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Abstract: In this study, the soft graph for some types of graphs which valid like null graph, complete graph,
cycle graph, bipartite graph, star graph and wheel graph are be determined.
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INTRODUCTION

We consider a graph G = (V, E) for simplicity G as
finite, simple and undirected. Let V (G) and E (G) denote
the vertex set and edge set, respectively foragraph G. We
refer the reader to (Harary, 1969; Haynes ef al., 1998;
Omran and Rajihy, 2017, Omran and Oda, 2019
Al-Harere and Breesam, 2019) for all other terms and
notions which are not provided in this study. The sub
graph of induced by the vertices in D is denoted by G (D).

Molodtsov the connotation of soft set theory in
(1999} as a general mathematical for dealing with
uncertainties which is free from the above difficulties.
Soft set theory has a rich potential for applications in
several directions, a few of which had been shown by
Molodtsov (Al-Harere and Breesam, 2019). Maji, defined
and studied many processes on the soft set (Molodtsov,
1999). Thumbakara and George (2014) have been
introduced soft graph and investigated some of their
properties (Maji ef al., 2003).

We calculate the soft graph for null graph, complete
graph, cycle graph, bipartite graph and star graph.

Preliminaries: In this section, we presented some
definitions about graphs, soft set and soft graph. These
will be helpful in later section.

Definition 2.1; Molodtsov (1999): Let U be an initial
universe set and E a set of parameters or attributes with
respect to U. Let P (U) denote the power set of U and
AcE. A pair (FF, A)is called a soft set over, U where F is
amapping given by: F:A-P (U) in other words, a soft set
(F, A) over U is a parameterized family of subsets of U
for e €A, F (e) may be considered as the set of e-elments
of the soft sets (F, A). Thus (F, A) is defined as:

(F,A)={F(e)eP(U):ecE F(e)=oifez A

Definition 2.2; Harary (1969): A graph G consists of a
pair (V (@), E (&) where V () 1s a nonempty finite set
whose element are called points, vertices or nods and
E (G)1s a set of unordered pairs of distinct elements of
(V (G)). The members of E (G) are called lines, curves or
edges of the graph G.

The number of vertices in a given graph is called
order of the graph denoted by |V(G)|. The number of
edges in a given graph is calledsize of the graph denoted
by [E(G)].

Definition 2.3; Harary (1969): If two vertices are joined
by an edge then these vertices are called adjacent vertices.

Definition 2.4; Haynes et al. (1998): If E = ¢ in a graph
G = (V, E) then such graph without any edges 1s called a
null graph and denoted by N, .

Definition 2.5; Haynes et al. (1998): A path of length n-1
denoted by P, is a sequence of distinct edge v, v,, v, v, .
VoV

.

Defi nition 2.6; Haynes et al. (1998): If all vertices in a
graph are adjacent to each other, then the graph is called
a complete graph. The symbol K, is used to denote a
complete graph with n vertices.

Definition 2.7; Haynes et al. (1998): A cycle in a graph
is closed path in which the only repetition are the first and
last vertex and denoted by C,.

Definition 2.8; Haynes ef al (1998): A complete
bipartite graph is a bipartite graph in which each vertex in
X is joined to each vertex in Y. The complete graph
having bipartition (X, Y) such that |X| =m and |Y| = nis
denoted by K, .
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Fig. 2: (F, A) is not soft graph

Definition 2.9; Kitaev and Lozin (2015): A star graph S,
1s the complete bipartite graph K, . The centrum of a star
is all-adjacent vertex in it.

Definition 2.10; Harary, (1969): A wheel graph 1s the
graph C +k, denoted by W,.

Definition 2.11; Gross et al. (2013): A subgraph H of G
such that whenever u, v € V (H) are adjacent in G then
they are in H is called an induced subgraph of G and
denoted by G [V (H)].

Definition 2.12; Maji et al. (2003): A graph 1s called
connected if in it any two vertices are joined by some
path; otherwise 1s called disconnected.

Definition 2.13; Gross et al. (2013): The distance
between two vertices in a graph is the length of the
shortest path between them.

