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Abstract: In this research, the fusion cross section o, and fusion barrier distribution Dy have been
investigated below and above the Coulomb barrier using coupled-channel method with CCFULL Fortran code
for #3144 1901521599 m reactions and compare the calculated properties with experimental data. The deformation
parameters of projectile and target nuclei have been taken into account for all reactions. The first and second
reactions *2S+'**!**Sm), the vibraticnal coupling has been considered for both projectile and target nuclei while
for the third and fourth reactions *S+'"**Sm, the coupling of rotational levels for target nucleus have been
taken and the vibrational coupling remain the same for the projectile. The results show that the coupling
calculations of fusion cross sectionhave shown an enhancement with respect to the experimental data,
especially, for **S+'**1**Sm reactions, consequently, the calculated fusion barrier distribution agreed reasonably
well with extracted fusion barrier distribution.
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INTRODUCTION

The fusion cross section in interest represents the
probability of fusion of two separated nuclei to form a
compound nucleus as a result of overcoming on the
Coulomb barrier which formed as a consequence of the
strong cancellation between nuclear and Coulomb forces.
In some circumstances, it is possible to assume that the
fused nuclei are structure less, i.e., neglecting the internal
degrees of freedom. This approach is called the one
dimensional potential model which represents the
potential as a function of one variable called the relative
distance (r). This model gives good predictions for light
systems while for heavy systems the calculated fusion
cross section becomes underestimation in the region
below the Coulomb barrier then the coupling to the
internal degrees of freedom becomes unavoidable. When
the colliding nuclei come close together they may be
excited to low lying excited states or a nucleons transfer
process could appear, all that could take place before the
compound nucleus to be form. In this situation, the elastic
channel couples with non-elastic channels and the
transmission process through the barrier occur in each
channel where all these transmission probabilities must be
account to obtain the total transmission into the barrier
(Frobrich and Lipperheide, 1996; Dasgupta ef al., 1998;
Hagino and Takigawa, 2012).

In heavy-ion fusion reactions around the Coulomb
barrier, the effect of tunneling phenomena becomes more
remarkable, specifically at low incident energy, ie,
below the Coulomb barrier or in the region called the
classically for bidden region (Dasgupta et al, 1998;
Balantekinand Takigawa, 1998). The best current method
to manipulate the couplings between radial distance and
internal degrees of freedom of colliding nuclei is the
numerical solution of coupled channel equations. This
coupling 1s represented by taken into account the static
rotational deformations, vibrational modes or nucleons
transfer processes and it is represented by the distribution
of fusion barriers (Dasgupta et al., 1998; Hagino and
Takigawa, 2012; Dasso et al., 1983a, b; Nagarajan et al ,
1986; Esbensen, 1981).

The importance of fusion barrier distribution
makes it a focus of interesting for many researchers
{(Najim et af., 2019; Canto and Donangelo, 2009; Hagino,
2016) where its shape gives significant information on the
reaction dynamics as well as structures of colliding nuclei
{(Majeed et af., 2017, 2019).

MATERIALS AND METHODS
Theoretical background

Coupled-channel formalism: The coupled-channel
method treats the collision between two nuclei by
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coupling the relative motion variable 1=(r.1) with

variable of intrinsic motion &, the Hamiltonian of coupled
channel is given by Frobrich and Lipperheide (1996),
Hagino and Takigawa (2012) and Hagino et al. (1999):

2

H(5.8)= -2V Vo (140 (Ve (2) (1)
Where:
h{&)andV_, : Theinternal and coupling Hamiltonians,
respectively
V, (1) : The potential of relative motion and 1s
given by:

2
Vy . ZpZre )
I+exp({1-Rg) T

Vo (r)= Vo' (1)+Vg (1) =

Where:

V(If (r) : The nuclear part given by Woods-Saxon
potential

V(?(r) . The Coulomb part

Ve (T, &) can be expanded as multipoles:

vmup(r,a);fx(r)w).ma) )
Where:
(Y, (1).T5 (%)) : The scalar product of spherical harmonic
Yy, (1) : Spherical tensor T5.(&)

The channel wavefunctions can be defined as the
expansion of intrinsic wave functions Pulm, (8):

{Re/(cdr)IMY = 2 {tm, Tmy PM) Vi (2)Pgim, (2) @

m,,my

Where:

