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Abstract: Design of a reliable and cost effective interconnection network 1s highly desirable in parallel
computing environments. The reliability in particular plays an important role in design of such interconnection
networks. Among different reliability measures, the terminal reliability or two-terminal reliability is an important
reliability measure as it ensures a reliable path between a pair of source and destination nodes in a
mterconnection network wnder different failures. However, the exact estimation of two-terminal reliability 1s a
NP-hard problem. This study proposes a new and efficient mimmal path-set based approach for exact estimation
of two-terminal reliability. The proposed approach not only generates all non-redundant minimal path sets but
also efficiently computes the reliability of the interconnection network with greater accuracy. The proposed
method 1s well illustrated by taking a simple example mterconnection network. The simulated results further
ensures its applicability to different kinds of intercormection networks viz. directed, undirected, homogenous,
non-homogeneous, regular and general networlks.

Key words: Interconnection networks, reliability, mimmal path-set, probabilistic graph, parallel computing

system, efficiently

INTRODUCTION

There 1s always a need for some kmd of
commumcation highway or mterconnection network in
parallel computing system in order to solve a problem
where the processors needs to be connected in some
pattern. Selection of right interconnection networle is
important for efficiency reasons as performance in
multiprocessor  systems 1s  highly dependent on
commumication processes between processors and
memory, /O devices and other processors. The factors
those affects the design of interconnection networks are
reliability, cost, flow, power consumption, lead time, etc.
Among which reliability is the most important factor
to  be

interconnection network. Because it is the ability of

considered while selection of efficient
a system to consistently perform its itended or
required function without degradation or failure in a

predefined time (Colbourn and Colbourn, 1987). The

different reliability measures considered in the design
of mterconnection networks are network reliability
two-terminal reliability and k-terminal reliability. The
two-terminal reliability is considered to be a one the most
important reliability measure m interconnection network
as 1t 1s the probability that a communication exists
between a specified pair of nodes in network.

A recursive truncation algorithm for estimating
all-terminal network reliability is proposed by
Sharafat and Marouzi. (2009). They used a recursive
approach by collapsing the nodes of the network in every
iteration by gradually reducing the size of the network. In
recent research, Rodionov et al. (2012) also proposed a
new network reliability estimation algorithm where they
considered improvements in the efficiency of cumulative
updating of all-terminal network reliability. By Hardy et al.
(2007), used binary decision diagrams for reliability
estimation of interconnection networks. These methods

only give emphasis on network reliability. There are
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various approaches reported in literature for two terminal
reliability estimation of intercommection networks viz.
cut-set based approach (Chen and Yuang, 1996,
Tripathy et al., 2014; Yeh, 2008), path-set based approach
(Balan and Traldi, 2003; Nahman, 1994; Yeh, 2007, 2009,
Chen, 2011) bimary decision diagrams (Kuo ef al., 1999,
Zhang et al., 2003), sum of disjoint product (Balan and
Traldi, 2003), enumerative approach (Yeh, 2009).

Chen and Yuang (1996) proposed a cut-set based
approach for two-terminal reliability computation of
mterconnection networks. A similar approach is also
found in literature (Kuo et al., 1999) for terminal pair
reliability estination by wusing edge expansion
diagrams using OBDD. They considered all possible edge
expansion of the network and use the binary decision
diagrams technique to compute the terminal pair reliability
of the interconnection networks. The multi-state reliability
also has drawn the much attention of many researchers
and several approaches are reported in the literature
(Tane and Laih, 2008, 2010; Zhang et al., 2003). A practical
algorithm for computing multi-state two-terminal reliability
1s proposed by Jane and Laih (2008). Zhang et af. (2003)
proposed a BDD-based algorithm for analysis of multi
state systems. They considered the multi state systems
with multi state components. The exhaustive search
algorithm for finding such ordering is not practical for
most real world applications. Jane and Laith (2010)
proposed an algorithm for computing multi-state
two-terminal reliability. They computed the reliability
through critical arc states that interrupt demand. In recent,
Tripathy et al. (2014), proposed a self generating
disjoint minimal cut-set based approach for evaluating
different reliability measures of interconnection networks.
By Tripathy et al. (2013), a Genetic algorithm based
approach 18 reliability optimization of
interconnection networks where a new approach for
network reliability estimation is discussed.

