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Abstract: Tn this study, we introduce the notion of closed U-BG-filter and completely closed TU-BG-filter
in U-BG-BH-algebra and observed that every closed and completely closed filter of a UU-BG-BH-algebra is a
closed and completely closed U-BG-filter. A necessary and sufficient condition 1s derived for every closed and
completely closed U-BG-filter of U-BG-BH-algebra to become a closed or completely closed filter. Some
properties of closed and completely closed T-BG-filter are studied with respect to homomorphism, Cartesian

products and quotient U-BG-BH-algebra.
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INTRODUCTION

Deeba (1980) introduced the notion of filters and
in the setting of bounded implicative BCK-algebra
constructed quotient algebra via. a filter. Also, Deeba and
Thaheem (1990) studied a filters in BCK-algebra mn 1990.
Hoo (1991) was presented the filters in BCl-algebra.
Meng (1996) introduced the notion of BCK-filter in
BCK-algebra. Abbass and Dahham (2016) discussed the
concept of completely closed filter of a BH-algebra and
completely closed filter with respect to an element of BH-
algebra. The notion of UJ-BG-BH-algebra was introduced
and extensivelys studied by Abbass and Mahdi (2014).
This class of U-BG-BH-algebra was mtroducsd as a
combination of the classes of BH-algebra and BG-algebra.
Abbass and Hamza (2017) introduced the notion of U-BG-
filter of U-BG-BH-algebra. In this study, the notion of
closed U-BG-filter and completely closed U-BG-filter of
U-BG-BH-algebra are introduced. Some researchers have
studied the filters in a practical way different from
what we study in our research, for example, by Hameed
and Purushothaman. Also, by Jeyachitra and Mamckam,
researchers proposed and developed a simple and new
reconfigurable millimeter-wave photonic transversal filter
featuring high quality windowing property.

MATERIALS AND METHODS

In this study, some basic concepts about a
BG-algebra, BH-algebra, associative BH-algebra, BH-1deal,
regular subset of X, U-BG-BH-algebra, filter, U-BG-filter,
subalgebra, normal subset and quotient U-BG-BH-algebra
are given.

Definition 1; Kim and Kim (2008): A BG-algebra is
a non-empty set X with a constant 0 and a binary

ek

operation satisfying the following axioms:
o x*x =0, forall xeX

s x*0=x, forall xeX

+ (x*y)*(0*y) =x. forall x, yeX

Lemma 1; Kim and Kim (2008): Tet (3{* 0) be a
BG-algebra. Then:

»  The night cancellation law holds m X, 1e., x*y = z*y
implies x = z,

s 0%(0*x) =x, forall xeX

o  Ifx*y =0, thenx =y, forall x, yeX

o If0*x=0%y, thenx =y forall x, yeX

o (X*0*x))*x =x forall xeX

Definition 2; Jun et al. (1998): A BH-algebra is a
nonempty set X with a constant O and a binary operation

2L

satisfying the following conditions:
+  x*x =0, forall xeX

»  x*y=0and y*x = 0 mmply x =y, forall x, yeX
» x*0=x, forall xeX

Definition 3; Abbass and Mhadi (2014): A U-BG-BH-
algebra 1s defined to be a BH-algebra X in which there
exists a proper subset U of X such that:

» 0el,|U=2
»  Uis a BG-algebra
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Definition 4; Baik and Park (2010): A nonempty
subset S of a BH-algebra X is called a BH-subalgebra or
subalgebra of X if x*yeS for all x, yeS.

Definition 5; Abbass and Dahham (2012¢): Tet, X be a
BH-algebra, a non-empty subset N of X is said to be
normal of X if (x*a)*(y*b)eN for any x*y and a*beN, for
allx, y, a, beX.

Theorem 1; Abbass and Dahham (2012¢): Every normal
subset N of a BH-algebra X is a subalgebra of X.

Definition 6; Abbass and Dahham (2012a): A BH-algebra
X is called an associative BH-algebra if (x*y)*z = x*(y*z),
Forallx, y, zeX.

Theorem 2; Abbass and Dahham (2014): Let, X be an
associative BH-algebra. Then the following proposition
are hold:

o (O*x =x, forallxeX

o x*y=y*x forallx, yeX

o xX*(x*y) =y, forall x, yeX

o (Z"x)*(zy)=x%y, forall x, y, zeX

¢ x*y=0=x=y, forallx, yeX

o (xX*(x*y)*y =0, forall x, yeX

o (x*y)yz=(x*2*y, forallx, y, zeX

o (X*Z)*(y*) = (xFy)*(z*t), forall x, v, 2 teX

Definition 7; Abbass and Mohammed (2013): A subsetR
of a BH-algebra X is said to be regular if it satisfies:
(vxeR)(VYeX)(x*yeR=yeR).