I . The total angular momentum

M : Its z component

land1 : The orbital and intrinsic angular momenta,
respectively

The intrinsic wave functions Patm, (&) satisfy the

Schrodinger equation in terms of intrinsic Hamiltonian
with € ; eigenvalues:

ho (&)@qim, (&) = Sa1 Patm, (8) (%)
where, a denotes other quantum numbers except 1. The

total wave function can be represented as expansion of the
channel wave functions:

Wy (r ‘:):zugﬂl( )
JlT, —

d {fe)(cd1)IM) ©)
o,lI

For the u‘J)L

equations are:

1) wave functions, the coupled-channel

w d? +1(1+1)h2
2par? Zprz

Z 0‘.]10'.11

o IT

Vo (1) + g -E}l{m (r)=

(7
Jug (1)

where, Vodm rr(r) are the coupling matrix elements
given by:

V(;TLH,Q’,I',I'(r) =(( )JM| coup( ,%)KC&',I', I’)JM) =

D U i e ) (®)

)
X (21+1)(21+1){1r 11 ;} &)

With no-Coriolis approximation, the relative angular
momentum for each channel can be replaced with total
angular momentum J (Hagino and Takigawa, 2012;
Hagino et al., 1999) and for more simplicity, we denote n
for (all). Then, Eq. 7 is solved with incoming wave
boundary conditions which are:

forr =,

(10)

Hg) (knt)Bp p, 'Ranﬂ (kyr) forr—>e

Where:

2 I(1+1)R? 7, Zre’
k, (1) = Jh—*;[E-en ( )2 g ()=

2ur

(11)
where, k(1) 1s the local wave-number for the nth channel
and (Hagino and Takigawa, 2012; Hagino et al., 1999).
Once, the transmission coefficient T, is calculated then
the penetrability P; (E) is:

Py (E)= Z_kn (krzlin )|Tn\2 (12)

n

Finally, the fusion cross section is given by:

10407



J. Eng. Applied Sci., 14 {Special Issue 8): 10406-10412, 2019

Cfis (E):%Z(NH)PJ(E) (13)
7

The coupled-channels method with no-Coriolis
approximation is programmed by Hagino ef af. (1999) it
takes into account the effects of nonlinear coupling to all
orders. This code 1s abbreviated as CCFULL code.

Fusion barrier distribution: The fusion barrier
distribution has been extracted from experimental data,
the definition supposed by Rowley et al. (1991) has been
adopted:

(14)

Where:
E : The center of mass energy
¢ : Fusion cross section

Numerically, the point difference method was used to
calculate D, (E) (Dasgupta et al, 1998) for both the
experimental and calculated cross sections:

dZ(Eo)z{(Ewg-(Ec)z (Ec)z-(Ech}[ 1

dE?® E3-Ey E,Ey Es'EJ {15

And for equally spaced data the Eq. 15 becomes:

d%(Eq) _((Es); -2(Ea), +(Ec), 16)
dg? AE?
Calculated at Energy E:
_ E +2E,+E;
Borlmast a7
With statistical error defined as:
E /2
5, z[EJ[(SG)IZ +4(50)§+(50)§J (18)

where, 86 1s the statistical error in fusion cross section.
Another method was used to calculate fusion barrier
distribution depending on the least square fitting of
Wong’s formula with experimental data (Najim et al.,
2019) where the second derivative of Ec is:

d? (Eo) _ QEZRﬁ exp(x)
Rioks A (1+exp(x))2

(19)

Where:

x o 2xn(E-V )/ho

V, : The fusion barrier height
%o : The curvature

Table 1: Potential parameters

System V, (MeV) 1, (fm) a,(fm) V, (MeV) R, (fm)
Ig+Hgm 150 0.99 0.70 130.37 10.15
2+08m 150 1.01 0.62 130.01 10.29
#9417 8m 145 1.00 0.76 126.24 1043
¥28+1%8m 160 0.99 0.70 128.12 10.35
RESULTS AND DISCUSSION

The four systems had been investigated by using
CCFULL Fortran code with two different modes of
excitation both in the projectile and in the target. This
code uses Woods-Saxon potential, the parameters of this
potential were adjusted in order to get best fits to fusion
cross section for the systems under investigation these
parameters are displayed in Table 1. Table 2 and 3 display
the adopted deformation parameters and excited levels in
the calculations for each nucleus.

