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INTRODUCTION

Fixed point is one of the important thing in
mathematical analysis and most useful to determine an
existence of solution differential equation system, integral
equation, roots of function, etc.

Bashirov et al. (2008) introduced a notion of
multiplicative metric space. Some authors have
contributed to the use of the multiplicative metric space
for fixed point results such as by Abbas et al. (2015) and
Abdou (2016). Similarly, Khan et al. (2017) used the
space for fixed point results on integral-type
inequality and Singh et al. (2016) proposed and proved
fixed point theorems on expansive mapping. However,
some researchers utilized the space for common fixed
point results on multiplicative contraction such as
He et al. (2014) who proved common fixed point
theorems on weak commutative mapping and Gu and
Cho (2015) who proved common fixed point theorems
of four maps on multiplicative contraction mapping.
Kumar et al. (2016) proposed and proved random
fixed point theorems on multiplicative contraction
mapping. Abdou (2016) and Khan and Imdad (2016)
used compatible and coincidence property for
common fixed point on generalized multiplicative
contraction mappings. In 2017, Ali et al. (2017)
introduced b-multiplicative metric space as a
generalization of multiplicative metric space for fixed
point results on multiplicative contraction mapping with
an application in Fredholm integral equation.

In this study, we introduce a new notion of an
extended b-multiplicative metric space as a generalization
of b-multiplicative metric space and prove some fixed
point and common fixed point theorems on generalized
multiplicative contraction mapping. Moreover, we also
provide some examples to show the clarification of the
theorems.

MATERIALS AND METHODS

Preliminaries: In this study, we show some definitions
and examples that will be used in the main results.

Definition 2.1; Bashirov (2008): Let, X be a nonempty
set. A mapping d: XxX-[1, « ) is said to be multiplicative
metric, if d satisfies the following conditions:

e dix,y)=1lifandonlyifx=y

o dx,y)=d(y, x)
o d(x, y)<d(X, 2). d(z,y), for all x, y, zeX

If d is a multiplicative metric on X, the pair (X, d) is
called a multiplicative metric space.

Remark 2.1: If (X, d) is a metric space then (X, p) is a
multiplicative space where p(x, y) = a®®¥ with a>1.

Remark 2.2: If (X, d) is a multiplicative metric space
then 1/d(x, y)<d(x, 2)/d(z, y)<d(X, y).

Example 2.1; Bashirov (2008): Let X = (0, «), define
d(x, y) = |x/y|" where |.|": X=X by:

x,ifx>1

K = Lifx<1
X

Then d is a multiplicative metric.

Example 2.2; He (2014): Let X = R, define d(x, y) = a*¥!
where (X, p) is a metric space and a>1. Then, d is a
multiplicative metric.

Example 2.3; He (2014): Let X = R, defined(x,y) =
a"™ Y where (X, p) is a metric space and a>1. Then d is a
multiplicative metric.
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Remark 2.3: Multiplicative metric space and metric
space are independent each other. As shown in
Example 2.1, we have:

d(i, 1)+d(§, 2j - 2+5:9<4:d(1, 2)
2 2 373 2

The example shows that multiplicative metric does
not necessary be metric as it does not satisfy triangular
inequality in metric. On the other hand, the usual metric
on R does not necessary be multiplicative metric, since:

1 3 1. 3] 1 1 3 3
1= o[22 |=p-2lf2-2 =2 <2 = -2 =p 1,2
p(sz(z)‘z 2‘42‘2"’(2)

Definition 2.2; Alietal. (2017): Let X be a nonempty set
and let b>1. A mapping d,: XxX-[1, «) is said to be
b-multiplicative metric, if d, satisfies the following
conditions:

d,(x, y)=landd,(x y)=1ifand only if x =y
dy (%, ¥)=d, (X, y)
dy (%, ¥)<(d, (x,2)) (d, (z,y))" forallx,y, zeX

If d is a multiplicative metric on X, the pair (X, d) is
called a b-multiplicative metric space.

