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INTRODUCTION

Fixed point is one of the important thing in
mathematical analysis and most useful to determine an
existence of solution differential equation system, integral
equation, roots of function, etc.

Bashirov et al. (2008) introduced a notion of
multiplicative metric space. Some authors have
contributed to the use of the multiplicative metric space
for fixed point results such as by Abbas et al. (2015) and
Abdou (2016). Similarly, Khan et al. (2017) used the 
space  for  fixed  point  results  on  integral-type
inequality and Singh et al. (2016) proposed and proved
fixed point theorems on expansive mapping. However,
some researchers utilized the space for common fixed
point   results   on   multiplicative   contraction   such   as
He et al. (2014) who proved common fixed point
theorems  on  weak  commutative  mapping  and  Gu  and
Cho  (2015)  who  proved  common  fixed  point theorems
of  four  maps  on  multiplicative  contraction  mapping.
Kumar  et  al.  (2016)  proposed  and  proved  random
fixed point theorems on multiplicative contraction
mapping.  Abdou  (2016)  and  Khan  and  Imdad  (2016)
used   compatible   and   coincidence   property   for
common fixed point on generalized multiplicative
contraction mappings. In 2017, Ali et al. (2017)
introduced b-multiplicative metric space as a
generalization of multiplicative metric space for fixed
point results on multiplicative contraction mapping with
an application in Fredholm integral equation.

In this study, we introduce a new notion of an
extended b-multiplicative metric space as a generalization
of b-multiplicative metric space and prove some fixed
point and common fixed point theorems on generalized
multiplicative contraction mapping. Moreover, we also
provide some examples to show the clarification of the
theorems.

MATERIALS AND METHODS

Preliminaries: In this study, we show some definitions
and examples that will be used in the main results.

Definition 2.1; Bashirov (2008): Let, X be a nonempty
set. A mapping d: X×X6[1, 4 ) is said to be multiplicative
metric, if d satisfies the following conditions:

C d(x, y) = 1 if and only if x = y
C d(x, y) = d(y, x)
C d(x, y)#d(x, z). d(z, y), for all x, y, z0X

If d is a multiplicative metric on X, the pair (X, d) is
called a multiplicative metric space. 

Remark 2.1: If (X, d) is a metric space then (X, ρ) is a
multiplicative space where ρ(x, y) = ad(x, y) with a>1.

Remark 2.2: If (X, d) is a multiplicative metric space
then 1/d(x, y)#d(x, z)/d(z, y)#d(x, y).

Example 2.1; Bashirov (2008): Let X = (0, 4), define
d(x, y) = |x/y|* where |.|*: X6X by:

*
x,if x 1

x 1
,if x 1

x


 



Then d is a multiplicative metric.

Example 2.2; He (2014): Let X = R, define d(x, y) = a|x-y|

where (X, ρ) is a metric space and a>1. Then, d is a
multiplicative metric.

Example  2.3;  He  (2014):  Let  X  =  R, define d(x, y) =
aρ(x, y) where (X, ρ) is a metric space and a>1. Then d is a
multiplicative metric.
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Remark 2.3: Multiplicative metric space and metric
space  are  independent  each  other.  As  shown  in
Example 2.1, we have:

1 3 4 10 1
d , 1 +d , 2 2+ <4 d , 2

2 2 3 3 2
            
     

The example shows that multiplicative metric does
not necessary be metric as it does not satisfy triangular
inequality in metric. On the other hand, the usual metric
on R does not necessary be multiplicative metric, since:

1 3 1 3 1 1 3 3
1, . 2, 1- 2- < 1- 1,

2 2 2 2 4 2 2 2
                
     

Definition 2.2; Ali et al. (2017): Let X be a nonempty set
and let b$1. A mapping db: X×X6[1, 4) is said to be
b-multiplicative metric, if db satisfies the following
conditions:

   
   
       

b b

b b

b b

b b b

d x, y 1 and d x, y 1 if and only if x y

d x, y d x, y

d x, y d x, z . d z, y for all x, y, z X

  



 

If d is a multiplicative metric on X, the pair (X, d) is
called a b-multiplicative metric space.

Example 2.4: Let X = R, define d(x, y) = a|x-y|p where x,
y0X and a>1, p>1. Then d is b-multiplicative metric with
b = 2p-1.