Definition 2.14; Gross et al. (2013): The eccentricity of
a vertex v in a connected graph is its distance to a vertex
farthest from v. The radius of a connected graph is its
minimum eccentricity denoted by rad . The diameter of
a connected graph is its maximum eccentricity denoted by
diam (G).

Soft graph: Let G = (V, E) be a simple graph, A any
nonempty set, let R be an arbitrary relation between

elements of A and element of V. That is RcAXV. A set
valued function F: A-P (V) can be defined as:

F(x) = {y e V[xRy}
The pair (F, A) 1s soft set over V.

Definition 3.1; Gross et al. (2013): Let (F, A) be a soft
set over V. Then (F, A) 1s said to be a soft graph of G 1f

the subgraph induced by F(x) in G is connected subgraph
of G for all xeA. And the set of all soft graph of G is
denoted by S.

Example 3.1: Let G{V, E) be simple graph as shown in
Fig. 1. Let A ={v,, v.} and the set valued function F by
(x) = {yeVixRy=d (x, y) = 1} then F (v,) = {v,, vs, v, F
{(v.) = {v,, v5, v,}. Therefore, the induced subgraph by
F(v,), F (v,) in G 1s connected subgraph of G for all xe A,
hence, (F, A) 1s a soft graph.

Example 3.2: Let G (V, E) be a simple graph as shown in
Fig. 2. Let A = {v,, v,} and the set valued function F by
F (x), = {yeVxRy=x 1s adjacent to y in G}, then F
(v) = fv,, v.} F (v;) = {v,, v,}. Therefore, the induced
subgraph by F (v}, F (v,) in G is not connected for all
xeA, hence, (F, A) is not a soft graph .

Theorem 3.1: Let N be a null graph then (F, A) is soft
graph if F (x) = {yeV|xRy=d (x, v)=0}.

Proof: Let A = (v) for some 1, then F (v) = (v) ¥,
therefore, the induced subgraph by F (v) 1s connected.
Hence, (F, A) is soft graph.

Theorem 3.2: Let P, be a path graph then (F, A) is soft
graph if F (x) = {yeV|xRy~ d (x, y)< = k where either
k<rad (G) or k = diam (G)}.

Proof: Let A = {v.} for some, i then there are two cases
depend on F (%) as follows.

Case(1): [Tk <rad (G) then there are two cases as follows:
(1) Ifv, € cent (G) then F (v)=F=G=¥i1. Thus, the induced
subgraphF (v,) is connected subgraph, hence (F, A)is soft
graph; (i1) if v, € cent (G) and A 1s single set then F (v) ¢
G ¥ 1 and the induced subgraph by F (v} is connected
subgraph, hence, (F, A) is soft graph.

Case (2): If k = diam (G) then, F (v,) = Gv1. Therefore,
the induced subgraph by F (v,) is a connected subgraph,
hence (F, A) is a soft graph.

Example 3.3: Let G =P. be path graph then there are two
cases depend on F (x) as follows:

Case (1) If k = rad (G) thenrad (G) =2=k =2 and
F ()= §yeVxRy=d (3, y)<2} () if vecent (G) =A = (v,)
and F (v;) = {v,, v.. vi v, vs} # G. Therefore, the induced
subgraph by F (v,) is connected subgraph, hence (F, A)
1s soft graph (Fig. 3a) (1) if v,¢ cent (G3) then let A= (v,)
and F (v;) = {v,, v,, v, v,} # G. Therefore, the induced
subgraph by F (v,) is connected subgraph, hence (F, A)
1s soft graph (Fig. 3b).
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Fig. 3: Soft graph in path graph P,

Fig. 4: Soft graph in complete graph K,

Case (2): If k = diam (G) then diam (G)=4=k=4F
(x) = {yeVIxRy =d (x, y)<4}; (0 if v, ccent (G) A= v,
and F (v,) = §v,, v, v, v,, v.} =G. Therefore, the induced
subgraph by F (v,) is a connected subgraph, hence (F, A)
1s soft a graph Fig. 3a.

Theorem 3.3: Let K be complete graph then (F, A)isa
soft graph if F (X) = {yeV|xRy=d (x, y)<1}.