Example 2.4: Let X = R, define d(x, y) = a*¥* where X,
yeXand a>1, p>1. Then d is b-multiplicative metric with
b =21,

Example 2.5; He (2014): Let X = R, define
d(x,y)=a"""" where (X, p) is a metric space and a>1,
p>1. Then d is a b-multiplicative metric with b = 272,

Definition 2.3: Let X be a nonempty set and b:
XxX~[1,) be a mapping. A mapping d,: XxX-[1, ) is
said to be an extended b-multiplicative metric, if d,
satisfies the following conditions:

d,(x,y)=1ifandonlyifx =y
dy (%, y) = dy (v, X) ()
d, (X, y) (d, (x, 2))°*¥.(d, (z, y))"** forall x, y, z X

If d is an extended multiplicative metric on X, then
the pair (X, d) is called an extended b-multiplicative
metric space

Example 2.6: Let X = [0, 1], define b(x, y) = 2+|x-y|* and
dy(X, y) = a*" where x, yeX and a>1. Then d is an
extended b-multiplicative metric. All conditions are
obvious for x = y. For x=y is also obvious for first and
second condition. For the third condition, consider that:

((x—z)z+(z—y)z} (2+\x—y\z)((x—z)2+(z—y)z) _

d, (x,y)=a""<a? <a =

b(x, 'x-zz+z- ? b(x, x-2)*+(z4
20NNe) <y)):a< y)((x2)*+(zy)

2

ab(x,y)(x-z)zah(x‘y)(z-y)2 _ (du (X,Z))b(x‘y) '(db (Z, y))b(XvY)
Hence, d, is an extended b-multiplicative metric.

Definition 2.4: Let (X, d,) be an extended
b-multiplicative space and let {a,} be a sequence in X.

» {a,} is said to be a convergent to acX if for every
e>1 there exists KeN such that n>K, then d,(a,, a)<e
that is d,(a,, @)-1 as n-eo

o {a,}issaidto be a Cauchy if for every forevery e>1
there exists KeN such that n, m>K, then d,(a,, a,,)<e
that is dy(a,, a,,)~1 as n, m-c

o Xis called a complete, if every Cauchy sequence in
an extended b-multiplicative space (X, d,) is
convergent in X

Remark 2.4: In an extended b-multiplicative space, a
convergent sequence is convergent to a unique limit point.
It is shown in this lemma as follows:

Lemma 2.1: Let (X, d,) be an extended multiplicative
b-metric space and {x,} be a convergent sequence in X.
Then {x,} is convergent to a unique limit point.

Proof: Suppose that d,(x,, X)-1 and d,(X,, y)—~1 as n-e by
using multiplicative triangular inequality, we obtain:

d, (x,¥)< (d, (x%,)"” (d, (x,,¥))"” > 1asn >0

Hence by using condition 1 in (1), we have d,(X, y) =
lthatisx =vy.

Definition 2.5; He (2014): Let (X, d) be a multiplicative
space. A mapping f: X-X is said to be a multiplicative
contraction, if there exists Ae(0, 1) such that satisfies the
following conditions: d(fx, fy)<d(x, y), for all x, yeX.

d(fx,fy)< d*(x,y)

Definition 2.6; Khan and Imdad (2016): Let X be a
nonempty set and T,, T,:X-X be self-mappings. {T,, T,}
is called weakly compatible for any xeX, if T,;x = Tx
then T,T,x = T,T,x.

RESULTS AND DISCUSSION

In the beginning of this section and by using
multiplicative contraction for complete extended
multiplicative b-metric space, we establish and prove
some fixed point theorems. Moreover, we prove a fixed
point and common fixed point on a contraction-type

mapping.
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Theorem 3.1: Let (X, d,) be a complete extended
multiplicative b-metric space and f: X-X be a mapping
that satisfies the following conditions:

b(x,y)d, (fx.fy)< di(x.y) )
where 0<i<1. If:

. 1
lim b(x,,x, )<=
im b(x,,x,) .

n,m—-wo

then f has a fixed point.