Definition 8; Jun ef al. (1998): Let, X be a BH-algebra
and I[(#2)cX. Then, I is called an ideal of X if it satisfies:

¢  Oel
* If x*yel and yel=xel, for all xeX

Definition 9; Saeid et al. (2009): An ideal I of a BCH-
algebra X is called a closed ideal of X if for every xel, we
have 0*xel. We generalize the concept of an ideal to
a BH-algebra.

Definition 10: An ideal I of a BH-algebra X 13 called a
closed 1deal of X 1f: 0*xel, for all xel.

Definition 11; Abass and Dahham (2012a): Anideal T of
a BH-algebra X is called a completely closed ideal of X if:
x*yel, for all x, yel.

Definition 12; Abbass and Mahdi (2016): Let, X be a BH-
agebra and T be a subset of X. Then, T is calleda
BH-ideal of X if it satisfies the following conditions:

+  Oel
¢+ x*yel and yel imply xel
»  xeland yeX mmply x*yel, I*Xc1

Definition 13; Abbass and Mhadi (2014): A nonempty
subset T of a U-BG-BH-algebra X is called a U-BG-ideal of
X related to U 1if 1t satisfies:

. Oel
o x*yel=xel, for all xeU, yel

Definition 14; Abbass and Dahham (2012b): A filter of a
BH-algebra X is a non-empty I of X such that:

»  Fif xeF and yeF, then y*(y*x)el and x*(x*y)el
»  F, if xeF and x*y = 0 then yeF. Further F 1s a closed
filter if 0*x€F, for all xeF. In sequel we shall denote

¥*(y*x) by x"y

Definition 15; Abbass and Dahham (2012b): Let, X be a
BH-algebra and F is a filter. Then, F is completely closed
filter if x*yeF, for all x, yeF.

Definition 16; Abbass and Hamza (2017): A nonempty
subset F of a UJ-BG-BH-algebra X is called a U-BG- filter of
¥, if it satisfies (F,) and:

»  FoifxeF and x*y = O then yeF. for all yeU

Theorem 3; Abbass and Hamza (2017): Let, X be
a U-BG-BH-algebra and F be a U-BG-filter of X such that
x*y#0, for all y¢F and xeF. Then F 1s a filter of X.

Proposition 1; Abbass and Hamza (2017): Let, X be
a U-BG-BH-algebra. Then, every filter of X is a U-BG-filter
of X.

Proposition 2; Abbass and Hamza (2017): Let, X be
a U-BG-BH-algebra and let {F, i€eAt be a family
of U-BG-filters of X. Then, NE 1s a U-BG-filter of X.

Proposition 3; Abbass and Hamza (2017): Let, X be
a U-BG-BH-algebra and let {F, ieA} be a chainof
U-BG-filters of X. Then, [ JE is a U-BG-filter of X.

Remark 1: Let (X,*y, 0) and (Y,*+, 0y) be BH-algebra. A
mapping f: X-7Y is called a homomorphism if f (x *; y) = f
(x)*y £ (y) for any x, yeX. A homomorphism f 1s called a
monomorphism (resp., epimorphism) if it injective (resp.,
surjective). A bijective homomorphism 1s called an
1somorphism. Two BH-algebra X and Y are said to be
isomorphic, written X=Y, if there exists an isomorphism f:
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X-Y. For any homomorphism f X-7Y, the set {xeX: f
(x) = 04} 1s called the kernel of f, denoted by ker (f), the set
{f(x):xeX} 18 called unage of f, denoted by Im (f). Notice
that f(0;) = 0,. By Jun ef al. (1998) and the set {xeX:
f{x) =y, for some ye Y} is preimage of f, denoted by £'(Y)
by Abbass and Mhadi (2014).

Theorem 4; Abbass and Hamza (2017): Let, f
(X,*,00~(Y,*",0") be a U-BG-BH- monomeorphism and letF
be a U-BG-filter of X. Then, f(F) is f{U)-BG-filter of Y.

Theorem 5; Abbass and Hamza (2017): Let,
£CC*00-(Y,*, 0) be a U-BG-BH-isomorphism. If F is
a U-BG-filter of Y. Then, £(F) is £'(U)-BG-filter of X.