Proof: Let A = (v,) for some i then there are two cases
depend on F (x) as follows:

Case (1): If F (x) = {yeV|xRy=d (x, y) = 1 },thenF (v) =
{vi=1,..,n,] #1}#G. Therefore, the induced subgraph
by F (v) is isomorphic to K, so, it is a connected
subgraph, hence (F, A) is a soft graph.

Case (2): IfF (%) = {ye VixRy=d (x, y) = 1}then F (v,) =
fv,1=1, ..., n} #G. Therefore, the induced subgraph by
F (v) is a connected subgraph, hence (F, A) is a soft
graph.

Example 3.4: Let G be a complete graph of order n, let
A=(vpandif F x) = {yeVxRy=d(x v)=1t F {v,) =
{v,, vi, vt = K, Therefore, the induced by F (v)) is a
connected subgraph, hence, (F, A) is a soft graph.
Figure 4 (BYif F (x) = {yeV|xRy=d(x, y)<1} then (v,) =
fv,, v,, v, v,} =G, Therefore, the induced by F (v,) 1sa
connected subgraph, hence (F, A) 1s a soft graph
(Fig. 4A).

Theorem 3.4: Let C, be a cycle graph then (F, A)
is soft graph if and only if F (x) = {yeV|xRy=d
(x,y)= |n/2[}vneN.

Proof: Let A = {v} forsome1and F (X) = {yc V[xRy=d
(%, v) = [n/2|} then there are two case 1 as follows.

Case (1): If n even then, F (v) iVi.:f- Therefore, the
induced subgraph by F (v,) is a connected, hence (F, A) is
a soft graph.

Vi

Fig. 5: (F, A) is soft graph in C

M

~Co

Fig. 6: (F*, A) is not soft graph in C,

Case (2): If n is odd then F (v) = {Vﬁr%s\'ﬁgﬂ}.

Therefore, the induced subgraph by F (v)) is connected,
hence, (F, A) 1s a soft graph.

Let F* (x) = F (x) to proof F* (x) is not soft
graph, let A = (v) for some i and F* (x) =
{y S leRy < d(x,y)=cwherec ¢|n/ 2|}>

Therefore, the induced subgraph by F* (v)) is not a
connected subgraph, since, it is contains at least two
independent vertices. Figure 5 and 6. Hence, F*(A) is not
a soft graph.

Example 3.5: Let G=C, be a cycle graph if n is an even
number. Let n =6, let A = {v,, v} then:

F(X):{ye'\f

3=thenF(V1):{V4}=F(V3):{Vﬁ}

xRy < d(x,y):‘%’}:d(x,y):%:

Therefore, the induced subgraph by F (v)) F {w,) 1s
connected, hence (F, A)isthe soft graph.
If:

n

gince,
2

F*(x)= {er|XRy<:>d(X,y): cwherec =

n=6goc=3letc=2
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Fig. 8: (F, A) is soft graph in K, , F(ul)

Then F¥(v) = {v,, v.}, F¥v) = {v,, v;}. Therefore, the
induced subgraph by F* (v), F*(v,) is not connected
subgraph, hence, (F, A) is not soft graph.

Theorem 3.5: Let G = K, |, be complete pibartite graph
of order nm and n, m=1 then is (F, A) soft graph if F (X)
= {yeVixRy=d (x, v)<k; where k =1, 2}.

Proof: There are two cases depend on the set A as
follows:

Case (1): If A= {v.;} for some 1then there are two casesas
follows; if F (x) = {ye V|xRy= d (x, y)<1} then F (v) =
v, u, 1=1, .., m}. Therefore, the induced subgraph by
F (v) 1s connected subgraph, hence (F, A) 1s soft graph if
F(x) = {yeVpRy=d (x, y)<2} then F (v) = {v, u, 1 =1,
nj=1,..,m} =G. Therefore, the induced subgraph
by I (v,) is connected subgraph, hence, (F, A) is soft
graph..

Case(2): If A= {v;, u;} for some i, j then there are two
cases as follows: if F (x) = { YeV|xRY—=d (x,v)< 1} then
Fv)={vou.j=1 .. m} 9L FQu)={v,u, )= 1, ..

n}v]. Therefore, the mduced subgraph by F (v), F (u,) 15
connected subgraph, hence, (F, A) 1s soft graph. if F (x) =

{yeVIxRy=d (x. ¥)<2} then, F (v) ={v,u,1=1,
J=1L ..om=G F)={vu i=1, . n]—l
m}=G. Therefore the induced subgraph by F),F (u)
is connected subgraph, hence, (F, A) is soft graph.

n

J

Example3.6: Let G = K, , be complete bipartite graph
Fig. 7.