Example 2.5; He (2014): Let X = R, define

where (X, ρ) is a metric space and a>1,    px, yd x,y a 

p>1. Then d is a b-multiplicative metric with b = 2p-1.

Definition 2.3: Let X be a nonempty set and b:
X×X6[1,4) be a mapping. A mapping db: X×X6[1, 4) is
said to be an extended b-multiplicative metric, if db

satisfies the following conditions:

(1)
b

b b

b(x, y) b(x, y)
b b b

d (x, y) = 1 if and only if x = y

d (x, y) = d (y, x)           

d (x, y) (d (x, z)) .(d (z, y))  for all x, y, z X

If d is an extended multiplicative metric on X, then
the pair (X, d) is called an extended b-multiplicative
metric space

Example 2.6: Let X = [0, 1], define b(x, y) = 2+|x-y|2 and
db(x, y) = a|x-y|2 where x, y0X and a>1. Then d is an
extended b-multiplicative metric. All conditions are
obvious for x = y. For x…y is also obvious for first and
second condition. For the third condition, consider that:

             

             

               

2 2 2 2 22

2 2 2 2

2 2

x-z + z-y 2+ x-y x-z + z-yx-y 2
b

b x, y x-z + z-y b x, y x-z + z-y

b x, y b x, yb x, y x-z b x, y z-y
b b

d x, y a a a

a a

a a d x,z . d z, y

   

 



Hence, db is an extended b-multiplicative metric.

Definition 2.4: Let (X, db) be an extended
b-multiplicative space and let {an} be a sequence in X.

C {an} is said to be a convergent to a0X if for every
ε>1 there exists K0N such that n$K, then db(an, a)<ε
that is db(an, a)61 as n64

C {an} is said to be a Cauchy if for every  for every ε>1
there exists K0N such that n, m$K, then db(an, am)<ε
that is db(an, am)61 as n, m64

C X is called a complete, if every Cauchy sequence in
an extended b-multiplicative space (X, db) is
convergent in X

Remark 2.4: In an extended b-multiplicative space, a
convergent sequence is convergent to a unique limit point.
It is shown in this lemma as follows:

Lemma 2.1: Let (X, db) be an extended multiplicative
b-metric space and {xn} be a convergent sequence in X.
Then {xn} is convergent to a unique limit point.

Proof: Suppose that db(xn, x)61 and db(xn, y)61 as n64 by
using multiplicative triangular inequality, we obtain:

           b x, y b x, y

b b n b nd x,y d x,x d x , y 1 as n  

Hence by using condition 1 in (1), we have db(x, y) =
1 that is x = y.

Definition 2.5; He (2014): Let (X, d) be a multiplicative
space. A mapping f: X6X is said to be a multiplicative
contraction, if there exists λ0(0, 1) such that satisfies the
following conditions: d(fx, fy)#dλ(x, y), for all x, y0X.

   d fx,fy d x,y

Definition 2.6; Khan and Imdad (2016): Let X be a
nonempty set and T1, T2:X6X be self-mappings. {T1, T2}
is called weakly compatible for any x0X, if T1x = T2x
then T2T1x = T1T2x.

RESULTS AND DISCUSSION

In the beginning of this section and by using
multiplicative contraction for complete extended
multiplicative b-metric space, we establish and prove
some fixed point theorems. Moreover, we prove a fixed
point and common fixed point on a contraction-type
mapping.
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Theorem 3.1: Let (X, db) be a complete extended
multiplicative b-metric space and f: X6X be a mapping
that satisfies the following conditions:

(2)     b bb x,y d fx,fy d x,y

where 0<λ<1. If:

 n mn,m

1
lim b x ,x <

 

then f has a fixed point.