used for

There are some minimal path-set based approaches
found in the lLterature for two-termmal reliability
estimation of interconnection networks (Balan and Traldi,
2003; Nahman, 1994; Yeh, 2007, 2009; Chen, 2011).
Balan and Traldi (2003) applied the sum of disjont
products technique on pre-processed mimimmal paths to
obtain the success probability of the network. An
enumerative based approach is proposed by Nahman
(1994) to generate all minimal paths of modified networks.
Yeh (2009) proposed a new method for fimding all minimal
paths in a network by using simple universal generating
function. A heuristic based algorithm for generating all
mirmeal paths 18 proposed by Yeh (2007). In recent, Chen
(2011) proposed a method for generating all mimmal paths

of a network considering failure of nodes. However in this
technique, the size of the network increases with the no.
of links in the network and the networks need to have
directed edges.

Lin (2002) presented a minimal cut-set based
approach for reliability estimation of networks. They
considered the stochastic-flow network with failures at
nodes and arcs. Similar approach is found by Yan and
Qian (2007) for improving efficiency of solving the minimal
cut problem in stochastic-flow networks. There 1s general
assumption in the literature that there are two states of a
system. However in a practical case there are more than
just the binary state. Hence, the multi state two-terminal
reliability problems come into picture. An improved
algorithm for searching all multi-state mimmal cuts
(Yeh, 2008) and to search for all minimal-cuts of a
limited-flow network (Salehi-Fathabadi and Forghani-
elahabadi, 2009) 1s found in the literature. Dash et al
(2012) proposed a efficient model for reliability
optimization of interconnection networks where they
considered the failure of both node and edge of the
network. By Tnpathy ef al. (2015), a layout optimization of
interconnection networks 15 discussed. They used
dynamic programming approach for solving the said
problem. Lin and Chang (2011) proposed a method for
maintenance reliability estimation for a cloud computing
network considering the nodes failure. Kuo et al. (2007)
proposed an efficient and exact reliability evaluation for
networks considering failure of vertices.

There 1s lots of research carried out for computation
of different rehability measures of different kinds of
However, the existing approaches have
limitations like the symbolic expression/augmentation
based algorithms has inefficient search in both
computation and storage tune. Additional overhead of
finding the duplicate elements occwrred in direct search
based algorithms. Some of the techniques exhibits
exponential rise in the number of terms even for
moderately sized networks. Many of the algorithm are
only designed to suit for a particular kind of network.
Therefore, it motivates us to design an efficient algorithm

networks.

which could able to correctly compute the two-terminal
reliability without generating intermediate duplicate paths.

MATERIALS AND METHODS

Proposed algorithm

Problem defination: The problem is for exact computation
of two-terminal reliability of the given interconnection
network through mimmal path-set based approach. The
interconnected network can be viewed as a probabilistic
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graph where the nodes represent the vertices and the
edges represent the connection links between them. Here,
the probabilistic graph is represented in form a incidence
matrix. The approach is to generate all possible mimmal
paths from a given source s to a destination t and then
use this mimmmal paths to generate the reliability
expression and to compute the Two-Terminal rehability of
the interconnection network.

Definations
Minimal path: A mimmal path is the path that connects
the source s to the sink t as long as:

* It contains no cycles

+ Removal of any of the edges from the path means
that there 1s no longer a connection between s and t

Two-terminal reliability: The probability that a

communication path exists between a specified pair of

nodes in network.

Proposed algorithm:
Input: G inthe form of incidence matrix, source node s
and terminal node t

Output: Computed reliability
Reliability -evaluation-path-set-method (G, s, t)
1. temp-arr - G

2. fori=1-L
3. begin
4, forj=1-L
5. begin
6. Link [i] [j]-destination of G (i, j)
7 end
8 end
9. calc-rel (s)
10. begin
11. Push (arr, )//push the upcoming node into the stack
12. for (i = all edges of the directed matrix)
13. begin
14. if (link [s] [i]=0)
15. if ((top+1<N) || inner-cycle()) //To check
if link is present between node s to link i
16. if (link [¢] [{]]=t) #if we can reach
terminal node from node s using link i
17. calculate() //Calculating the expression
of generated minimal path
18. end if’
19. end if
20. else
21. calc-rel (link [s] [T]) //Recursively calling
the function
22, endif
23, else continue,
24, end
25. Pop (arr) ffpopping the top element
of the stack
26. calc-rel() Jcalculate reliability using
the function
27. end

