSx, then k<u

¢ Tfu, be converge sequence to x and u,<u

¢ F(0,(Ku Sv, Sv), m(u, Ku, Ku), miv, Sv, Sv)+m(v,
Ku, Ku))<0 for all u, v be distinct comparable and
FeF for all u, v be distinct comparable and F

Then, ueTueSu.

Proof: Let, u; be any element in X and by condition (i)
then there exists x,€K, such that u,<u, and v, €8, such
that uy<u,. Then by (iii) and u,<u,, we have:

P(6 (KNG’ u ul) I’T](uu KJ K ) I’T](u.l, Sul’ w7 ul)
miw,, S,. §, Hmu, K, K, )<0

Since:

n’](ul’uwu )<6 (Kuu’ u ‘-‘1)
rr](uD?Suli ul)‘H’T](LH,K K ) rr_](unaupu )+
M, vy, u,) Smiug,u,,u,)

(uU’ 2,112) rr.](uﬂ’ U’u )Srr.](uﬂ’ U’ul)Jrn’](ul’uZ’uZ)

<(uy, vy, uHmiutu,, w) [by remark 1.2 and defimtion 1.1]
From F,, we get:

F(rr](up u;. uz): rr](un, u, u1)>
miu,, w,, u,l, My, 1, 1, <0

We implicit: F(f, d, f, f+d)<, Since, f=m(u, u, u,),
d = m(uy, u;, w). From f,, there exists Ac(0, 1) such that:

rr](upuz:uz) SArT](uD:-upu])

Again, since, u, <u, for this u, and by condition (1),
we get u, €K such that u, <u,. Therefore, by (u1), we have:

F(6 ( uy? ‘-‘1’ ‘-‘1) n’.](UZ’I‘;J Kuz) rr.](u2’ u? ul)
X, 8. 8,0, K, K, )<0

From F,, we get:

F(rT](ll3, u,, 112), rT](llZ, u,, 113), n](up u,, uz):
My, 1w, )M, 1, w,)) <0

Then, by remark 1.2:

F(n’_](uza u3: u}): nj(uza u}: u3)7 rr_](ub u27 uz)a
My, Uy, Ut miuy, u,, uy)
That 1s F(£, £, d, f+d)<, smee, £=m(x,, x5, x5), d =m(u,
Uy, uy). By using F2 and (1), m{u,, w,. w)<Amu, u, u,)

(2) and Then, by continuous in this way, since, .. <€k,
and .25, we have:

F(arﬂ(K‘-‘n’ S‘-‘ml’ Sun+] )’ n](um Kug Kun ):
m(un”’ S“ml ? Sun+1 )’ n’](un, Sumu » Sumu )+
n]( n+l? K K ) < 0

Which wmplicit that:
M(Ugts Ugazs Unsz ) SAM{UL, U, Upey )
Therefore, we get:
m(u,, 0, Uy, ) SA'M(uy, 0, u))

Next, let ben then:

”](u ub>uh) (u un=un+1)+m(un+1=ub=ub)5

rT]( n> n+1= n+l)+ ( rﬁrl:*l"lbﬂl'lb)S

I’T]( n+1’ n+1)+ ( n+1+un+2+un+2)+"'+n’.](ubrl’ub’ub) =
1_Abn

A" b m(u,.u,u, ) <

n

1_A”](un=u1=u1 J[since, 1-A<1]
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When n-e, we get n (u, u, uy)-0 leads to u ,is
Cauchy sequence. Then, u,~u[since, x is complete]:

lim_._u_ =lim u

n—yee 0 n—e T ntl

=ue K

lim_._u_ =lim u

n—s== TN n—pee T ntd

=ues,
And by condition (ii):

F(5,(K,. 8,.8,), m(u. v, u,), m(u, K,.K,),
m(u,.S,; S, ). m(u. 8. 8, )+m(u,. K,, K,)<0

When n-e and by f,, we have:

Fm(K,, u,u), m{K,.u, u),0,m(K v u),0,(k,,u,u))<0

That 1s F(£, £, 0, D=0 then, £ = m(u, 3,, 5,) = 0-ues,.
That same away:

F(m(K,.S, .8} m(u,u,,u,,). m(u, K, k,),
(un’ S‘Jn’ S‘Jn)’ n’_]('ll, SU“’ SU“)+rr.](un’ Ku’ Ku))SO

When n-ee, we get leads tou, and by f,, we have:
F(M®E,, v, u), m(K,,u,u), 0, (K, u,u) =<0

That is F(f, £, 0, <then, £ = m(K,, v, u) = 0-uek,.
Then, ucK,c8,.

Corollary 2.2: Let (x, m) be complete D*-metric space and

S: X=X, satisfy the following conditions.

¢ There exist u,eX such v...€8,, that then, u <u,,,, n=
0,1, ..

+ If {u.} be any sequence in ¥, u, ~u and u,<u

o T3, (Su, Sv, Sv), m(u, Su, Su), m(u, Sv, Sv), m(y, Sv,
Sv)tm(v, Su, Su))<0, for all u, v be distinct
comparable with Fef. Then, ueSu.