Proof: Let taking xo0X and let {xn} be a sequence where
xn = f (xn-1) for n = 1, 2, 3, ... By using Eq. 2, we have:

         n-1 n b n n+1 n-1 n b n-1 n b n-1 nb x ,x d x ,x b x ,x d fx ,fx d x ,x 

Thus, we get:

   
   b n-1 n

b n n+1 b n-1 n
n-1 n

d x ,x
d x ,x d x ,x

b x ,x


 

Recursively, we have:

(3)   n

b n n+1 b 0 1d x ,x d x ,x

Since, 0<λ<1 and using Eq. 3, we have db(xn, xn+1)61
as n64. Next, we have to show that {xn} is a Cauchy
sequence. Consider that for all n, m0N with m>n by the
multiplicative triangle inequality in Eq. 1 and using Eq. 3,
we have:

(4)

           

           

           

             

       

n m n m

n
n m n m n +1 m

n
n mn m n +1 m

n 1
n m n +1 m n m n +1 m

n n 1
n m

b x , x b x , x

b n m b n n+1 b n+1 m

b x , x b x , x b x , x

b 0 1 b n+1 n+2

b x , xb x , x b x , x

b n+2 m b 0 1

b x , x b x , x b x , x b x , x

b 0 1 b n+2 m

b x , x b

b 0 1 b 0 1

d x ,x d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x











 

  

 

 

 


   

      

    

n m n +1 m

m 1
n m m -1 m

jm -n -1 n j
n +i mj 0 i 0

x , x b x , x

b x , x b x , x

b 0 1

b x , x

b 0 1

d x ,x

d x ,x




 







 

In fact, since b(xi, xm)$1 by using Eq. 4 we:

(5)        n -1 jm -n -1 n j
i m n +i mj 0i 1 i 0

b x , x b x , x

b n m b 0 1d x ,x d x ,x


 
 

Let:

 jn j
n i mj 1 i 1

S b x ,x
 

  

Then by using Eq. 5 we obtain:

(6)     m -1 n -1S -S

b n m b 0 1d x ,x d x ,x

Let:

 jj
j i mi 0

a b x ,x


  
We have:

n

n jj 1
S a




By using the ratio test and since, , we n mn,m

1
lim b x ,x <

 

have for each   j j m j mj j
j-1

aj
Lim lim b x ,x limb x ,x <1

a  
   

m0N. Thus, we have {Sn} is convergent for each m0N,
this implies limn, m64Sm-1-Sn-1 = 0. Then by using Eq. 6, we
get db(xn, xm)61 as n, m64. Hence, {xn} is a Cauchy
sequence. Since, X is complete, there exists x*0X such
that db(xn, x

*)61 as n64. Claim that is the fixed point of f.
Consider that:

(7)

           

         

 

 

         

         

* * * *

* * * *

* *

* * * *

* * * *

b fx , x b fx , x
* * * *

b b n+1 b n+1

b fx , x b fx , x
* *

b n b n+1

b fx , x

b fx , x b fx , x
* *

b n b n+1*
n

b fx , x b fx , x
* *

b n b n+1

d fx ,x d fx ,x d x ,x

d fx ,fx d x ,x

1
d x ,x d x ,x

b x ,x

d x ,x d x ,x





 



 
   
 
 

Since, db(xn, x
*)61 as n64 then from Eq. 7, we get

db(fx
*, x*) = 1 that is fx* = x*. Hence, x* is the fixed point

of f. For uniqueness of the fixed point, suppose u* is
another fixed point of f that is fu* = u*. Consider that
db(u

*, x*) = db(fu
*, fx*)#1/b(u*, x*)(db(u

*, x*))λ#(db(u
*, x*))λ.

Thus we get (db(u
*, x*))1-λ#1. Since, 1-λ>0 and (db(u

*,
x*))$1, we get db(u

*, x*) = 1 that is u* = x*.

Example 3.1:  As  shown  in  Example  2.4  and  by
taking a = 432 that is b(x, y) = 2+(x-y)2 and db(x, y) =
(4)32|x-y|2 where x, y0X = [0, 1]. Let f(x) = x/4, for x, y0X.
Let x…y, consider that:

     

 
 

 
 

   
  

 
 

  
 

  
 

  
 

2
2 2

2 2 2 2

2 2 22

2
2

2 2

x y 32 32
32 - x-y - x-y

4 4 8 16
b b

32 32 32 32
x-y x-y x-y x-y

8 8 8 8

32 2 x-y x-yx-y
16

1
1832 x-y32

x-y 88
b b

x y
d fx,fx d , 4 4

4 4

4 4 4 4

2e4 2 1+ x-y4

4 d x,y d x, y4

b x, y b x, y2+ x-y 2+ x-y



     
 

   

  

Hence, we obtain:

      b bb x,y d fx,fy d x,y
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where λ = 1/8<1. By using f(x) = x/2 and xn+1 = f(xn), we
have xn = x/2n. Since, b(x, y) = 2+(x, y)2, we get limn,

m64b(xn, xm) = limn, m642+xn+xm = 2<8 = 1/λ. The  sequence 
{xn} = {x/2n}  is  convergent  to  0  that  is limn, m64db(xn,
0) = limn, m64db(x/2n, 0) = = 1. Thus, based on 

2

n

x
32

2
nlim 4

Theorem 3.1, we conclude that x* = 0 is a unique fixed
point of f.