Proposition 4; Abbass and Hamza (2017): Let, X and Y be
two U-BG-BH-algebras and £(3*.0)-(Y,*, 0') be a BH-
homomorphism. Then, ker(f) 1s a U-B G-filter of X.

Remark 2; Kim and Kim (2008): Tet (3 * 0) be
a BG-algebra and let, N be a normal subalgebra of X.
Define a relation ~; on X by x ~ v if and only if x*yeN
where x, yeX. Then, it is easy to show ~y is an
equivealence relation on X. Denote the equivalence class
containing x by [x]y, i.e., [X]y = {yeXix~y} and let X/N =
{[x]: xeX3. If * denoted on X/N by [x], [ Y]y = [xy]x Then
(3UN,*, [0],) 1s a BG-algebra and it 1s called quotient BG-
algebra of X by N, the researchers by Abbass and
Dahham (2016), generalized this concept to BH-algebra to
obtain (3/N, *, [0],)) quotient BH-algebra of X by N.

Theorem 6; Abbass and Hamza (2017): Let 3 *, O)bea
U-BG- BH-algebra and N be a normal subalgebra, 1f F 1s a
U-BG-filter in X, then, F/N N is U/N-BG- filter of (3X/N, */,
[O])-

Proposition 5; Abbass and Mhadi (2016): Let, X bea
U-BG-BH-algebra. Then, every BH-1deal 1s a completely
closed U-BG-1deal of X.

Theorem 7; Abbass and Dahham (2012): Let, N be a
normal subalgebra of a BH-algebra X. Then, X/N 1s
a BH-algebra.

Remark 3; Abbass and Hamza (2017): Let {(30,*, 0,): icA}
be a family of U-BG-BH-algebra. Define the Cartesian
product of all X, i€ to be the structure [, 3 = ([ X,
®, (0)) where, [, X is the set of tuples {(x,): for all icA
and xeX} and whose binary operation ® is given by
(xpe(y) =(x*yy), for all 1€h and x, y€X;, Note that the
binary operation @ 18 compenentwise.

Theorem 8; Abbass and Hamza (2017): Let (J[., X, @,
{0)) be a [ [, U-BG-BH-algebra. If {(F, *, 0): icA} be a
family of U-BG-filter of X. Then [ [,F,is a] [,.; U-BG-filter
of the product algebra [ ], .

Definition 17; Zhang et al. (2001): A BH-algebra X is
said to be normal BH-algebra if it satisfies the following
conditions:

0%(x*y) = (0*x)*(0*y) for all x, yeX
o (x*y)*x = 0%y, forall x, yeX
(x*(x*y)y*y = 0 forall x, yeX

RESULTS AND DISCUSSION

In this study, the notion of closed and completely
closed U-BG-filter of U-BG-BH-algebra are introduced for
our discussion, we shall link these notions with the
notions which mentioned in preliminaries.

Definition 18: A U-BG-filter F of a U-BG-BH-algebra X 1s
called a closed U-BG-filter of X if: 0*xeF for all xeF.

Example 1: Consider the U-BG-BH-algebraX = {0, 1, 2, 3,
4} with binary operation “*” defined as follows Table 1:
where, U = {0,1, 2}, the U-BG-filter F = {1,3} is a
closed U-BG-filter of X. But the U-BG-filter F = {1, 4} is
not a closed U-BG-filter, since, 4cF and 0*4 = 3¢F.

Definition 19: A U-BG-filter F of a U-BG-BH-algebra X is
called a completely closed U-BG-filter of Xaft x*yeF for all
X, yel.

Example 2: Consider the UU-BG-BH-algebra X in example
1, the U-BG-filter F = {0, 1, 3} is a completely closed
U-BG-filter of X but the U-BG-filter F = {0, 1, 4} isnota
completely closed U-BG-filter of X, since, 1, 4€F but
1*4 =2¢F.

Remark 4: Let, X be a U-BG-BH-algebra. The
filters F = {0} and F = X are completely closed U-BG-filters
of X which are called a trivial completely closed U-BG-
filters of X.

Proposition 6: Let, X be a U-BG-BH-algebra. Then, every
closed filter of X is a closed U-BG-filter of X.

Proof: Directly by Proposition 1 and Defmition 10.

Remark 5: The converse of Proposition 7 is not correct
in general as in the following example.