Case(1):1f A= {v, v,} [ F ()= {yeVxRy=d (x, y)<1}
then F (v) = {v, v, v, w3, F (W) = {vp, u;, up, us).
Therefore, the induced subgraph by F (v), F (v,) 1s
connected subgraph, hence (F, A) 1s soft graph.

IfF(x)={yeVIxRy=d (x, v) <2} then F (v} = {v,,
WV, Vi, vy, U0, Uy} Therefore, the induced subgraph by
F (v,), (v,) is connected subgraph, hence (F, A) 1s soft
graph.

Case (2): A= {v,u} ifF ) ={yeVpRy=d (3, y) <1}
then F (v)) = {v, v, u, uz}, F (uy) = {uy, vy, vy v vy
Therefore, the induced subgraph by F (v)), F {u,) 1s
connected subgraph, hence (F, A) 1s soft graph (Fig. 8).
IfF(x) = {veVxRy= d (x, v)<2} then F (v)) = {v,,
Vy, Vi, Vi Uy, U, Ug b= G F (W) = {vi, Vo, V3 Vi Uy, Wy, U} =
. Therefore, the induced subgraph by F (v)), F (u,) 1s
connected subgraph, hence, (F, A) is soft graph.

Corollary 3.1: Let S, be star graph then (F, A) 1s soft
graph if F (x) = {yeVxRy<d (x, y)<k} wherek =1, 2.

Theorem 3.6: L.et W_ be wheel graph then (F, A) is soft
graph if F (x) = {yeV|xRy=d (x, v) =k} where k=1, 2.

Proof: There are two cases depend on the set A as
follows:

Case (1): If A = {v;} for some i, then there are two case
as follows: if F () = {ye VxRy=d (x, v) = 1} thenF (v)
= {v,, v} for some j, j # 1and v, cent (G). Therefore, the
induced subgraph by F (v} 1s connected subgraph, hence,
(F, A)is soft graph; if F () = F (x) = {ye VxRy=d (%, v)
=2} then, F (v) =F {v;} for some j and 1 #}. Therefore,
the induced subgraph by is connected subgraph by F (v}
is conneted subgraph, hence, (F, A) is soft graph.

Case (2): If A = {v,} where v, cent (G), then F (x) = F
(x) = {yeVxRy=d (x, y) = 1} and F (v} = {v, i
n}#C,. Therefore, the induced subgraph by F (v) 1s
connected subgraph, hence, (F, A) is soft graph.

Example 3.7: Let G = W. be wheel graph. There are two
cases depend on the set of follows:

Case (1): If A = {v,, v;} then there are two case as
follows: if F (x) = {yeV|xRy=d (x y)=1} thenF (v) =
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Fig. 9: (F, A) 1s soft graph in W,
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Fig. 10: (F, A) 1s soft graph in W, (F{v,), (v., v,))

Y

Fig. 11: (F, A) 1s soft graph in W. (F(v;))

fve, v, vib, B (vy) = v, v, v,}. Therefore, the induced
subgraph by F (v,), F () 1s connected subgraph, hence,
(F, A)1s soft graph (Fig 9).

If=F X = {yeVRy=d (x y) = 2}, then I (v,) =
fvi, v}, F (vy) = {v,, v.}. Therefore, the induced subgraph
by F (v,). F (v,) is connected subgraph, hence (F, A)is
soft graph (Fig. 10).

Case (2): If A= {v,}, thenF (x) = {yeVIxRy=d (x, y) =
1} and F (v)) = {v; vo. v5, v, v} = C,. Therefore, the
induced subgraph by F (v,) is connected subgraph, hence
{(F, A) 1s soft graph (Fig. 11).

CONCLUSION

In this study, we conducted a study the soft graph on
the special types of graphs such as null, path, cycle,
complete bipartite, star and wheel graph. The theories of
each species are proved with illustrative examples.
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