O Sgdo

Fig. 1. Example interconnected network with 6 nodes and
9 links

Fig. 2: Directed form of graph

Tllustration

Input: Let us, assume an Interconnected Network (ICN)
with 6 nodes and 9 links. The equivalent probabilistic
graph G 1s given in Fig. 1. The network in Fig. 1 13 an
undirected network. The adjacency matrix for the given
network is as follows:

s 1 2 3 4 ¢t
s 01 1 0 00
1101100
2110110
301 1011
4 0011 01
t 00 01 10

Process: The undirected graph 15 converted to its
directed form. The directed form of the example network
with six node and 9 links (Fig. 1) is presented in Fig. 2.
Since, the proposed algorithm recuires path from s-t, the
outgoing links from s and incoming links to t are
considered umdirectional mn this figure while other edges
are considered as bidirectional.

From the above directed graph a matrix 13 obtained in
which from ith (row) node using jth (column) link the
destination node can be reached (Fig. 2).

/123 4 5 6 7 8 9 10 11 12 13 14
5120000000 O0O 0 0 0 0
10003000002 0 0 0 0
20010340000 0 0 0 0
30000004 CO0O O0O 1 2 0 0
40 0000O0CO0CO0CCtCL OO0 0 2 3
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Cale-rel (s): Calc-rel function is implemented on the matrix
by passing the source node as the parameter initially.

Push (arr, s): Upcoming node 15 pushed mto the stack.
Stack status: s for (i = 0-1 = 14)//14 is the number of edges
in the converted directed form of the input network. The
destination node for each upcoming node 1s checked by
assoclating the link attached with it. If (link [s] [1]=0):
Node ‘s is associated with two links, i.e., 1 and 2. Link [s]
(Colbourn and Colbourn, 1987) and link [s] (Sharafat and
Ma’rouz, 2009) will have values more than 0. We will go
onwithi=1 mtially. If ((topy+1<N): The value of top=1.
The expression is true. If (link [s] [i] =t) As valueofi=1,
the value of link [s] (Colbourn and Colbourn, 1987) is
checked and 1t 1s not equal to the termmal node.
Therefore, the “if” block 1s not executed. else cale-rel (link
[s] [i]): The destination node is passed as an argument in
the function and called recursively till the destination
node and the terminal node are same. The value of link [s]
(Colbourn and Colbourn, 1987) is 1 so therefore we call
cale-rel (1).

So, at this point of time only ‘s’ i.e., the source node
15 placed in the stack. The function 1s called recursively
and the value of s is now 1. Therefore, cale-rel (1).

Push (arr, s): Upcoming node is pushed into the stack.
Stack status: s, 1. For (1= 0-1 = 14): The destiation node
for each upcoming node and the link associated with it 1s
checked. Tf (link [s] [1]>0): Inthe case for node “s =1’ two
links are used: 4 and 10. So, link [s] (Hardy et al., 2007)
and link [s] (Balan and Traldi, 2003) will have values more
than 0. If ((top)+1<N). As the value of top = 2 therefore
this expression is found to be true. Tf (link [s] [i] =s): As
value of 1 = 4, the value of link [s] (Hardy et al., 2007) 1s
checked. But it is not equal to the destination node.
Therefore, the if block 1s not executed else cale-rel (link [s]
[i]): The destination node is passed through the function
and called, recursively till the destination node and the
terminal node are same. The value of link [s] (Hardy et af.,
2007)1s 3, so therefore, we call calc-rel (3). So, stack status
is source node s and node 1. The function is recursively
called and the value of s is now 3. So, calc-rel (3) is
evaluated. Push (arr, s). Upcoming node 1s pushed mto
the stack. Stack status 1snow s, 1, 3.

For (i = 0-i = 14): The destination node for each
upcoming node and the link associated with it 1s checked.
If (link [s] [1]=0): here for node s = 37 four links are there:
7,8, 11 and 12. So, link [s] (Tane and Laih, 200&), link [s]
(Zhang et al., 2003), link [s] (Nahman, 1994) and link [s]
(Yeh, 2009) will have values more than 0. The first value of
‘1" that satisfies 18 4 so we go onwith1=7.