Proof: Let taking x,eX and let {x,} be a sequence where
X, =f(x,,) forn=1,2, 3, .. Byusing Eq. 2, we have:

b( n-11 n)d (X Xn+1) b( n-11 n)db(fxn—l’fxn)Sdﬁ(xn—l’xn)

Thus, we get:

db(xn Xn+1)

di (X,0:%,) _
< n n Sdn ,
b(X_,X ) b(Xn-l Xﬂ)

n-1'"n

Recursively, we have:
dy (X X ) S AL (X X,) 3)

Since, 0<A<1 and using Eq. 3, we have dy(X,, X,.1)-1
as n-e. Next, we have to show that {x,} is a Cauchy
sequence. Consider that for all n, meN with m>n by the
multiplicative triangle inequality in Eq. 1 and using Eq. 3,
we have:

)< (0 (%00) " (0 (%)) <
))/\. "b(Xq X)) X(dh(Xnﬂ‘XMZ))b(x",xm)b(xmlxm) y
Xm ))b((xnvxm)b(xm,xm) < (db (XO, xl))“b(xn,xm) y

2" (X Xim )0((Xa 41 Xim ) B(Xn X )D(Xn 41, Xm )
d, (Xg, %, ) o2 e X x(db(xm,xm)) <(4)

In fact, since b(x;, X,,)>1 by using Eq. 4 we:

(%0 %) = (0 (g T el )

n

Let:

S, = ZJ”:ﬂjHij:lb(x X

Then by using Eg. 5 we obtain:

db(x",xm)s(db(xo,xl))S”'l’s”'1 (6)
Let:
aj=AjHij:0b(x X
We have:
8 =218,

. . . . 1
By using the ratio test and since, n'r'n'lkb(xn’xm)ﬁ ,we
. aj . .
have LiM;...7 ~= limAb(x; ;)= 1imb(x;,x, )<L for each

meN. Thus, we have {S,} is convergent for each meN,
this implies lim, ,_.S,.;-S,.; = 0. Then by using Eq. 6, we
get dy(X,, X,)-1 as n, m-~. Hence, {x.,} is a Cauchy
sequence. Since, X is complete, there exists X" eX such
that dy(X,, X")~1 as n—e. Claim that is the fixed point of f.
Consider that:

d (X', x*)<(db(fx*’Xnﬂ))b(fxaxa)(db(X“+1’X*))b(fx¢x,) i

(db )b( )(db(xn+1 X*))b(fx"x') <
b ] Lh(fx‘yxw) X(dh(xnﬂ‘x ))b fx x
(0(x >’b“”< >>““‘”

Since, d,(x,, X")~1 as n-« then from Eq. 7, we get
dy(fx", X") = 1 that is fx" = x". Hence, x” is the fixed point
of f. For uniqueness of the fixed point, suppose u” is
another fixed point of f that is fu” = u”. Consider that
dy(u”, X)) =d,(fu”, fx") <1/b(u”, x")(d,(u", X)) <(d,(u", X))
Thus we get (d,(u”, x"))**<1. Since, 1-2>0 and (d,(u",
x))=1, we get d,(u”, Xx") = L that isu” = X",

(7)

Example 3.1: As shown in Example 2.4 and by
taking a = 4% that is b(x, y) = 2+(x-y)? and d,(X, y) =
(4)¥2 where x, yeX = [0, 1]. Let f(x) = x/4, for x, yeX.
Let x=y, consider that:

2 32,

=(4) \X yf oA _

x yf
4 4

db(fx,fx)=dh(§%)s(4)gz :

Pief P Py
@@ @
(4)%\)(’)’\2 (4)2""3" Ze‘X'V‘

(4)""
2(1+‘(x—y) ‘ )

1

@™ @iy @y

(4)%%2 _
2+|(x-y)| b(x.y)

2+\(x-y)2

b(x.y)

Hence, we obtain:

b(x,y)d (P, fy)< (d, (x,y))’
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where A = 1/8<1. By using f(x) = x/2 and x,,, = f(x,), we
have x, = x/2". Since, b(X, y) = 2+(x, y)? we get lim,
Doy X)) = limy, 2+ +X, = 2<8 = 1/A. The sequence
{x.} = {x/2”} is convergent to 0 that is lim, . .d,(x,
0)=1im, ;. .0y(x/2",0) = jim_ __ (41 4" = 1. Thus, based on
Theorem 3.1, we conclude that x = 0 is a unique fixed
point of f.