Theorem 3.2: Let (X, db) be a complete extended
multiplicative b-metric space f:X6X and be a mapping
that satisfies the following conditions:

(8)      b x, y

b bd fx,fy d x, y

where 0<λ<1. If , then f has a fixed point. n mn,m

1
lim b x ,x <

 

Proof: Let taking xo0X and let {xn} be a sequence where
xn = f(xn-1) for n = 1, 2, 3, ... By using Eq. 8, we have:

            n -1 n n -1 nb x , x b x , x

b n n+1 b n-1 n b n-1 nd x ,x d fx ,fx d x ,x


 

(9)

Since, db(xn-1, xn)$1 and b(xn-1, xn)$1 by using (3.8),
we have:

          n -1 nb x , x
b n n+1 b n-1 n b n-1 nd x ,x d x ,x d x ,x

 
 

Recursively, we have db(xn, xn+1)#db
λn(x0, x1). Since,

0<λ<1 we have db(xn, xn+1)61 as n64. Next, we have to
show that {xn} is a Cauchy sequence. Consider that for all
n, m0N with m>n by the multiplicative triangle inequality
in Eq. 1, we have:

(10)

           

           

           

             

       

n m n m

n
n m n m n +1 m

n
n mn m n +1 m

n 1
n m n +1 m n m n +1 m

n n 1
n m

b x , x b x , x

b n m b n n+1 b n+1 m

b x , x b x , x b x , x

b 0 1 b n+1 n+2

b x , xb x , x b x , x

b n+2 m b 0 1

b x , x b x , x b x , x b x , x

b 0 1 b n+2 m

b x , x b

b 0 1 b 0 1

d x ,x d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x











 

  

 

 

 


   

           

n m n +1 m

jm -n -1m 1 n j
n m m -1 m n +i mj 0 i 0

x , x b x , x

b x , x b x , x b x , x

b 0 1 b 0 1d x ,x d x ,x
 

 
 



 

In fact, since, b(xi, xm)$1 by using Eq. 10, we have:

(11)        n -1 jm-n -1 n j
i m n +i mj 0i 1 i 0

b x , x b x , x

n m b 0 1b x ,x d x ,x


 
 

Let:

 jn j
n i mj 1 i 1

S b x ,x
 

  

Then by using Eq. 11, we obtain:

(12)     m -1 n -1S -S

b n m b 0 1d x ,x d x ,x

Let:

 jj
j i mi 0

b x ,x


   
We have:

n

n jj 1
S


 

By using the ratio test and since, , we n mn,m

1
lim b x ,x <

 

have for each   j j m j mj j,m
j-1

j
Lim lim b x ,x lim b x ,x <1  


   


m0N. Thus, we have {Sn} is convergent for each m0N,
this implies limn, m64Sm-1-Sn-1 = 0.

Then by using Eq. 12, we get db(xn, xn)61 as n, m64.
Hence, {Sn} is a Cauchy sequence. Since, X is complete,
there exists x*0X such that db(xn, x

*)61 as n64. Claim that
x* is the fixed point of f. Consider that:

(13)

           

         

   
 
      

   
 
      

     
    

* * * *

* * * *

* *

* *
*

n

* *

* *
*

n

* *
* *

b fx , x b fx , x
* * * *

b b n+1 b n+1

b fx , x b fx , x
* *

b n b n+1

b fx , x
b fx , xb x , x* *

b n+1 b n+1

b fx , x
b fx , xb x , x* *

b n+1 b n+1

b fx , x b fx , x
* *

b n+1 b n+1

d fx ,x d fx ,x d x ,x

d fx ,fx d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x







  

 

 

 



Since, db(xn, x
*)61 as n64 then from Eq. 13, we get

db(fx
*, x*) = 1 that is fx* = x*. Hence, x* is the fixed point

of f. For uniqueness of the fixed point, suppose u* is
another fixed point of f, that is fu* = u*. Consider that
db(u

*, x*) = db(fu
*, fx*)#(db(u

*, x*))λ/b(u*, x*)#(db(u
*, x*))λ.

