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Abstract: In this study the theoretical formula has been derived for symbol error rate with E\N, for 16QAM
standard rectangular form. Having shifted the outer vertical symbols by d energy value to the direction of the
original vertical axis, we compute the effect of this shifting of the average power and the probability of error

(symbol error rate). Then we compare the analytical results with simulation of 16QAM assuming Additive White
Gaussian Noise (AWGN) channel with different value of d.
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INTRODUCTION In which a_b =+1,+3 - ,i(-\fﬁ-l) a, and b, are a real

and an imaginary part for each symbol where M 1s the

The QAM scheme was first proposed by C.R. Cahmn
1960, who described a combined phase and amplitude
modulation system (Cahn, 1960). He simply extended
phase modulation to the multilevel case by allowing there
to be multiple transmitted amplitude at any allowed phase.
This had an effect of duplicating the original phase
modulation or Phase Shift Keying (PSK) constellation
which essentially formed a circle. The next major
publication was m 1962, by Campopiano and Glazer
(Hancock and Lucky, 1960). Who introduced the square
QAM constellation. For 16QAM, there are 16 possible
symbols each contaimng 4 bits, 2 bits for real and 2 bits
for the imagimary component, the mapping of the bits into
symbols 15 accordance the gray code which helps to
minimize the number of bit errors occurring for every
symbol error. Because it 1s given to a bit assignment

mumber of symbols in constellation and the carrier

frequency 15 w
L,0<t<T
bt

0, otherwise

The adjacent constellation symbols differ by only
one bit as shown in Fig. 1. In general, the constellation
points for 16QAM modulation can be generated a +jb, as
where a, b, = =+l, +3 symbols with rectangular
constellation diagram are equally spaced and independent
and each 1s represented by aumique combination of
amplitude and phase (Glover and Grant, 201 0). To simplify
the analysis for standardand shifted constellation, the

Gray coded bit mapping for 16-QAM

where the bit patterns in adjacent symbols only differ by 3 b i H bOb{beE

one bit (Bateman, 1999). 0010 0110 1110 1010
Contributions, our contributions can be summarized 27

as follows; theoretical formulas have been derived for ol S ' ' '

16QAM shifted by d (the outer vertical symbols for % o o1t o 1111 1L

slandered 16QAM shifted inside by d value). Then we £

compare between theoretical results and simulation. i 0 O‘ o1 01'01 11' o1 1(;01

2 -

16QAM constellation scheme: In the MQAM scheme, 3l i : : :

the transmitted signal 1s represented by the equation 0000 0100 1100 1000

below: 44 3 2 1 0 1 2 3 a

Real
s(t)= n;”anp(t—nTs Jeos (wct)JrnZ;bnp(t—nTs Jsin(w.t) Fig. 1: Gray code bit mapping for 16QAM
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Fig. 2: Standard] 6QAM and the direction of shifting

symbols have been divided to groups where the interior
small square distribution (8., S;, Sa, S,0) (4 symbols red
colour as 3; group). The circler symbols distribution (3,,
S, 84, Sy, S5, S, Sia, Syy) (8 symbols green colour as S
group) and outer bigger Square (S;, S;, S, S5, S5 (4
symbols red colour as 3, group) as shown in Fig. 2.

MATERIALS AND METHODS

AWGN channel model: The m-phase and quadrature
components of the AWGN is assumed to bestatistically
independent, stationary Gaussian noise process with zero
mean [ = 0 and two-sided Power Spectral density (PDF) of
N+2 W/Hz

(e’

1 3
P — 20
(Z) 2nc ©

This medel 1s particularly simple to usein the design
of optimum receivers and in the detection of signals as
zero-mean Gaussian noise 15 completely characterized by
its variance (Chen, 2004), Fig. 3 shows how AWGN
corrupts a 16QAM signal with signal-to-noise ratio per bit
(Ew/Np) of 8 dB.

Analysis 16QAM standard constellation: To compute the
probability of error, we firstly, find the probability of error
for the symbols at interior small square (4 symbols).

First: We calculate probability of error for S; symbol
(horizontally %, and %, vertically) as follows.