1064



J. Eng. Applied Sci., 14 (4): 1062-1069, 2019

Table 1: Closed U-BG-filter

Table 2: Closed U-BG-filter is not a completety closed U-BG-filter

Example 3: Consider the U-BG-BH-algebra X in Example
(1), the U-BG-filter F = {0, 1, 3} of X is a closed U-BG-filter
of X but it 13 not a closed filter of X because F 1s not a
filter of X, since, 3¢F, 3*4 = 0 but 4¢F.

Proposition 7: Let X be a U-BG-BH-algebra. Then every
completely closed filter of X is a completely
closed U-BG-filter of X.

Proof: Tts directly by Definition (19) and Proposition (1).

Remark 6: The converse of Proposition (7) is not correct
in general as in the following example.

Example 4: Consider the U-BG-BH-algebra X in example
1, the U-BG-filter F = {0, 1, 3} of X is a completely closed
U-BG-filter of X but it 1s not a completely closed filter of
X because F 1s not a filter, since, 1€F, 1*4 = 0 but 4¢F.

Proposition 8: Let, X be a U-BG-BH-algebra and F be a
completely closed U-BG-filter of X. Then, OeF.

Proof : Let, F be a completely closed U-BG-filter of X and
let xeF. then x*xeF (since, F is a completely closed UJ-BG-
filter of X). So, by using Defimition (2) (I), OeF (since,
x*x =0).

Proposition 9: Let, X be a U-BG-BH-algebra. Then, every
completely closed U-BG-filter of X is a closed U-BG- filter
of X.

Proof: Its directly from Proposition (8) and by applying
Defimtion (19), we get 0*x€l, so, L 1s a closed U-BG-filter
of X.

Remark 7: The converse of Proposition (9) is not correct
in general as in the following example.

Example 5: Consider a U-BG-BH-algebra, X = {0,1, 2, 3, 4}
with binary operation “*” defined as follows Table 2:
where, U= {0, 1, 2. The U-BG-filter F = {0, 3, 4} a closed
U-BG-filter of X but it is not a completely closed U-BG-
filter, since, 3, 4¢F and 3*4 = 2¢F.

Proposition 10: Let, X be a U-BG-BH-algebra and F be a
completely closed U-BG-filter of X. Then, F 1s BH-algebra
with the same binary operation on X and the constant 0.

* 0 1 2 3 4 * 0 1 2 3 4
0 0 1 2 3 3 0 0 1 2 0 0
1 1 0 1 3 2 1 1 0 2 2 1
2 2 2 0 1 2 2 2 1 0 1 2
3 3 3 1 0 0 3 3 2 3 0 2
4 4 3 1 4 0 El 4 1 2 0 0

Proof: straightforward.

Theorem 9: Tet, X be a U-BG-BH-algebra and let F
be a U-BG-filter of X. Then, F 1s a completely closed
U-BG-filter of X if and only if F is a subalgebra of X
contain i U.

Proof: Let, I be a completely closed U-BG-filter of X and
let x, yeF, then, x*yeF (since, F is a completely closed
U-BG-filter of X.), so, F is a subalgebra of X. Conversely,
let F is a subalgebra. Let x, veF, so we have x*(x*y)eF and
y*(y*x)eF [by Definition (4)],

Let xeF, x*y =0, yelJ, we get xelJ (Since F=U) and
applying Lemma (1) (iii), we get x = y, hence, yeF,
therefore, F is a U-BG-filter of X. Now, let x, yeF, so,
x*yeF for all x, yeF (since, F 1s a subalgebra). Then F is
completely closed U-BG-filter of X.

Lemma 2: Let, X be a J-BG-BH-algebra and let, N be a
normal subset of X contain in U. Then, N 1s a completely
closed TJ-BG-filter of X,

Proof: Directly from Theorem 1 and 9.

Proposition 11: Let, X be a U-BG-BH-algebra and Fhe a
completely closed U-BG-filter of X. Then, F is a
completely closed U-BG-ideal of X.

Proof: Let, F be a completely closed U-BG-filter of X.

»  0€F (by Proposition 8)

»  Let, x*yeF, yeF, xeU. Since, F 15 a completely closed
U-BGilter of X. Then (x*y)*yeF. Since, F is
a UI-BG-filter of X, 50, we have yeU. Now, takey =0

Since, U 1s a BG-algebra, then (x*0)*0eF, so, xeF[by
Definition (1) (ii).

»  Letx, yeF, so, x*yeF (Since, F 1s a completely closed
U-BG-filter of X), therefore, F 1s a completely closed
U-BG-ideal of X

Proposition 12: Let, X be U-BG-BH-algebra and F be a
closed U-BG-filter such that x*y=0, for all y¢F and x€F.
Then, F is a closed filter of X.