Thus, we get (db(u
*, x*))1-λ#1. Since, 1-λ>0 and db(u

*,
x*)$1, we get db(u

*, x*) = 1 that is u* = x*.

Example 3.2: As shown in Example 2.4 by taking a = 432

that is b(x, y) = 2+(x-y)2 and db(x, y) = (4)32|x-y|2 where x,
y0X = [0, 1]. Let f(x) = x4/24, for x, y0X. Let x…y,
consider that:

     

          

     
    

2 2 24 4 2 2 2 2

4 4 2 2 2 2

22 22 2 2 22 2 2 2 2 2
2 2

2
2

x y x y x y
32 - 32 - +

2 2 2 2 2 2
b b

32 x y 32 32
x -y + x -y 2 x -y 2+ x-y

4 4 42 2

1
2+ x-y

b x, y432 x-y

b

x y
d fx,fy d , 4 4

4 4

4 4 4

4 d x, y


     
 

  



Hence, we obtain:

       b x, y

b bd fx,fy d x,y
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where, λ = 1/4<1. By using f(x) = x4/24 and xn+1 = f(xn)

with x0 = x, we have where α = 1/24. By using
n

n
4 -1

43
nx x 

b(x, y) = 2+(x-y)2, we have:

 
n

n

m

m

4 -1
43

n m n mn,m n,m n,m

4 -1
43

lim b x ,x lim 2+x +x lim 2+ x +

1
x 2<4

  
  

  


Since, α = 1/24<1 and x0[0, 1], the sequence

is convergent to 0. Indeed: 
n

n
4 -1

43
nx x

    
  

 

 

n

n

2n4 -1
n43

4 -1
43

n b n n b

32 x

n

lim d x ,0 lim d x ,0

lim 4 1

 

 
  
   

 
    

 



Thus, based on Theorem 3.2, we conclude that x* =
0 is a unique fixed point of f.

Theorem 3.3: Let (X, db) be a complete extended
multiplicative b-metric space and f:X6X be a mapping
that satisfies the following conditions:

            
   

b x, y b b
b b b

b b

d x,fy d y,fx
d fx,fy d x,fx d y,fy

1+d x,fy d y,fx '

 
 

 


  



(14)
where 0#β, γ<1, 0<λ<1 and 0<λ/1-γ<1. If

, then f has a fixed point. n m
n,m

1-
lim b x ,x







Proof: Let taking xo0X and let {xn} be a sequence where
xn = f(xn-1) for n = 1, 2, 3, .... By using Eq. 14, we have:

   

   
   
   

 

   
   
   

 

n -1 n

n -1 n

b n n+1 b n-1 n

1

b x , x
b n-1 n-1 b n n

b n-1 n b n n-1

b n-1 n b n n-1

1
b x , x

b n-1 n b n n+1

b n-1 n+1 b n n

b n-1 n+1 b n n

d x ,x d fx ,fx

d x ,fx d x ,fx

d x ,fx d x ,fx

1+d x ,fx +d x ,fx

d x ,x d x ,x

d x ,x d x ,x

1+d x ,x +d x ,x

 

 

 

 

 

 

 

  
 

 
 
 

  
 

 
 
 

   
 
 

 
 
 

 

           

          

n -1 n

n -1 n

n -1 n n -1 n

n -1 n

1
1b x , x

b n-1 n b n n+1 b x , x
b n-1 n

b n-1 n+1
b n n+1

b n-1 n+1

1

b x , x b x , x
b n-1 n b n n+1 b n-1 n

b x , x
b n n+1 b n-1 n b n n+1

d x ,x d x ,x
d x ,x

d x ,x
d x ,x

2+d x ,x

d x ,x d x ,x d x ,x

d x ,x d x ,x d x ,x

 








 

  

  
  
        

 

  

 

Thus, we get:

    1-
b n n+1 b n-1 nd x ,x d x ,x




Let δ = λ/1-γ' recursively, we have:

