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Abstract: This study presents the general results of the embedding theorems on the Semi-Pure-Semi-Subgroups
(SPSS) of an abelian group. We give the defmition of a new semi-subgroups which 1s called,
Semi-Neat-Semi-Subgroups of semi-group G (denote it by SNSS ) and investigate some embedding problems

on semi-neat-subgroup.
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INTRODUCTION

In this study, we give the general results of the
embedding theorems on the Semi-Pure-Semi-Subgroups
(SPSS) of abelian group G studied by Lajos
(1961). We take G 18 a semigroup and give the
defimtion of a new semi-subgroups which is called,
Semi-Neat-Semi-Subgroups of semi-group G (denote it by
SNSS) and investigate some embedding problems on
semi-neat-subgroup. In section 2, we give the necessary
and sufficient conditions for Semi-Neat-Semi-Subgroups
(SN'SS) to be embeddable in right groups. Moreover, we
give a criterion for semi-neat-semi-subgroups with
zero elements 0 and being unions of disjoint subgroups
G, aeY such that:

GaGP = {OHifa =P (1)

In section 3, we mvestigate embeddable of
commutative semigroups into groups. In particular
into torsion-free groups. For this purpose, we define
(m, n) separately of Semi-Neat-Semi-Subgroups (SNSS)
embedding into completely regular semi-group. In
section 4 (m, n) separate semi-neat-semi-subgroups will be
studied.

MATERIALS AND METHODS

Embedding into completely regular Semi-Neat-Semi
Subgroups (SNSS)

Definition 1: A subgroup 3 1s said to be neat n G, 1f pjx in
G for x in S and all prime number p then plx in S. We say
that a semi-subgroup S is a semi-neat-semi in G for all x in
S, if pjx, in G then pjx m 3 for some p. And we shall denote

it by (SNS8). Clearly, any pure is a (SPSS) and every SPSS
15 a SNSS. And we have cg = x mphes axo = x for
some x0 In S and some positive integer . A
semi-neat-semi-subgroups is said to be a right group, if it
contained no proper left ideals and is right calculative
(Lajos, 1976). For the next two theorems the following
lemmas are needed (Lajos, 1975).

Lemma A: A right group is the union of a set of
1somorphic disjomnt groups, if e and f are distinct 1dem
potent a right group 3, then the mapping x-xf (x m Se) 1s
an isomorphism of the group Se upon the group Sf
(Lajos, 1977).

Lemma B: 2 semi-groups 1s a right group, if and only if it
is the union of disjoint subgroups such that the set of
identity elements of the subgroups is a right zero sub
semi-pure subgroups (Lajos, 1977). Now, we are ready to
show the following results.

Theorem 1: A Semi-Neat-Semi-Subgroup (SNSS) can be
embedded in a right group if and only if it is the union of
disjoint Semi-Neat-Semi-Subgroups (SNSS) Se, ¢ in Y
such that each semi-neat-subgroup Sat can be embedded
in a group G, GanGp = {0}, if «w#p and for every « and
B in Y there exists an isomorphism of Ga onto Gf such
that:

o apaPUPy = apay for all weGe, o, B,yeY
o apaP = ap for every aeSa, PeSP, aPeY
» e 1s the identity mapping of Ga, ey

Proof: First, we show that the conditions are sufficient.
Assume that the Semi-Neat-Semi-Subgroup (SNSS) Sa
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satieties the conditions of the theorem and Let, G = U{Gua:
weY} for any elements «, p of G there exist ., peY such
that aeGa and PpeGp. Let wop = ayap. Thus, we have
defined an operation “0” on G. we prove that (G, 0) is a
right group. The operation is single-valued because
GunGp = {0}, if «#P. In order to show the associatively,
let a, b, ¢ are any elements of G. then there exist &, B, yeY
such that ae G, PeGp, ceGy, thus:

a0(b0c) = a0{ by Pyc) = ayray( byrorye) =
(ayorrbyPy e = (ayaPyPibypy)e = (2)
(ayroryb g Bye = (a0b)0c

If a, beGu then wob = awfgb = ab that 18 Go 15 a
semigroup which is the umon of the disjoint subgroups
(semi-subgroups). If eeGu and feGP (are idempotent
elements then eyrap = ff = f. Consequently, the set of the
identity element a of the group Ge,aeY 1s a right zero
sub-semi-group. Thus, G 1s a right group, by lemma 2, we
show that S can be embedded in G. Smce, 3 15 m G, we
have only to prove that ccob = ¢b for every o, beS.