1065



J. Eng. Applied Sci., 14 (4): 1062-1069, 2019

Proof: Let, F be a closed U-BG-filter of X. Then, F
18 a U-BG-filter of X by applying Theorem 3, we getF s a
filter of X. Now, let, xeF. Then, 0*x€F (since, F is a closed
U-BG-filter). Therefore, F is a closed filter of X.

Proposition 13: Let, X be U-BG-BH algebra and F be a
completely closed U-BG-filter of X such that x*y#0, for all
vé&F and xeF. Then, F 15 a completely closed filter of X.

Proof: Let, F be a completely closed U-BG-filter of X.
Then, F 15 a U-BG-filter of X. By applying Theorem 3, we
get, F be a filter of X. Now, let x, yeF, so, x*veF (since, F
iz a completely closed U-BG-filter). Therefore, F is a
completely closed filter of X

Theorem 10: Let, X be a normal U-BG-BH algebra and let,
R be regular subset of X such that RcU. If Ris
a U-BG-ideal, then, R 13 a U-BG-filter of X.

Proof: Let, R be a U-BG-1deal of X.

+  Let x, veR, since, R is a U-BG-ideal. Then OcR. Now,
(x*(x*y))*veR (By Defimition (17) (11)], so, x*(x*y)eR
[by Definition (13) (ii)]. Similarly, y*(y*x)eR

¢ Let xeR, x*y = 0, yeU, then, x*yeR and xeR. By
Definition 7, we get, yeR, therefore, R 1s a U-BG-filter
of X

Corollary 1: Let, X be a nonmal U-BG-BH algebra and let,
R be regular subset of X which is contain in J. If R is a
completely closed U-BG-ideal of X, then, R is a completely
closed U-B-filter of X.

Proof: Let, R be a completely closed U-BG-ideal. Then, R
is a U-BG-ideal of X by wsing theorem 10, we get R
1s a U-BG-filter of X. Now, let x, yeR, hence, x*yeR (since,
R is a completely closed U-BG-ideal). Therefore, R is a
completely closed U-B-filter of X

Theorem 11: Let, X be an associative U-BG-BH-algebra
and F be a U-BG-filter contain m U. Then, F 15 a
completely closed U-BG-filter if and only if F is a
completely closed 1J-BG-ideal of X.

Proof: Let, F be a completely closed U-BG- filter: OcF (by
Proposition 8). Let, x*yeF, yeF, xel, then (x*y)*yeF
(since, F 13 a completely closed U-BG-filter). So, x* (v*y)
€F (by Definition (6) by applying Definition (2) (i), we get,
x*0€eF, hence, x€F (By using Definition (2)(iii)). Therefore,
F1s a U-BG- 1deal of X.

Let, x, yeF. Then, x*yeF (since, F is a completely
closed U-BG-filter), so, F is a completely closed U-BG-
1deal. Conversely, let F be a completely closed U-BG-1deal
of X.

Table 3: Closed U-BG-ideal is not a closed U-BG- filter

* 0 1 2 3 4
0 0 1 2 0 4
1 1 0 0 1 4
2 2 2 0 0 4
3 3 3 3 0 4
4 4 4 4 4 0

Let, x, yeF, then x*yeF, y*xeF (since, F 1s a
completely closed U-BG- ideal), then, we have, x*(x*y)eF
and y*(y*x) €F. Let, x€F, x*y = O,yel, since, FcU, we
have xclJ, s0,x =y (since, U is a BG-algebra), then, ycF,
hence, F 1s a U-BG-filter of X. Let, x, y€F, then, x*yelF
(since, F is a completely closed 1-BG-ideal), so, F is
a completely closed U-BG-filter of X.

Theorem 12: Let, X be an associative U-BG- BH-algebra.
Then, every closed U-BG-ideal of X is a closed U-BG-
filter of X.

Proof: Let, X be an associative BH-algebra and let I be a
closed U-BG-ideal of X.

¢+ Let, x, vel, since, X is an associative, we obtain,
vEy*x) = (y*y)*x=0*xel (Smmce I 13 a closed
UU-BG-ideal) and x*(x*y) = (x*x)*y = 0*yel

»  Let, xe€l and yeU such that x*y = 0. Thus, x = y (by
Theorem (2) (v)), so, vel, then we get, T is a U-BG-
filter of X

¢ Let,xel. By Definition (8) (i), we obtain O€l, so, 0*xel
(since, I 1s a closed U-BG- ideal), therefore, I is a
closed U-BG- filter of X.