Horizontally (PDF): As Fig. 4 shows, to find B, at S; 1s
calculated as below:

Constellation diagram for received symbols Ey/No =8 dB

Quadrature component

215 10 05 0 05 10 15

Inphase component

Fig. 3: The scatter plot of 16QAM signal corrupted by
AWGN for=8dB
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Fig. 4: Horizontal Gaussian (PDF) on S5 symbol

1 E; 1 E
P, =—erfc 4 —erfe >
=2 10n0 ) 2 10n0

Vertically (PDF): As Fig. 5 shows, to find®, at 3; 1s
calculated as:

E
B, =erfc >
v 10n0

The total Probability of error Py for Symbol S; can be
found from the total probability for correct symbol P

P, = 1-P.
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Fig. 5: Vertical Gaussian probability distribution over
symbol

where, the Probability of correct P. can be computed
by multiplying the horizontal correct probability P, by
the vertical correct probability P, for the Symbol S,

P. = PCH * PcV = (I'PSH )*(I-PCV)

For higher wvalues of Es/m0 by Sunplifying the

above equation neglecting the final term in it
because it 1s very small, the probability of error can

be approximated as:

P. =1-Zerfc Es
10n0

P =1P, = 2erf<{ 1550}
11!

Then:

Second: Similarly as first calculation for symbol 5., we can
find the probability of error for symbol S,,.

Horizontally (PDF): We calculate B, at S, as follows:

Vertically (PDF): To find &, at 5, as follows:

2ng
B, =erfc Es
v 10n0

Then, P at 3, 1s expressed as:

P, =1-F,

After simplifying the P equation for higher values of
Es/m0, the final term 18 very small, so, ignoring it have lttle
effect on Py equation. So, the probability of error symbol
can be approximated as:

p==

3 erfe Es
2 10n0

Third: The probability of error for symbol S,.

Horizontally (PDF): We compute B, at 5, as follows:

1 ID-

e 2o
Jano £
= lerfc Es

2 10n0

Vertically (PDF): We compute P, at 3, as follows:

F, =

By calculating P and neglecting the smallest term at
higher values of Es/n0, the error symbols probability for

E
P, = erfc :
10n0

Assuming that all symbols at the same group are
equally likely, 4/16 four symbols in the interior small

Symbol S, became:

square (S, group), 4/16 four symbols in the outer big
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Fig. 6: Conditional PDF

square (3, group), /16 eight Symbols at the circular (S,
group), then, the total probability of symbols error is
expressed as:

4 E 4 E
P, =—=Zerfc ‘#—S +—*erfc iy
16 10n0 | 16 10n0
8 3 Es
—*—erfc
16 2 10n0
2

Analysis 16QAM shifted by d: For the symbol 3; (big
square symbols group), S; (small square symbols
group) and 3, (circle symbols group) as shown mn Fig. 2,
the symbol error rate after shifting for symbols
mention above calculating accordance the probability
of error with Gaussian noise in horizontal and vertical
direction which the PDF of it illustrated in Fig. 6.
Because all symbols are equally likely (equal
probability) then the threshold value +, represented by
equation below is an optimum wvalue to minimize the

error of probability (Hsu, 2002):

_ata,

7\‘th 2

First: The symbol error probability for S, symbol after
shifted the outer vertical symbols by d value.

Horizontal (PDF): We calculate %, after shifting as below:

E
a, :31’£-d, a, "

_ |Es
1o
" [Zr[j‘jli_grd}]

Vertical (PDF): We calculate P, after shifting. The &, for
3, 18 not change after shifting and kept the same as in the
standard state analysis:

1 E
P, = —erfc :
vz 10n0

After approximation the final term in P equation is written

das:
b= PCH * Pcv - (1-PSH )*(1_P5v )

The total P, for symbol 3, is expressed as:
1 Es 1 Es 1

rfe| ,[—— |[+—erfc - d
2 {anoJ 2 {\Jmno 24/n0 }

F,=—«
Second: The symbol error probability for S, after shifting
outer vertical symbols.

Horizontally (PDF):

P, :lerfc ‘/ Es - 1 d
=2 10n0 2Jn0

Vertically (PDF): The®, for S,, is not changed after
shifting and kept the same as in the standard state

analysis:
B, =eflc Es
v 10n0

The total symbol error probability for S, symbol 1s:

Es 1 Es 1
+—erfe ‘{ - d
10n0 2 1000 2400

The total probability of error for 16QAM after
shiftingthe outer symbols by d distance to the inside is

B, = erf{

wriltten as:
P. =P +P +P.