Let a, bany couple of elements of 5. Then there exist
o, PeY, so that, aSa<Ga and beSP <GP, thus aob = ayrapfb
= ab. By condition (11), consequently, 5 i1s a (SNSS) of G
and the first part of the theorem 1s proved. Conversely,
assume that the semigroup S 1s embeddable in a night
group G. By lemma A, G is the union of a distinct of
1somorphic subgroups Ga, aeY. Thus, S 1s the umon of
some sub-semi group S, a€Y where, every 3¢ can be
embedded in Ga. The mapping Yap: X-XfX) is an
1somorphism of the group Ga, upon GP. Where, f 1s the
identity of GP (see lemma A). Let e, £, h be the identity
elements of Gu, GP and Gy, respectively and let aeGua,
bep, xeSa, ye3p, ¢, B, yeY; then:

ayrayrBy = (af )h = a(fh) = ah = ayory, 3)
xyofly = (xf)y =xy —ayoox =ae=a

Thus, the theorem 1s completely proved.

Theorem 2: Any (SNSS) has a zero element 0 can be
embedded m a semi-group which has a zero element é and
IB the union of disjoint subgroups, Ga, ¢eY, so that, Ga,
GP = oforevery ¢+P in Y, if and only if it is the umon of
disjoint Ge, G sub semigroup embedded in groups S, «
in 'Y such that Se, SPp =0 for every «, PeY.

Proof: Smce, the necessity of the coalittion 15 trivial, we
have only to show the sufficiency. Assume that S 15 a
(SNS8S) with zero element 1s the umon of disjoint (SNSS),
Sc, weY such that every Sa 1s embeddable m a
group Gu and Se, SP = 0 for every « and P are different,
gand PinY.

We may assume that Go is generated by Se and
so, Gg and GP are different, GenGp = {0}, w=p. Let
G = U {Ga: ceY} we define an operation “0” on G as
follows: for any elements weGe, peGp, letaob = ab if «
= P and aob = 0 if a#P. It is evident that G is a
semi-group with a zero element and G is the union of the
subgroups G, eeY. Since, S¢ is (SNSS) and aob = ab for
every a, b in 3, the semigroup 3 1s embedded m G (S5 a

semi-neat-semi-subgroup of G).
RESULTS AND DISCUSSION

Embedding in groups: A commutative semigroup can be
embedded in a group if and only if it is calculative. For
non-connotative semigroups cancellation is an evidently
necessary condition for embed ability in a group but it is
far from sufficient. The first necessary and efficient
condition is due to Lajos (1976).

In this study, we investigate in groups for several
classes of commutative Semi-Neat-Semi-Subgroups
(SNSS) and deal with the embedding of commutative
semigroups into torsion free groups.

Definition 2: T.et S be an arbitrary (SNSS) any element a
of 8 will be called a asymmetry element, if xay = yax for
every couple x, y (Petrich, 2005).

Lemma C: The eel of all symmetry elements of a
Semi-Neat-Semi-Subgroup S (SNSS) 1s either empty or an
ideal of 8.

Proof: Let a “be asymmetry element and x, y be any
elements of a semigroups S then for every seS:

x(as)y = xa(sy) = (sy)ax = s(yax) = s(xay) = )
(sx)ay = ya(sx) = y(as)x
And:

e
Y
=
o
Il

(Xa)ay :ya(xa) = (vax)s = (xay) = 5
xa(ye) =(ya)ax = y(sa)x

Consequently, both of a and s belong to the set of all
symmetry element a of S. Thus, the lemma 1s proved.