(1,2)

1/{2}

(4, 10y
4 Am}

(7, 8,9, 10)

7 {8,9, 10}
3,13, 14)

{13, 14}

Fig. 3: Intermediate tree structure of path generation

process
8
1,2)
1 {2}
@, 10
(Evahuated)
10 {4}
@3,5,6)
{3} | {5, 6}
4, 10) {5} (3,6
(Cycle) (7,8.11,12)
2 {8, 11,12}
9, 13,14)

/ {13, 14}

-1

Fig. 4: The intermediate tree structure for computing all
minimal paths of G

If ((top)+1<N): As the value of top = 3, therefore, this
expression 1s evaluated to true. If (link [s] [1] = t). As value
of i =7, therefore the value of link [s] (Jane and Taih, 2008)
is checked and it is not equal to the destination node. Else
cale-rel (link [s] [1]): The destination node 1s passed in the
finction as parameter and called recursively till the
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Table 1: Content of p-amr after all minimal path generation Table 2: Content of g-air after all minimal path generation
Steps Value of p-arr Steps Value of g-arr
0 4 0 7
1 3 1 5
2 5 2 9
3 5 3 9
4 4 4 7
5 4 5 [
6 5 [ 9
7 5 7 9
8 4 8 7
9 4 9 8
10 3 10 3]
11 3 11 5
12 4 12 8
Table 3: Application of proposed algorithm on some sample general interconnection networks for two-terminal reliability evaluation
Networks Minimal paths Expression Reliability
{1,3,5), 42,43, {2, 5}, {2, 3,4} P3qIHP2q2+p3g3+p2a2 0.981
o {1,6},{1,9,5 8}, {L,9, 7} p2q3+pdgétp3qStp2g3+ 0.983
{3, 8}, {3,10, 7}, {3, 10, 4, 6}, p3gS+pdqé+p3qsi+p3gs+
° {2, 4, 6}, {2, 5,8}, {2, 7} p2q4
° {1,4,7,9,{1,4, 8, {1, 10,5, 7,9}, paq7 +p3qStpSqtpdqTh 0.978
1,10, 5,8}, {1,10, 6, 9}, {1, 10, 6, 14, 8}, p4qé+p3q9+p5q9-tpdq7
e ° 2,3,4,7,9, {23, 4,8}, {25, 7,9}, +pAq8t p3q6t p3gSt
o)"‘o 12,5, 8}, (2,6, 9}, {2, 6, 14, 8} pdq8 +p5q9
11,9}, {2,4,8 11}, {2,4,10}, {2, 7, 11}, p2q2 +pdqSp3qot+p3qT+ 0.987
o e {2, 7,15,10}, {2, 12, 16,11}, p4ql 0+pdq7+p5ql0+pSqlo+
{2,12,16,15,10}, {3,5,4, 8, 6}, p4q7+ p4q8+ pSqlo+
o o e ° {3, 5,4, 10}, {3,5,7,11}, {3, 5, 7, 15, 10} p3q6 +p5ql0+p4q8
{3,16, 11}, {3, 16, 13,4, 10}, {3, 16, 15, 10} 0.985
e {1,3,10},41,3.9,11}, p3g5+pdqTHpeal O+
{1,3,17,16, 6, 11}, {1, 13, 14, 6, 11}, pSq7+p6ql 0+p6qlo+pTql2+
{1,13,14, 6,8, 10}, {1, 13,14, 7. 8, 10}, p6glo+p3qS+p3qs+
o e e o {1, 13,14, 7, 8,9, 11}, {2, 5,4, 3, 9, 11}, p4q8+psq+pdq
‘ {2,5,4,3,10}, {2,6,11}, {2, 6, 18, 10},
ole {2,7.8,9,11},{2,7,8,10}

destination node and the termmal node are same. The node 3. The fimction is called recursively and the value of
value of link [s] (Tane and Laih, 2008) is 4 so calc-rel (4) is s is now 4. So, cale-rel (4) is called. Push (arr, 8): the
called. Now, the stack contains source node, node 1 and  upcoming node is pushed into the stack. Stack status is
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now s, 1, 3, 4. For (i = 0-1 = 14): the destination node for
each upcoming node and the link associated with it 1s

checked.