Biotd Bomall Fhig Bk
et aaname

P for small square (S, group):

4 E
P, = —=*2Zerfc >
16 10n0

P, for big square (S, group):
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Pszi* lerfc Es +lerf J Es 1
16 |2 10n0 ) 2 10n0 2\1‘

P; for symbols around the circle: The symbol error
probability after shifting for eight symbols around the
circle must different when comparing them with standard
symbol constellation, four symbols from eight (S,, S, S;,
S,,) are shifted where the other symbols do not have an

effect:
4 3 E 4
P, =—*—erfc S P
16 2 10n0 | 16

)

Thern, the total probability of error (symbol error rate)
with shifting is written as:

Pszi*erfc Es +l*erf J Es 1
4 10n0 4 10n0 Z\f

For 16QAM the relation between the energy of
symbol and the energy of bit as shown below:

E,=k*E, k710g2 16 LB, =4*E,

’ES 2+ Eb

where d* is the shifting factor, its values range:

0=d =1

The final equation of symbol error rate for 16QAM
shifted by d+ shown below:

Pszi*erfc 2Eb L et (1-0.5%4d") 2Eb
4 5n0 ) 4 5n0
RESULTS AND DISCUSSION

For the purpose of comparison between theoretical
analysis and simulation in this study use MATLAB to
simulate the performance of 16QAM (Gopi, 2015
Mathuranathan, 2018), compute symbol error rates
and plots them agamst the theoretical symbol error
rates to show the matching between curves for any
value of de and obtained the symbol error rates at

16QAM-Theory

+ 16QAM-Sim
107 :
g
g 107
S
5 10°
o
Qo
5
10* |
10°
6 -4 2 0 2 4 6 8 10 12 14

Eb/No(dB)

Fig. 7. Theory and simulation curves for 16QAM symbol
error rate with over AWGN, d*=0

10

Symbol error rate (Ps)
=
o

10°

Fig. 8 Theory and sumulation curves for 16QAM symbol
error rate with AWGN, O0=ds=1

that value. When choosing d* = 0, this means no
shifting and the standard curve depicted as shown
in the Fig. 7.

For d° wvalues from zero to one the value of
symbol error rate increases with the mcrease in d° as
shown in Fig. 8. For d* values such as the set (0, 0.2, 0.4,
0.6,0.8), we can observe from the simulationin Fig. 8
and 9 that the matching 1s
theoretical and simulation curves with little deflection
at lngh E,/N; above 13 dB due to approximation in the
theoretical analysis.

The symbol emror rate at E/N, = 12 dB for
d’ set values (0, 0.2, 0.4, 0.6, 0.8) is increased by
(0.00040.00090.001 50.00360.0086), respectively when
increasing d° because the symbols at the wvertical
position border become more closest to another

exact between the

symbol.
When points at the vertical output boundaries of the
constellation are moved nside by d¢ then the voltage for
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Fig. 9: The theory and simulation curves to symbol error
rateat (" =0,0.2, 04, 0.6,0.8)
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Fig. 10: Constellation diagram for transmitted and
Received symbols, E,/N, = 10 dB, P;=0.00643,
d’=0
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Constellation diagram for received symbols E,/No = 10dB
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Fig. 11: Constellation diagram for transmitted and
received symbols, E/N, = 10 dB, P;=0.01176,
d’=04

Table 1: The effect of shifting on average power

de A P, = A¥P,,
0 1 10
0.1 0.9705 9.705
02 0.9420 9.420
0.3 0.9145 9.145
0.4 0.8880 8.880
0.5 0.8625 8.625
0.6 0.8380 8.380
0.7 0.8145 8.145
0.8 0.7920 7.920
0.9 0.7705 7.705
1 0.7500 7.500

new constellation at that value 13 reduced and their
average power reduced by a factor A where:

A=0.05*%d?-03*d'+1

The average power reduction factor for different
values of d* and average power for shifting constellation
P’,, which 13 equal the average power for standard
constellation P (at d* = 0) is multiplied by reduction factor
A as shown in Table 1 (Fig. 11).
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Fig. 12: Constellation diagram for transmitted and
received symbols, E,/N,=10dB, P; = 0.02826,
d’=08

The constellation diagram for transmitted and
received symbols, the symbols error rate at d” (0, 0.4, 0.8)
and E,/N; = 10 dB is shown in Fig. (10-12), respectively.

CONCLUSION

The effect of shifting on symbol error rate and
average power has been computed and studied.
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