Theorem 3: A left calculative semigroup which has a
symmetry element is commutative.

Corollary: A calculative semigroup which has a symmetry
element can be embedded in a group.

Proof: Assume that the left calculative semigroup S has
a symmetry element a and let x, y be arbitrary elements of
S. By lemma C as is a a symmetry element of S for any a
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and (sa) (xy) = (sax)y = x(as)y = y(as)x = (yas)x = (sa) (yX).
Thus, xy = yx because it is a left calculative.

Definition 3: A Semigroup S is said to be separative, if
implies for every couple.

Theorem 4: Let, S be a commutative separative (SNSS),
then 5 can be embeddable in a group if and only if some
power n of 8" (n>>1) is embeddable in a group.

Proof: If a semigroup 1s embeddable in a group then every
power of it 1s so. Conversely, let S be a commutative
separtive (SNSS). Assume that there exists a positive
integer n, so that, 5% is embeddable in a group. Since,
there is a positive integer w such 2¥>n", §">S* and so,
S° is embeddable in a group. Consequently, it sufficed to
show that S (SNSS) 1s embeddable in a semigroup 3°
because by applying thus particular proposition general
times, we get in succession that $*', 8% .., §° and
finally, S can be embeddable in a group. Let S be
embeddable in a group then 5% is calculative. We prove
that S 1s calculative too let a, x, y€S such that ax = ay.
Then, ax = a’x* = a’yx and *xy = a’y”. The elements a’, x°,
xy€$S, hence, x’ = ¥* = xy because $* is calculative and is
commutative, since, S is separative, we get x = y this
means that S (SNSS) is left calculative. Similarly, S is right
calculative, thus, S can be embedded in a group and the
theorem 1s proved. Before dealing with the embedding of
commutative semigroups in torsion-free groups, we need
to prove the following theorem.

Theorem 5: A Semi-Neat-Semi-Subgroup (SNSS) which is
not a group cannot be embedded in a torsion group.

Proof: Let, G be a torsion group. Then for any
element a of G there exists a positive integer n, so
that, a® = 1 (the identity of G). We prove that every
Semi-Pure-Semi-Subgroup (SNSS) of G is left simple and
right simple. First, we show that if K is a (SNSS) of G,
then, the left idealizer of K, Id = {xeS:xK <K} and the right
1dealizer of K equal to K. Since, G 1s a torsion group, the
identity 1 belongs to K. Thus, for any x€G, x = x1€K and
x = 1xeKx. Hence, xK <K (Kx<K) and x<K.

Therefore, Idk = K = dKI. Let S be a
Semi-PureSemi-Subgroup (SNSS) of G. Then a
semi-pure-semi-subgroup K of S 1s a left [right] ideal of 5
iff S<IdK =K and S<dKI =K. Thus, if K 15 (SNS3) 1s a left
(right) ideal of 3, then K = S because S<IdK = K.

Consequently, 5 has no proper left and right
ideals, hence, S iz subgroup of G. Thus, if a
semi-neat-semi-subgroup S can be embedded in a torsion
group G then S 1s a group. The theorem 1s proved.

Definition 4: Let m and nn be fixed positive mteger. A semi
pure semi-subgroup S will be called (m, n)-separative, if

ob—ap implies a =b for all a, b beleng to S.

Theorem 6: A commutative Semi-Neat-Semi-Subgroup
(SNSS) can be embedded 1in a torsion-free group, 1if and
only if 1t 18 a calculative (m, n)-separative semigroup for
all positive integer m>n.

Proof: Assume that the commutative (SNSS), S can be
embedded in a torsion-free group G. We may assume that
(G 18 generated by S. Then G 1s a commutative group. Let
m and n be positive integers, so that, m>n and a, beS with
the assumption 7 _ap . We show that a = b. Since, 3 is
cancellative, i _%" Since a, b are elements of G, there
exists an element x of G such that ax = b. Thus,

b=y =y = bw pecause G isabelian. It followed that %

is the identity of G. Hence, a =h.