(15)   n

b n n+1 b 0 1d x ,x d x ,x

Since, 0<δ<1, so, we get db(xn, xn+1)61 as n64. Next,
we have to show that {xn} is a Cauchy sequence. Consider
that for all n, m0N with by m>n the multiplicative triangle
inequality in Eq. 1, we have:

(16)

           

           

           

             

       

n m n m

n
n m n m n 1 m

n
n mn m n 1 m

n 1
n m n 1 m n m n 1 m

n n 1
n m

b x , x b x , x

b n m b n n+1 b n+1 m

b x , x b x , x b x , x

b 0 1 b n+1 n+2

b x , xb x , x b x , x

b n+2 m b 0 1

b x , x b x , x b x , x b x , x

b 0 1 b n 2 m

b x , x b

b 0 1 b 0 1

d x ,x d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x






 











 

  

 

 

 


   

           

n m n 1 m

jm -n -1m 1 n j
n m m 1 m n +i mj 0 i 0

x , x b x , x

b x , x ...b x , x b x , x

b 0 1 b 0 1

...

d x ,x d x ,x



 
  

 

 

 

In fact, since, b(xi, xm)$1 by using Eq. 16, we have:

(17)        n -1 jm -n -1 n j
i m n +i mj 0i 1 i 0

b x , x b x , x

b n m b 0 1d x ,x d x ,x


 
 

Let by using Eq. 17, we obtain: jn j
n i mj 1 i 1

U b x ,x
 

  

(18)     m -1 n -1U -U

b n m b 0 1d x ,x d x ,x

Let , we have . By jj
j i mi 0

b x ,x


    n j
n j 1

U


 

using the ratio test and since, , we n m
n,m

1-
lim b x ,x







have for   j j m j mj j,m
j-1

j 1-
Lim lim b x ,x lim b x ,x < 1  

          

each m0N. Thus, we have {Un} is convergent for each
m0N, this implies limn, m64Um-1-Un-1 = 0. Then by using
Eq. 18, we get db(xn, xm)61 as n, m64.

Hence, {xn} is a Cauchy sequence. Since, X is
complete, there exists x*0X such that db(xn, x

*)61 as n64.
Claim that is the fixed point of . Consider that from Eq. 1
and 14, we have:

           

            
 
 

  
 
 

   
   

 
 

* * * *

* *
* * * *

*
n

* *

* * *
n

*
n

b fx , x b fx , x
* * * *

b b n+1 b n+1

b fx , x
b fx , x b fx , x

* * * * b x , x
b n b n+1 b

b fx , x

* *b fx , x b x , x
b n b n

b x , x
b n n * *

b n b n

d fx ,x d fx ,x d x ,x

d fx ,fx d x ,x d x ,fx

d x ,fx .d x ,fx
d x ,fx

1+d x ,fx +d x ,fx
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* * * *
* *

* *
n n

* * * *
* *

* *
n n

* ** *
* *

**
nn

b fx , x b fx , x
b fx , x

* * * b x , x b x , x
b n+1 b b n n

b fx , x b fx , x
b fx , x

* * * *b x , x b x , x
b n b n+1 b

b fx , xb fx , x
b fx , x

* *b x , xb x , x
b n n+1 b n+1 b n+1

*
b

d x ,x d x ,fx d x ,fx

d x ,fx d x ,x d x ,fx

d x ,x d x ,x d x ,x

d x ,fx

 

 






  

  

  

              

    

* * * ** *

* *

b fx , x b fx , xb fx , x* *
b n n 1 b n 1

b fx , x
*

b n 1

d x ,x d x ,x

d x ,x

  
 



  

(19)
So, from Eq. 19, we get:

(20)
         

         

* * * *

* * * *

1- b fx , x b fx , x* *
b b n n+1

b fx , x b fx , x
* *

b n+1 b n+1

d fx ,x d x ,x

d x ,x d x ,x

 



 



By using Eq. 15 and 20, we get:

         

         

         

    

* ** *
n

* * * *

* *n * *

* *

b fx , x1- b fx , x
* *

b b 0 1

b fx , x b fx , x
* *

b n+1 b n+1

b fx , xb fx , x *
b 0 1 b n+1

b fx , x
*

b n+1

d fx ,x d x ,x

d x ,x d x ,x

d x ,x d x ,x

d x ,x

 