If (link [s] [i]>=0): In the case for node ‘s = 4" three links
are there: 9, 13 and 14. So, link [s] (Jane and Laih, 2010),
link [s] (Yeh, 2007) and link [s] (Chen, 2011) will have
values more than 0. The first value of ‘T" satisfies
with 9 so we go on with i = 9. Tf ((top)+1 <N): As the value
of top = 4 the expression is evaluated to true.

TIf (link [s] [i] = s): The value of i =9, now the value of link
[s] (Tane and Laih, 2010} same as the terminal node. So,
the if block 1s executed and the reliability expression 1s
found out by raising the value of top to the power of ‘p’
and raising the value of (sum of all the links present in the
stack the value of top) to the power of q. Now, 1 mimmal
path 1s found out and the expression for it is stored
in p-arr and g-arr. The stack contains source node, node
1, 3 and 4 and Diagrammatically the generation process
can be seen in form of a tree like structure presented in
Fig. 3.

Similar process can be carried out for finding all 13
minimal paths of the graph s. The intermediate tree
generated is for finding all minimal paths is shown in
Fig. 4. At the same time the value for the unreliability
expression 1s stored in p-arr and g-arr. The final content of
p-arr and g-arr 18 given i Table 1 and 2, respectively.
Finally, the p-arr and g-arr can be used to compute the
reliability.

The two-terminal unreliability expression 1s
computed as: UR = p' q™+p’ g’ +p° g™p® q*p' g’
g’+p’ g+p° Hpt g g+’ gp’ gt q° Considering
the value of p as 0.9 and g as 0.1 and R =1-UR. The
two-terminal reliability of the interconnection networle ITCN
comes out to be becomes 0.978.

RESULTS AND DISCUSSION

The proposed algorithm 1s applied on some sample
mterconnection networks and simulated on MATLAB
2009 to show 1its correctness and efficiency. The result is
presented in Table 3.

Tt can be clearly observed from Table 3 that the
proposed algorithm efficiently generates all minimal
path-sets of the input interconnection networks. Tt also
forms the unreliability expression by considering the
minimal path-sets with respect to the failure of the
possible edges. The reliability value is then computed by
the formula R = 1-UR. It 18 also quite clear from the
observation that the proposed approach never generates

duplicate path-sets which guarantees the correct

evaluation of two-terminal rehiability and its efficiency.
CONCLUSION

A new and efficient exact

algorithm  for
evaluation of two-terminal reliability 1s proposed in
this study. The proposed approach uses minimal path-
sets for two-terminal reliability evaluation. Tt generates
all non-redundant minimal path-sets and implicitly stores
the reliability and unreliability value for each path-set for
reliability computation. By so, it overcomes the additional
overhead of disjomnting process of minimal paths. The
proposed approach 1s suitable for different kinds of
interconnection networks viz. regular, general, directed,
undirected, homogenous and non-homogeneous
interconnection networks. The presented approach may
be extended to evaluate two terminal reliabiliies of
stochastic flow networks as well as other such real time
networks. Further, other reliability measures viz. k-terminal
reliability and all terminal reliability can also be evaluated
by medifying the proposed research in this study.

Notations:

ICN = Input interconnection network

G = Equivalent probabilistic Graph of ICN in
incident matrix form

NandL = Total number of Nodes and Links in G,
respectively

temp-arr = Matnix for storing directed edge form of the
graph

s = Source node

t = Terminal node

arr = Stack for storing the links/edges while
finding the minimal paths

link [T] [j] = Returns destination node by taking current
node i and edge j associated with it

p-arr = Matrix for storing the exponents of
unreliability expression

g-arr = Matrix for storing the exponents of
unreliability expression

inner- = Returns 1 if the node 1s present in the

cycle() stack more than once otherwise 0

calc-rel () = Calculate  the  reliability of  the
interconnected network from the p-arr and
the g-arr

calculate() = Calculating the expression of generated
minimal path

pop O = Deletion operation of stack

UR and R = Unreliability and reliability of ICN,
respectively
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