Remark 8: Tf X is not associative U-BG-BH-algebra then
the Theorem 12 1s not correct in general as in the
following example:

Example 6: Let, X be aU-BG-BH-algebra, X={0,1,2,3, 4}
with binary operation “*” defined as follows Table 3 and
U =40, 2} the closed U-BG-ideal 1= {0, 1} isnota closed
U-BG-filter, since, I 1s not a filter. Since, 1€l 1*2=20,
2eU but 241

Proposition 14: Tet, X be a U-BG-BH-algebra and the
right cancellation low holds in X. Then, every BH-ideal of
¥ is a completely closed TJ-BH-filter of X.

Proof: Let, T be a BH-ideal of X. By Proposition 5, we get
I 1s a completely closed U-BG-ideal of X:

»  Let, x, vel, so, we have x*(x*y)€F, y*(y*x)eF (since,
Tis a completely closed 1-BG-ideal of X

»  Let, xel, x*y = 0, yeU, then, x*v = y*y, so, by Lemma
(1) (1), we obtain x =y, imply that yeF. Therefore, T is
a U-BG-filter of X
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¢ Let,x, vel. By Definition (12) (iii), we get x*vel. Then,
113 a completely closed U-BG-filter of X

Remark 9: The converse of Proposition 14 1s not correct
in general as in the following example:

Example 7: Consider U-BG-BH-algebra X mExample 1,
F= 40,3} is a completely closed U-BG-filter of X but it is
not a BH-1deal of X, since, 3¢F, 2eX but 3*2 = 1 ¢F.

Proposition 15: Let {F_IeA} be a family of closed U-BG-
filters of a U-BG-BH-algebra X. Then, [E
closed U-BG-filters of X. =

s a

Proof: Since, F, is a closed U-BG-filters, ¥icA. then, F,is a
U-BG-filter, vieA (by Definition 18), so, [E 13 a U-BG-
filter (by Proposition 2). -

Now, let xe[E, hence, x4 FiViek, so, 0*xeF wieA

1EN

(Since, F 1s a closed U-BG-filter of X. By Definition 18),
theno*xe(E . So, we get, g is a closed U-BG-filter of

ieA 1EL

X

Proposition 16: Let {F, ieA} be a family of completely
closed UJ-BG-filters of a U-BG-BH-algebra X. Then, ﬂF, i
a completely closed U-BG-filter of X. -

Proof: Since, F, is a completely closed U-BG-filter of
X, V€A, then, F, 1s a U-BG-filter of X, ¥,€A (by Definition
19). By proposition 2, we cobtain [ is a U-BG-filter of X.

1ed

Now, letx, ¥ £[E , 50, X, yeF; V€A, then, x*y7.eAF, Vel

(since, F is a completely closed U-BG- filter), hence, x*y
£[E . Therefore, <[|E is a completely closed U-BG-filter

ieh ieh

of X.

Proposition 17: Let {F, ieA} be a chain of closed U-BG-
filters of a U-BG-BH-algebra X. Then, [JE
closed U-BG-filter of X. -

13 a

Proof: Since, I'; 1s a closed U-BG-filter of 3, ¥,€A, then, F,
is a U-BG-filter of 3, ¥ie A (by Definition 18), so,x € | JE is

1ed

a U-BG-filter of X (by Proposition 3). Now, let x€ | JE ,

1EL

Then, there exist F, F.e {F }iel such that xeF, yeF, and
either F.cF, or F.cF, (sice, {F.}, 1€ 1s a chain |. IfTF.cF,,
then, x€F,, hence, 0*x€F, (since, F, is a closed U-BG-filter)
Sunilarly, if F,cF=0*y | JE, therefore, | JE 15 aclosed
U-BG-filter of X.

Proposition 18: Tet, {F, ieA} be a chain of completely
closed U-BG-filters of a 1U-BG-BH-algebra X. Then, | JE is
a completely closed U-BG-filter of X =

Proof: Since, F, is a completely closed U-BG-filter of X,
V€A, we get F, is a U-BG-filter of X, ¥eA. By definition
(19), Therefore, | JE 1s a U-BG-filter of X (by Proposition

ied

3). Now, let x, ye | JE , so, there exist F,, F.e{ F;}ieA such

that xeF,, veF,, then, either F,cF, or F.cF, (since, {F;}, i€h
is a chain). If F.cF,, hence, x, yeF,, so, x*yeF, (since, F, is
a completely closed U-BG filter]. Similarly, if
F.cF=x"ye|JE . Therefere, | JE is a completely closed

ied ied

U-BG-filter of X.