Theorem 3.2: Let (X, d,) be a complete extended
multiplicative b-metric space f:X-X and be a mapping
that satisfies the following conditions:

(dy (P, 7)) <y (x.y) ®)

where 0<A<L.If lim b(X, X, )<% , then fhas a fixed point.
Proof: Let taking x,cX and let {x,} be a sequence where
X, =f(x,,) forn=1, 2, 3, ... By using Eq. 8, we have:

(dh (Xn Xnﬂ))b(XMIX") = (d (an 1'f ))b(xn-lvm < (db (Xn-l‘xn )))
9)

Since, d,(X,4, X,)>1 and b(x,;, X,)>1 by using (3.8),
we have:

A

(dy (X X 1)) < (ly (X, 0%, ) JP0) < (dy (X,.00%,))

A

Recursively, we have d,(X,, X,,;)<d,"(X,, X,). Since,
0<\<1 we have d,(X,, X..;)~1 as n-e. Next, we have to
show that {x,} is a Cauchy sequence. Consider that for all
n, meN with m>n by the multiplicative triangle inequality
in Eqg. 1, we have:

db(xnvxm)S(db(xn,xnﬂ))b(xﬂm X(db(xnﬂ‘Xm))b(xn.xm) <
(dy (xo,xl))”b(xmxm) N (dh (XWXMZ))b(xn‘xm)b(xn,l,xm) 5
(6t 75 (0 1) 25
(db(xo,xl))’ "l o X(db X ) XX )0t ) ( 0)
(6 Otk ) x 0y (o) )
(db(XO,Xl))/mlb(x X B 150 (db(Xo,xl))(zm’ R

In fact, since, b(x;, x,,)>1 by using Eq. 10, we have:

b(xn’xm)(db(xo Xl))HL s L4 Tl (11)
Let:

S, = ZJ”:ﬂjHij:lb(x X

Then by using Eqg. 11, we obtain:

dy (XX ) < (dy (%,%,))™ (12)
Let:
B =M1 b(x,.x
We have:

Sﬂ :Z?:1ﬁi
By using the ratio testand since, lim b(x, ,xm)<% , We
meN. Thus we have {S., } is convergent for each meN,
this implies lim, ,..S,1-S,; = 0.
Then by using Eq. 12, we get d,(X,, X,)~1 as n, m-co,
Hence, {S,} is a Cauchy sequence. Since, X is complete,

there exists X" e X such that d,(x,, X")~1 as n-e, Claim that
X" is the fixed point of f. Consider that:

(db(xnﬂ’x*))x)b(xﬂx") X(db(X"H,X*))b(fx"x') < (13)

Since, d,(X,, X")~1 as n- then from Eq. 13, we get
d,(fX", X") = L that is fx" = x". Hence, X" is the fixed point
of f. For uniqueness of the fixed point, suppose u” is
another fixed point of f, that is fu” = u”. Consider that
dy(u”, X) = d,(fu”, fx")<(d,(u", X)) I<(d,(u", X))
Thus, we get (d,(u”, x"))"*<1. Since, 1-A>0 and d,(u",
x))=1, we get d,(u”, X") = 1 thatis u” = x".

Example 3.2: As shown in Example 2.4 by taking a = 4%
that is b(x, y) = 2+(x-y)? and d,(x, y) = (4)***¥* where X,
yeX = [0, 1]. Let f(x) = x*2*, for x, yeX. Let x=y,
consider that:

2
><y2

22 22|

2 yz
22 2

Xy 2
2 2*

i (ty)=¢ ( L@yt (o

32\){2 2‘2

(@
( ( 4)32\x—y\2 )ﬂz*

Xy

=+

322 2P (2
27 w2

<@y
) (a,og)

<(4)+ e f(z+00) _

Hence, we obtain:

(dy (B )" <(d, (x.y))'