To extract the fusion barrier distribution from
experimental data, Eq. 15 had been carried out with
energy interval AE greater or equalsto 2 MeVand Eq. 16
for the calculated fusion barrier with E equals 2 MeV. The
detailed results for the systems under study are shown
below:

28+48m system: Figure 1a shows the fusion cross
section of S+'"'Sm system calculated by the CCFULL
code. The coupling cross section is taken as the projectile
and target have vibrational modes where the low-lying
levels of **S which have been coupled are 2 and 3~ and
that of "*Sm are also 2* and 37, The best value of fusion
barrier had been gotten for this system that reproduced the
experimental data is 130.37 MeV and the best collection
of Woods-Saxon parameters for this barrier is listed in
Table 1 where we try to get a best value of potential
height V, to avoid as much as possible the oscillation in
the fusion barrier distribution in the same time the
diffuseness parameter a, that gives the best approach with
experimental data must be not small, so, its value was
0.70. The experimental fusion cross section had been
taken from reference (Glagola et al., 1984). We note the
great enhancement of calculated cross section using
coupling to low-lying excited states (solid line) in
compare with no-coupling (dash line). However, the
calculated cross sections are under estimated at lower
energies.

Figure 1b shows the calculated fusion barrier
distribution for coupling (solid line), no-coupling {dashed
line), extracted fusion barrier distribution using point
difference formula (black circle) and the calculated using
Wong’s formula (red circle) (Najim et al., 2019). The
statistical errors of extracted fusion barrier distribution
using pomnt difference formula have been removed
because they are so, large compare with other curves. We
note that almost both the coupling curve and point
difference formula approach each other in good manner,
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Table 2: Parameters of vibrational calculations

Nucleus Radius parameter AT E'(MeV) B,
#g 1.16 2 2.2306 Pritychenko et af. (2016) 0.308 Pritychenko et al. (2016)
3 5.006 Kibedi and Spear (2002) 0.534 Kibedi and Spear (2002)
14Sm 1.06 3 1.810 Leigh et af. (1995) 0.205 Leigh et al. (1995)
5 1.660 Leigh ot al. (1995) 0.110 Leigh et al. {1995)
0sm 1.06 3 1.071 Kibedi and Spear (2002) 0.145 Kibedi and Spear (2002)
21+ 0.334 Pritychenko et af. (2016) 0.193 Pritychenko et al. (2016)
Table 3: Parameters of rotational calculations
Nucleus Radius parameter E" (MeV) Raghavan (1989) B B, No. of levels
%28m 1.06 0.1218 0.237 0.097 4
1%48m 1.06 0.0820 0.270 0.105 4

(2)
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Fig. 1: (a) The experimental fusion cross section for *S+**Sm along with results from CC calculations using CCFULL
and (b) The fusion barrier distribution for the same system

although, they are not identical while the calculated
fusion barrier distribution using Wong’s formula has
shown two peaks with a height relativity large than other
curves.

#8+°Sm system: Figure 2a shows the fusion cross
section of *S+'*"Sm system calculated by the CCFULL
code. As the previous system, the vibrational coupling
with single phonon 1s taken for both the projectile and
target where the same low-lying levels of ¥S had been
coupled which are 2 and 3™ and that of *°Sm are also 2*
and 3. The fusion barrier V, is 130.01 MeV with Radius
R, equals 10.29 fm. The Woods-Saxon parameters
are V, = 150 MeV, r, = 1.0]1 fm and a = 0.62 fm. The
experimental fusion cross section (black circles) had been
taken from reference (Glagola et al, 1984). The good
enhancement of calculated cross section using coupling
(solid line) is clear in comparing with the no-coupling
(dash line). However, the coupling cross section
reproduced the experimental data very well in the range
above about 120 MeV, nevertheless it 1s underestimated
in the range of lower energies.