Proposition 19: Let, :(3*,0)~(Y.,*/, 0’ ) be a U-BG-BH-
monomorphism and let F be a closed U-BG-filter of X.
Then, f{(F) 1s a closed f{U)-BG-filter of Y.

Proof: Let, F be a closed U-BG-filter of X, then, F 1s
a U-BG-filter of X (by Defimition (18)), so, by Theorem (4),
we obtain f{F) is a f{(U)-BG-filter of Y. Now, let yef(F).
Then, there exist acF such that y = f(a), hence, 0" y = f
*f(a) = f{0)*' f{a) = f(0*a).

Since, 0*aeF (by Definition 18), we get f(0* a)ef (F),
so, 0™*'vef (F). Therefore, f(F) is a closed f{U)-BG-filter of
Y.

Proposition 20: Let, £:(X.*0)-(Y,*, 0) be a U-BG-BH-
monomorphism and let F be a completely closed U-BG-
filter of X. Then, f(F) is a completely closed f{(1T)-BG-filter
of Y.

Proof: Let, F be a completely closed U-BG-filter of X, so,
F is a U-BG-ilter of X (by Definition 19), then, f(F)
1s a f U-BG-filter of Y (Theorem 4).

Now, let, x, yef (F), so, there exist a, beF such
that x = f(a), y = £ (b), then x*'y = fla)*f(b) = f(a*b). Since,
F 15 a completely closed U-BG-filter of X, then, we obtain
a*beF, so, f(a* b)ef(F), hence, x*'yef (F). Therefore, f(F)
is a completely closed f(17)-BG-filter of X.

Theorem 13: Let, £:(X, *, 0)-(Y,*, 0) be a U-BG-BH-
isomorphism. If F is a closed U-BG-filter of Y. Then, {(F)
1s a closed £ (U)-BG-filter of X.

Proof: Let, F be a closed U-BG-filter of Y. Then, F
be a U-BG-filter of Y (by Definition 18), so, {'(I) is a
{IN-BG-filter of X (by Theorem 5). Now, let, yef' (F),
hence, we have, f(y)cF and ('* f{y)eF (since, F is a closed
U-BG-filter of Y), then, f(0*y)€F, so, we get, 0*yef (I,
Therefore, £'(F) is a closed £{U)-BG-filter of 3.
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Theorem 14: Let, £:(30 * 0)-(Y, */, ) be a U-BG-BH-
1somorphusm. If F 1s a completely closed U-BG-filter of Y.
Then, '(F) is a completely closed {'(1)-BG-filter of X.

Proof: Let, I be completely a closed U-BG-filter of Y. So,
F be a U-BG-filter of ¥ (by Definition 19), then, '(F)
is a '(U)-BG-filter of X (by Theorem 5). Now, let, x,
yel! (F), hence, {(x)€F, f{y)eF. Since, F is a completely
closed U-BG-filter of Y, we obtain f(x)* f(y)cF, then, f
(x*y)€F, so, we get x*yef '(F), therefore, f' (F) is a
completely closed £ (U)-BG-filter of X.

Proposition 21: Let, £, *, 0)~(Y, *, 0') be a U-BG-BH-
homomorphism. Then ker (f) is a completely closed filter
of X.

Proof: Let, £:(X, * 0)-(Y, *, 0) be a U-BG-BH-
homomorphism. Then ker(f) is a U-BG-filter (by
Proposition 4). Now, let, x, yeker (f), we have f(x)=1f
(y) = 0and then, fix*y) = f{x) *fily) = 0 by Remark (1), we
get x*yeker (f), therefore, ker (f) is a completely
closed U-BG-filter of X.

Proposition 22: Let, £, *, 0)~(Y, *, 0') be a U-BG-BH-
homomorphism. Then, ker(f) is a closed filter of X.

Proof: Directly by Proposition 9 and 21.

Proposition 23: Let, X be a U-BG-BH-algebra, N be a
normal subalgebra of X and F be a closed U-BG-filter of X.
Then, F/N 1s a closed U/N-BG-filter of 3{/N.

Proof: Let, F be a closed U-BG-filter of X, so, F 1s
a U-BG-filter of 3 (by Definition 18), then, F/N is a
UMN-BG-filter of X/N (by Theorem 6). Now, let (0)y, (¥)y
eF/N, since, 0*yeF (by F is closed U-BG-filter], so [0],.
[]u- [0*y ], €F/N, therefore, F/N is a closed U/N-BG-filter
m X/N.