Proof: By using (iv), w €5, then, weu and x:€8, then,
v, =u,  In the same way by (v1), we have:

F(3(8,,.8,.8, J.m(u;.8,,.8,, ),

m(u;.5,..8,, )M (u,.8,,.5,, ) <0

Since:

m{u,u,,u,) <38,(8,..8,.5, ).

(uU,Sul,Sul) (ul,SuU,SuU) m(ug,u,,u, )+miu,,u,u,)
<

TR
<m(un:u2:uz) m(ulaUZauz) m(unaunau1)

n’_](un,un,u1 )+n’_](u1,u2,u2 ) Sn’](un,ul,ul)m’](ul,uz,uz)
[by remark 1.2 and definition 1.1]. From F,, we get:

F(n’](ul, . uz),n’](un, U, 111): n](u1: U, 112),
rT](uD, u, u1)+”](xl= u;. uz) =0

We implicit: F(f, d, f, +d)<0, since, f=m(x,, x,. x,).
D =m(u, v, u). From F,, 3A€ such that:

Jm(u,u,,u,)+ <0

Again, since, u,<u, for this v, and by condition (iv),
we get u,eK such that u, <u,. Therefore, by (v1), we have:

8 (S 2 Sul’ Sul) rr](u2’ Suu’ Suz) rr.](ul’ Sul’ Sul)
m(u,. 8,,. 8, Jm(u. 8, 8, )

From F,, we get:

F rr](u3’ u2’u2) rr.](u2’u3’u ) m(ul’UZ’ uZ)’
m(ul’UZ’u2)+m(u2’u3’u3) -

Then by remark 1.2:

That 1s F(£ £, d, f+d)<0, since, £ = m(u,, uy, us), d =
m(u,, ug, uy). From (3) and F,:

rr.](ul’ u2’ u2)< rr](uU’ u'l’ul)

Then by continuous m this way, since, u,,, €3, and
u,,€8, = wehave:

F 5 (Su 7Su R u 1) m(unasu :Su) n'_]( n+1asu“+lasun+1)7 <0

( n’ u 417 u 1) (un+1=‘ )
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From F,, we get:

MW Wz ) SA MU, U Uy )
Therefore, we have:

MU, 05 1, ) <A MUy, W, 1)

Now, we prove that u, be Cauchy sequence in X, let
b=n then:

rTJ(un> W ub) Srr](urﬁ Uy, un+l)+m(un+1= Uy, ub)

Sr.r](un” un+1> un+1 ) +rr](un+1>ub>ub)
Srr](un> Ui un+1)+m(un+l=un+2>un+2)+> s +m(ubfl>uh>uh)
S(An+...+Ab'1)n’](u u,u,)

n? 712

nl_ b-n
=A Tm(uu=u1=u1)
<1_Al’\’J(uU,ul,ul) [since, 1-A<1]

when n-e, we get m(u, u, u)-0 leads to u, Cauchy
sequence. Then, u, is converge to u [since, X is
complete]:

lim  u =lim  _u _ =lim  u_  =ucs .,
And by condition (v):
6r.r](su ? Su’ Su)’ rT](un’ Su ? Su )’
F : =0

m(u> Su’ Su)+m(u’ Su“=‘ Su“)
When n~< and by f,, we have:
F(mu §,. 8, ), 0, m{u, .8, ), m(w 8, 8,) <0

That is F(f, O, £, £)<0 then, f =m(u, 5,, 8,) = 0-ues,.
That same away:

| r’r](Su, S, Su), m(u, u,, v, ), m{u, S,. S, ).
m(un’ Su,,’ Su,,)’ rr.](u’ Su,,’ Su,‘)+rr.](un’ Su’ Su) B

When n-e and by f,, we have:

F(m(s,,w,u), m(S,. u,u), 0, m(S,, u,u))<0

That is F(f, £, 0, £)<0 then, £ = m(S,, u, u) = 0-ues,.
Then, ues,.

Example 2.3: Let (3, m) be complete metric space, X
= {(0, 0}, (0, -1/2), (-1/9)} R, With defined usual order by
the following:

(p.k) <(u,v) <> p<u,v <k for (p, k), (u, vje X

and let m defined as: m(u, v, v) = max{d(u, v), d(v,v),
d(v,w)}. Where d(wv) = max {ju,-v,,ju-v,|}, forallw, v,cR*.
Defme 3:

XX, 8(x)= [éé}
o efene3)

Solution: for (0, -1/2)<(0, 0) then:

Sm[s{oa;}S(O,O),S(O,O)J—

Then, for all u<v, we get:

Sm(Su, Sv, Sv) S%m(u, v, v) £max

{n’](u, Su,Su), my(v, Sv, Sv), m(u, Sv, Sv)+m(v, Su, Su)}

2

For all ugv then, Sv<Su. So, all conditions of
corollary 2.2 are satisfied then, we get:

NERANER
9 9 9 9
CONCLUSION

The amm of this research to define an implcit

relation and prove the results of common fixed pomt
for two set-valued mappings in partially order.
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