Figure 2b shows the calculated fusion barrier
distribution for coupling (solid line), no-coupling (dashed
line), extracted fusion barrier distribution using point
difference formula (black circle) and the calculated using
Wong’s formula (red circle) (Najim efal., 2019). We note
that the coupling curve almost takes the same behavior as
the extracted fusion barrier distribution but with little
difference, so, it can be concluded that the fusion process
for this system 1s greatly affected by the excitation to the
low-lying levels for both the projectile and the target.
However, the difference between them may be attributed
to other types of coupling or to high intense vibrational
modes which could not be taken into account.

S+52Sm system: Figure 3a shows the results of the
calculated fusion cross section for “S+™*Sm system
where the coupling curve (solid line) taken to the
rotational levels of *“Sm nucleus along with vibrational
modes of *S which are illustrated in Table 2 and 3, the
no-coupling curve 1s represented by (dash line) and the
experimental data (black circle) has been taken {rom
reference (Glagola et al , 1984). Itis clear from this figure
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Fig. 2: (a) The experimental fusion cross section for *S+"Sm along with results from CC calculations using CCFULL
and (b) The fusion barrier distribution for the same system
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Fig. 3: (a) The experimental fusion cross section for **S+'*23m along with results from CC calculations using CCFULL
and (b) The fusion barrier distribution for the same system

that the coupling curve has a good approach with
experimental data with a little bit difference in low
energies. The Woods-Saxon parameters are displayed in
Table 1 with fusion barrer height equals to 126.24 MeV
and radius 10.43 fm.

Figure 3b shows the calculated fusion barrier
distribution for coupling (solid line), no-coupling {dashed
line), extracted fusion barrier distribution using point
difference formula (black circle) and the calculated
using Wong’s formula (red circle) (Najim et af., 2019).
We note that the coupling curve and extracted fusion
barrier distribution using point difference formula
showed almost four peaks for each one while the
fusion barrier calculated by Wong’s formula showed two

peaks. The little oscillation of coupling curve above
145 MeV pointing out the needing to a deeper potential.

28+ Sm system: For this system, the coupling had been
carried out for the rotational levels of **Sm nucleus along
with vibrational modes of *S which are illustrated in
Table 2 and 3.

Figure da shows the results of the calculated fusion
cross section for *S+"*Sm system where the coupling
curve (solid line), the no-coupling curve is represented by
{dash line) and the experimental data (black circle) has
been taken from reference (Glagola et al, 1984). The
Woods-Saxon parameters are displayed in Table 1 they
had been adjusted according to best possible value of the
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Fig. 4: (a) The experimental fusion cross section for *S+'*Sm along with results from CC calculations using CCFULL
and (b) The fusion barrier distribution for the same system

diffuseness parameters a, which was 0.7 this set of
parameters gives a fusion barrier height equals to
128.12 MeV and radius 10.35 fm.

Figure 4b shows the calculated fusion barrier
distribution for coupling (solid line), no-coupling
(dashed line), extracted fusion barrier distribution using
point difference formula (black circle) and the calculated
using Wong'’s formula (red circle) (Najim et al., 2019). 1t
1s noted that there 1s a convergent behavior of the
coupling curve and the extracted fusion barrier
distribution (black circle), due to the coupling to the
excited collective states of collision partners. The
fusion barrer distribution calculated by Wong’s formula
(red circle) showed only one peak. It is also noted that the
little oscillation in calculated fusion barrier above energy
140 MeV due to the fact of shallow potential, means
deeper potential should be taken but this will have effect
on the calculations.

CONCLUSION

In all the systems under study, the coupling effects
are very evident and distinguishable. The rotational
coupling to the collective states of target nucleus in
5+1%28m and *#S+%'Sm systems agreed very well blow
and above the Coulomb barrier with the corresponding
data. Vibrational coupling was adopted for the
calculations of *$+™Sm and *S+Sm systems.
Although, the coupling is considered for the systems
3+ 8m and *3+'"Sm which enhances the calculations
for the fusion cross section, it 1s still underestimated the
experimental data below the Coulomb barrier. This
short coming in describing the measured data might be
attributed to the lack of including all coupling effects that
might enhance the calculations but to include such

coupling effects one need serious modification to the
present approximated approach adopted by CCFULL. The
disagreement between the calculate and extracted fusion
barrier distribution, might be due to non-equal energy
interval E for the extracted fusion barrier distribution due
to the not equally spaced of experimental data while the
Energy interval E which used in the calculated fusion
barrier had been fixed at 2 MeV.
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