1490



J. Eng. Applied Sci., 15 (6): 1487-1495, 2020

where, A = 1/4<1. By using f(x) = x*/2* and X,., = f(X,)
with X, = X, we have y_— Q%Xv where o = 1/2. By using

b(X, y) = 2+(x-y)? we have:

4"

lim b(x xm)f I|m 24X, X, = I|m 2+a 3 x¥+
n, m— —>00 m—o

4"

= 1
o dx¥ =2<4==

A

Since, a = 1/2°<1 and xe[0, 1], the sequence

E n -
{Xn}—{a s x! } is convergent to 0. Indeed:
im,,. dy(x,,0)=lim___d, (a 8 x* ,0]—

lim, (4)”{“7*4"] -1

Thus, based on Theorem 3.2, we conclude that X* =
0 is a unique fixed point of f.

Theorem 3.3: Let (X, d,) be a complete extended
multiplicative b-metric space and f:X-X be a mapping
that satisfies the following conditions:

d} (x,fy)xdf (v, )

L+df (x,fy) = df (v, fx)'
(14)

0<Ai<l and O<A/1-y<l. If

(dy (P, )™ <y (x,Fx) xlf (v, fy) ¢
where 0<fB, y<1,

lim b(xn,><m)<%Y , then f has a fixed point.

n,m—o

Proof: Let taking x,eX and let {x,} be a sequence where
X, =f(x,,) forn=1,2, 3, ... By using Eq. 14, we have:

db(xn’xnﬂ) = db(fxn—l'fxn)S

1
di (X0 X ) dE (X, X )% P00x0)
di (x nlvfx )xdp (%, ,.1) =
Tl (x5, )+ (0, )

1
A (Xpgs X )X 0D (X, X g ) 5 |2002%0)

dg( n-1? n+l)><d ( ) =
1+d5( n-1? n+1)+db(xnlxn)

1
dx dr b(Xp-1.Xn) . 1
bEXn 1% )} A (XX, 1) X . dy (X0, X, )% b(xmvxn)<
0o (Xoa X)) L (% %,) -
2+dﬁ( n-1' n+1) ’ e

(8 X ) 6y )55 = (5, 55

Y

(A 6 )0 < (0 %, )) (0 (6, )

Thus, we get:

A

d (Xn’xn+1) (db(xn-l’xn))lgl
Let 6 = A/1-y' recursively, we have:
dy (X, X,0) <d "(X01X1) (15)

Since, 0<4<1, so, we get d,(X,, X,.;)~1 as n—-e. Next,
we have to show that {x.} is a Cauchy sequence. Consider
that for all n, meN with by m>n the multiplicative triangle
inequality in Eq. 1, we have:

b(Xp, X )

o)) s (dy (R X)) <
Xor % ) e ( (Xn+11Xn+2))h(xnvxm)b(xmyxm><

X, ))b((xnvxm)b(xnﬂvxm) < (db (XO,Xl))o"‘b(x"‘x m) %

( (

(c

(dy (Xgrx))" 005 () (3,0, )) 0 ) (16)
(d X :

(d

5710(xq X )0{( 1 X
) X ... X

d
((X)

8™ (X Xy ) D((Xim-1, X )

)Bbx Xm

) .
db Xos Xl) ( o

) <(d, () T Tt
In fact, since, b(x;, x,,)>1 by using Eq. 16, we have:

(%) (A (g x 10 2 T (17)

Let Un = Z?:16jHij:1b(Xi‘

Xn) by using Eq. 17, we obtain:

dy (X, X, ) < (I (X0 %)) (18)

Leto,=8'T] b(x,x,), we have U,=Y o". By

. . . . 1-
using the ratio test and S|nce,nlg1rgxb(xn,xm)<%, we

have Lim,_, é_I,LnQSb(X Xy )= 6,‘|rinTmb(XJ'X )<5(1 j 1 for
each meN. Thus, we have {U,} is convergent for each
meN, this implies lim, . .U.;-U., = 0. Then by using
Eqg. 18, we get d,(X,, X,,)~1 as n, m-eco,