Conversely, assume that a commutative (SN33), 5 1s
cancellative and for every positive mteger m and n,
ab—ab. a, beS, implies a = b. Since, S is commutative
(SNSS) and calculative it 1s embeddable m a group G. By
malking use the usual construction of G [G = SXS where (a,
b) R(c, d) iff ad = ¢cb; a, b, ¢, de3, we show that G 1s a
torsion-free. A assume (a, b)® (¢, ¢) (c£S8) for the element
(a,b) of G and for some positive integer m=>2. Then
(ab) = (c,c) thAt1s, G cpy. since, S 1s commutative, ;e fe -
since, S is cancellative } _ p . Thus, for any couple n>m
of positive integers, b™™ a = b*™{ a"*, that is b, hence,
a = b, by the assumption for 3. Consequently, (a, b) = (¢,
¢), ceS and so, G 1s a torsion-free group.

On (m.n)-separaive semigroups: Theorem 5 shown that
{(m, n)-separativity 1s a useful condition for embedding in
torsion-free groups. In this study, we investigate the
(m, n)-separative Semi Neat-Semi-Subgroups (SNSS).

Lemma D: If an (m, n)-separative Semi-Neat-Semi
Subgroup (SNSS) 3, contamns an idempotent e, then e 1s
the identity of S.

Proof: Let, Sbe an (im, n)-separative (SNSS), m>nand e an
idempotent of then for every xS, (xe) (ex)™ = (xe)™'
{(xex(ex)™ = (xe )™ 'xex(ex)”" = (xe){ex)\". Which implise that:

Xe=ex (6)

Thus, (xe) =x. By the some method we can show that
ex = x. Thus, e 1s the identity element of 3.

Lemma E: If a semigroup is a union of disjoint (n,
n-2)-separative (SNSS) Semi-Neat-Semi-Subgroups Se,
aeY, N=2, then S is a separative.
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Proof: First, we show that every Su is separative. Let a
and b be any elements of S¢ satisfying: a*> = b* = ab. Then,
for any positive integer n>2, a’b™* = a>'b™' and a"’b* = a™
'b™', we obtain that: if x, ye$, then:

' =y? =xyIfxe S, oY, So, Y =Sa (7)
We get that S is a separative.

Lemma F: Every (2,1)-separative (SNSS) semigroup 1s
separative. If a semi-neat-semi-subgroup is the union of
disjomt (2, 1)-separative semi-groups then it 1s separative.

Proof: Let S be a (2, 1)-separative (SN3S) semigroup and
a, be S such that:

a’ =ab =b* thena’b =ab’ (8)

which implies a = b. Let S be a (SNSS) Semi-Neat-Semi
Subgroup 15 the umon of disjomnt (2,1)-separative
semigroups, then by lemmas (D, E) and above prove (i) of
lemma F, we get that S is a separative.

Theorem 7: A (3, 1 )-separative(SNSS) Semi-Neat-Semi
Subgroup is cancellative if some power of it is
cancellative.

Proof: Assume that S 1s a ma (3,1) separative (SNSS) and
there 1s a positive integer 1, so that, 3° 1s cancellative. We
may assume that n = 2 as we have proved in the proof of
theorem 4. Then, $°is cancellative. Let a, x, yeS such that
ax = ay. Then:

azxy _ a2y2: azyx —a’x? (9)

Consequently, v = xy and yv* = x* because S a is
cancellative thus:

a’y = xyxy = xy’ (10)

Since, S is (3,1 )-separative, s0, X = vy we can prove similarly
that xa = ya implies, y = x for any element a, x, yeS. Thus,
S is calculative and the theorem is completely proved.

CONSLUSION

In this study, we mvestigate m groups for several
classes of commutative Semi-Neat-Semi-Subgroups
(SNSS) and deal with the embedding of commutative
semigroups into torsion-free groups.
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