Proposition 24: Tet, X be a U-BG-BH-algebra, N be a
normal subalgebra of X and F is a completely closed
U-BG-filter of X. Then, F/N is a completely closed
U/N-BG-filter of X/N.

Proof: Let, F be a completely closed UJ-BG-filter of X by
Definition (19), we obtain F is a U-BG-filter of 3, then, F/N
15 a U/N-BG-filter of X/N [by Theorem (6).

Now, Tet [x]y, [¥LeFN, 5o, [xhe [yl [x*y]€F/N
[since x*yeF by F is completely closed U-BG-filter], then,
we get F/N 18 a completely closed U/N-BG-filter in X/N.

Corollary 2: Let, X be a U-BG-BH-algebra, N be a normal
subalgebra of X and F 18 a completely closed U-BG-filter
in X. Then, F/N is a closed U/N-BG-filter of 3/N.

Proof: Let, F be a completely closed U-BG- filter of X. By
Proposition (9), we get F is a closed U-BG- filter of X,
then, F/N is a closed U/N-BG-filter in X/N. By Proposition
24,

Theorem 15: Let (].; X, &,(0) be a [[., U-BG-BH-
algebra. If {F: i€A} be a family of a closed U-BG-filter of
X. Then ][], F is a closed [ [.; U-BG-filter of the product

algebra [ ., X,

Proof: Let {F;: i€A} be a family of a closed U,-BG-filter of
X, By Definition (18), we obtain {F;: i€A} be a family of a
U-BG-filter of X, then, [ [, F 1s a] [,U-BG-filter of [ [, X,
{(by Theorem 8). Now, let y = (yi)e] [,F, for all yeF, and
ied, so, (O)@(y) = (0*y), since, F, is a closed U-BG-filter
of X, then 0*y,gE (By definition 18), hence, (0)®
(y)e[ [oiF,, then, T],F; is a closed [].,U-BG-filter of
TToX.

Theorem 16: Let ([[,X, ®, (0)) be a [[.,U-BG-BH-
algebra. If {(F, *, 0) i€A} be a family of a completely
closed U-BG-filter of X, Then, [] I ;s a completely
closed ] [, U-BG-filter of the product algebra [ [, X,

Proof: Let {F; ieA} be a family of a completely closed
U-BG-filter of 3. Then {F; ieA} be a family of
a U-BG-filter of X, (by Definition 19), so,[ [iuF.is a [ [, U-
BG-filter of [ [,.;X; (by Theorem ). Now, let x = (x,), y =
(voe[[oF; for all x, y.eF.x, veF, and ici, then
xey = (x)2(y) = (x*v)e [[F;, since, F, is a completely
closed U-BG-filter of X, then x*y.€F, hence, (x)a(y,)e
[ [esF;. Therefore, [ [i.,F; is a completely closed [ [, U,-BG-
filter of | [, X,

Proposition 25; (Extension property for closed U-BG-
filter in U-BG-BH-algebra): Let X be anormal U-BG-BH-
algebra F is a completely closed U-BG-filter of X, G is a
closed ideal of X such that GeU. Then G is a completely
closed U-BG-filter of X.

Proof: Let x, ye@, since, F be a completely closed UU-BG-
filter of X, then, OcF (by Proposition 8), so, 0eG (since,
FcG) by Defimition (17), we get (x*(x*v)*veG. So, by
Defimition (8), we obtain x*(x*y)eG. Similarly,
y*(y*x)eG.

Let, x€G, x*y = 0, yeU, so, xel (smnce, GcU).
Then, x*y = y*y, imply that x = y (By Lemma (1)), so, we
obtamn yeG. Therefore, G 15 U-BG-filter of X. Now, since,
G is a closed ideal of X, thus, 0*veG (by Definition 10). By
Definition (17), we obtain (x*y)*xeG. So, we have
(x*y)1*xeq, x€G, then x*yeG (Since, G is an ideal of X),
therefore, G is a completely closed U-BG-filter of X.
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CONCLUSION

In this study, the notions of closed and completely
closed U-BG-filter of U-BG-BH-algebra are introduced.
Furthermore, the results are examined in terms of the
relationship between closed and completely closed
U-BG-filters. In addition, the relationship between the
closed and completely closed U-BG-filters with the other
filters as well as some special ideals are also presented the
important characteristics of closed and completely closed
U-BG-filters are analyzed.
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