Hence, {x,} is a Cauchy sequence. Since, X is
complete, there exists x"e X such that d,(x,,, X")-1 as n-ce.
Claim that is the fixed point of . Consider that from Eq. 1
and 14, we have:

d, (5 X )= (d (¢ ) (0 (x,)) )

dp (X", x, ).dp (x,.x")
X
1+df (x7,fx, ) +d} (x,,7X)
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b(6" ") M (" xX7)
( o (X X )) ( o (XX )) ) ¢ (dhy (%, P, ) o) x
- (6 X")
(d5(xx,) )b ( (%o ) 2 (8, (86 )
( X [sb(fx*,x‘)

b(fx‘ x')

(8 Ot ) 0 (B3 %0 00 (0 () <
(db(x*,fx*)))”h(fx X) X(db(Xn‘XMl))w/b[fx X) X(d{j(x*,xm))b(fx“xk) )
(".jb(xnﬂvxﬁ))h(fX YX)

So, from Eq. 19, we get:

(19)

(db(fX*,x*))l-xb(fgvx‘) < (db(Xn,Xnﬂ))vb(f{'x') §
(8 (0 ) {0,

By using Eq. 15 and 20, we get:

(20)

d, " X )Ubfx X (d‘;n(xo,xl))‘m(fx*yx')x

(a(
(A5 (X" x,s) )Wx ) (db(xm,x*))b(fx"xk):
(e

(

db XO Xl )Sbfx X (dE(X*,X ))ﬁb(fx*,x')x

n+l

(db Xn+1 ))b fx "

Thus, we get:
w"b(fx") po(ix" . x")
d, (fx’,y‘)s (db (Xoyxl))l-)vb(fx*'x*) % (de (X*, Xnﬂ))rkh(fx*yxw) y
b(fx"x*)
(db (Xn+1’ X*))l—lb(fx*,x')

Since, 8"-0 and d,(x,, X")-1 as n-e then from Eq. 21
we get d,(fx", x")<1. Since, d,(fx", x")>1, then we have
dy(fX", X*) = 1 that is fx" = x". Hence, X" is the fixed point
of f. For uniqueness of the fixed point, suppose U is
another fixed point of f that is fu® = u”. By using Eq. 14
we have:

n

(dy (u" 7)) =(dy (fu", X)) < (d (u", fu") o)

, iV o\ Yo( )
(db(x*,fx*))w{db(u BC) x{d () J _

1+d? (u*,fx*)+d‘; (x*,fu*)

A

0 (420 ) T )
dy (0" ) x(d, ("))’ J() (22)

Tdf (u”,x7)+dj (X7, u7) -

—

7~ N 7/

%(uﬂx*)ﬂx(db(xruﬂws<db< T

Tdf (u”,x7)+d} (X7, u7)

db(u*,x*))B

—

Thus, from Eq. 22, we get (d,(u’, x))"P<l.
Since, 1-p>0 and d,(u", x")>1, so we get d,(u", X)) = 1.
This implies that u” = x".

Theorem 3.4: Let (X, d,) be a complete extended
multiplicative b-metric space and f, g:X-X be two
mappings such that fXcgX, gX closed and satisfying the
following conditions:

(dy (B, Fy)) ™ < (fx, 0x) x4 (fy, gy) d (gx.9y) (23)

where (>0, 0<y<1, 0<i<1,

lim b(y,, ym) —

n,m—ow

have a unique common fixed point.

0<B+M(1-y)<1 and
. If f, g weakly compatible, then f, g

Proof: Let x,eX. Since, fXcgX, we can define two
sequences {x,} and {y,} where y, = fX, = gX,.,. By using
Eq. 23, we have:

(X, X1

(dy (Vo Vo)) = (dy (P00 )) 7 <l (1, 0%, ) %
A5 ) (1,1, 0% 0 ) % i (9%, 0%0) = A7 (¥, Y1) X
A (Y0¥ )< (Vs Yo ) =057 (Y Vs ) X
dlb(xmxm])(ymyyn)

Since, dy(Y,.1, Yo =1 and b(x,, X,.;)>1. So, we get:

B+i B+i

Ay (Y Vo) < (dy (Yor ¥y ) P00 < (g (¥, Y, ) )0

Recursively, we have:

dy (VoY) < (dy (Yo 3s)) (24)

where p = B+1/(1-y). Since, 0<p+1/(1-y) and using Eq. 24,
we have:
Ay (Y Yau) L 85N >0 (25)

Next, we have to show that {y,} is a Cauchy
sequence. Consider that for all n, meN with m>n by the
multiplicative triangle inequality in Eq. 1, we have:

n’ ym) ( yn yn+1 ) O 3n) (d (ynﬂ ym)) (Yn )’m)S
yo y1 ) b y y'“ ( (yn+1 yn+2))b(y o b(y + YM) X
dy (Yo.os ym)) B((Yn Yo )P (Y2 Yim) (db(yovyl))p b(yn,ym)x

P" (Yo Y )B(Yni1:Yim ) (db(ymzyym))b(yn.>'m)b(yn,1.ym)S

)
)p "B(Yn Ym) ( (Y Y JD(Yni1:Ym)
)

(Yoys)) XX
" B(Y Yo )b (Yen-1, Y )< (db(ymyl))z;"; o JH (Yn+i:Ym)

dby

)
26

) (26)

)

1)

In fact, since, b(y,, y,,)>1 by using Eq. 26, we have:
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db(ynvym)S(db(yOv)ﬁ))H'z]b(yw ) Bl § R TR

LetW, =Y p'TT,.b(¥:Ya), we obtain:

Win1-Woy

db(yn’ym)s(db(yovyl)) (27)

Lety;=p'T[,b(¥1¥n) ,wehave W, =" vi.Byusing the
ratio test and since:

. v 1
lim b(y,,y )<——==
n,m—c (y" y"‘) B+ p
we have:
. i 1y
lejﬁwj—ljlﬁngpb(yj,y )=plimb(y,, ym)<p([mj 1

for each meN. Thus, we have {W,} is convergent for
each meN, this implies lim, ,,..W, ,;-W,, = 0. Then by
using Eq. 27, we get d,(Y,, Y)~1 as n, m-. Hence, {y,}
is a Cauchy sequence. Since, X is complete, there exists
y“eX such that:

d,(fx,,y") —>1andd, (gx,,y") >1lasn oo (28)

Since, gX closed, we have y"egX. It implies that
there exists XX such that y* = gx”". Now, we have to
show that x” is a coincidence point of f, g. Consider that
from Eq. 1, we have:

db(fx*,gx’)s(db(fx*,fxn))dh(fx"gxa)(db(fxn,gx*))dh(f[’g%)
By using Eq. 23, we have:

db(fx*,gx*)s(db(fx*,fxn))db(fx"gx‘)(d (fxn,gx*))d"(fxa'gx‘)

dp (fx",9x )xd’b(X - )(fxn,gxn)x
d, (X", 0x") < .

B * % yb(x x) o
o (o *)d(ka‘g”: d (1", g )( éb | (Yo Yaa) )
n b(fx",gx
A5 (Y, ) 07
b(fx‘,gx)
(db(yn,y*))h(fx )=(db(fx <)) o) x

By using Eq. 25 and 28 and for n-, we get d,(fx",
gx") = 1. Thus, we have fx" = gx” = y". Next, we have to
show thaty” is a common fixed point of f, g. Consider that
from Eq. 23, we have:

dy (¥ 1) =d, (A1) < (df (1, 9x7) )

d, " (" 0y xd, (0 gy )T = (dy (v gy )

(29)
Since, f, g is a weakly compatible and fx" = gx" =y"
this implies:

gfx" =fgx" =fy" =gy” (30)

So by using equality Eq. 29 and 30, we have:

(v ) < (e (666 ) e, " ”(fv fy )
(Y )5 = (A (A By ) < (4, (v fy )

Thus, , we get:
(d, (y*fy*))" <1

Since, 1-A>0, , we have d,(y", fy") = 1 thatisy" = fy".
By using (29) , we get:
fy =gy =y

-

Hence, y* is a common fixed point of f, g.
Uniqueness of common fixed point of f, g can be shown
as follows: suppose there exists u” as another common
fixed point of f, g. Consider that:

(%) (7)< 0 0y )
(fu*,gu)d,(gy*,gu*))ie) (dﬁ(fy*fy *)d, )
(080, ) =0 %)) <
(¢ (y~u))
So, we get:
(db (y*, u *))1-1 <1
Since, 1-1>0 , we have d,(y", fy’) = 1 thatis y" = u’.

Corollary 3.1: Let (X, d,) be a complete extended
multiplicative b-metric space f, g:X-X and be two
mappings such that fXcgX, gX closed and satisfying the
following conditions:

(d, (. fy))™” <d2 (gx,9y)
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where 0<A<L. If im b(y,.y,)<; and {f, g} , weakly

compatible, then f, g have a unique common fixed point.
Proof: By taking from Theorem 4.

Corollary 3.2: Let (X, d,) be a complete extended
multiplicative b-metric space and f: X-X be a mapping
that satisfying the following conditions:

(0 (Px.fy))"™ < () d, " (. y)d, (x.y)

where B=0, 0<y<l 0-A>1, O0<B+A/(1-y) and

lim b(y,,Yn)< Then has a unique fixed point.

n,m—o ﬁ ?\,
Proof: By taking gx = x from Theorem 4.
Corollary 3.3: Let (X, d,) be a complete extended

multiplicative b-metric space and f: X-X be a mapping
and satisfying the following conditions:

(d, (1)) <0, (xy)

where 0<A<1 and nIrinrywb(yn,ym)%. Then has a unique

fixed point.

Proof: By taking from Theorem 3.4.

Example 3.3: As shown in Example 2.4 and by taking a
= 4% that is b(x, y) = 2+(x-y)? and dy(X, y) = (4)*¥ for
all x,yeX =[0, 1]and A = 1/4, = 3/16, y = 1/16. Let f(x)

= x%2* and g(x) = x¥2? for all xeX. It is clear that
fXcgX. Let x#y using Theorem 3.4 consider that:

3 ab(x.y) i 3 x* X
df (fx,gx)d, " (fy.gy)db'(gx,gy)=db‘( . jx

222
(2+xy)>< Y X 4% sz: a2p i
e
()321 > (4

:(4)32y(2+(x y) )2

x* x?
7

o

2P

e

(

Since, X, ye[0, 1], , we have 2+(x-y)?<3. Thus by entering
B =3/16, y = 1/16 into (31), we have:

2 )(A )(22
XX
2 2] | >

v
yz](zw))

X yAZ
22" 21|

(4)2(2+(x y) ){ ] _ (4)2[2+(x " >[ "

(d, (. fy))™”

By using y, = f(x,) = g(X,.1), f(x) = x*/2* and g(x) =
x2/2% , we have y, = f(x,) = x*/2* = g(x,) thus, x, = x*/2% y,
= f(x,) = f(x4/2%) = x8/2% = g(x,) thus, X, = x*/2%, y, = f(x,)
= f(x*/23) = x™/2* = g(x,) thus, X, = x¥/2". Generally, , we
have:

2n+2 Zn
X X

yn = 2n+2 ! Xn = 22",1

By using b(x, y) = 2+(x-y)? and since, x€[0, 1], we have:

on+2

i ()= Jim 255,45, = fim 2+

X2 1y 15

2m+2 B+}" 7

on+2

Since, x<[0, 1], the sequence{yn}x
to 0. Indeed:

is convergent

n+2

n+2 2

on+2
on+2

limn'mﬁ‘""db(y”’o) = Iimn.mﬁx [);"*2’0] = “mn‘max (4)32L =1

Thus, based on Theorem 3.4, , we conclude that X =
0 is a unique common fixed point of f, g.

CONCLUSION

In this study, we establish that there exists sufficient
condition for existence and uniqueness of fixed point on
generalized multiplicative contraction mappings and
common fixed point for two functions on generalized
multiplicative contraction in extended multiplicative
b-metric spaces.
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