 

 

 

 

Thus, we get:

    
 
    

 
 

  
 
 

* *n * *

* ** *

* *

* *

b fx , xb fx , x
* * * 1- b fx , x1- b fx , x

b b 0 1 b n 1

b fx , x

* 1- b fx , x
b n 1

d fx ,y d x ,x d x ,x

d x ,x


 






  

Since, δn60 and db(xn, x
*)61 as n64 then from Eq. 21

we get db(fx
*, x*)#1. Since, db(fx

*, x*)$1, then we have
db(fx

*, x*) = 1 that is fx* = x*. Hence, x* is the fixed point
of f. For uniqueness of the fixed point, suppose u* is
another fixed point of f that is fu* = u*. By using Eq. 14
we have:

(22)

          

    
    

   
 

         

    
   

 

 

* *

* *

* *

* * * *

* *

* * * * * * b u , x
b b b

1

b u , x* * * *
b b* * b u , x

b * * * *
b b

* * * *b u , x b u , x
b b

1

b u , x* * * *
b b

* * * *
b b

* *
b

d u ,x d fu ,fx d u ,fu

d u ,fx d x ,fu
d x ,fx

1+d u ,fx +d x ,fu

d u ,u d x ,x

d u ,x d x ,u

1+d u ,x +d x ,u

d u ,x






 

 



 



  

     
 

 

     
 

  
   

 
    

  

* *

* *

1

b u , x* *
b * * b u , x

b* * * *
b b

* *
b

d x ,u
d u ,x

1+d u ,x +d x ,u

d u ,x




 



      
 

Thus,  from  Eq.  22,  we  get  (db(u
*,  x*))1-β#1. 

Since, 1-β$0 and db(u
*, x*)$1, so we get db(u

*, x*) = 1.
This implies that u* = x*.

Theorem 3.4: Let (X, db) be a complete extended
multiplicative b-metric space and f, g:X6X be two
mappings such that fXfgX, gX closed and satisfying the
following conditions:

(23)            b x, y b x, y
b b b bd fx,fy d fx,gx d fy,gy d gx,gy  

where β$0, 0#γ<1, 0<λ<1, 0<β+λ/(1-γ)<1 and

. If f, g weakly compatible, then f, g n mn,m

1-
lim b y ,y <

+


 

have a unique common fixed point.

Proof: Let xo0X. Since, fXfgX, we can define two
sequences {xn} and {yn} where yn = fxn = gxn+1. By using
Eq. 23, we have:

           
       
       
   

n n 1 n n 1

n n 1

n n 1

n n 1

b x , x b x , x

b n n 1 b n n 1 b n n

b x , x
b n+1 n 1 b n n 1 b n n 1

b x , x
b n+1 n b n-1 n b n n 1

b x , x
b n+1 n

d y ,y d fx ,fx d fx ,gx

d fx ,gx d gx ,gx d y ,y

d y , y d y ,y d y ,y

d y , y

 








 

  
  

  




  

  

  

Since, db(yn-1, yn)$1 and b(xn, xn+1)$1. So, we get:

           n n 1

+ +

b x , x 1 1
b n n+1 b n-1 n b n-1 nd y ,y d y ,y d y , y

   
  

Recursively, we have:

(24)    
n

b n n+1 b 0 1d y ,y d y , y




where ρ = β+λ/(1-γ). Since, 0<β+λ/(1-γ) and using Eq. 24,
we have:

(25) b n n+1d y ,y 1, as n 

Next, we have to show that {yn} is a Cauchy
sequence. Consider that for all n, m0N with m>n by the
multiplicative triangle inequality in Eq. 1, we have:

(26)

           

           

           

             

       

n m n m

n
n m n m n 1 m

n
n mn m n 1 m

n 1
n m n 1 m n m n 1 m

n n 1
n m

b y , y b y , y

b n m b n n+1 b n+1 m

b y , y b y , y b y , y

b 0 1 b n 1 n 2

b y , yb y , y b y , y

b n 2 m b 0 1

b y , y b y , y b y , y b y , y

b 0 1 b n 2 m

b y , y b

b 0 1 b 0 1

d y , y d y ,y d y , y

d y ,y d y ,y

d y , y d y ,y

d y ,y d y ,y

d y ,y d y ,y






 





 









 

  

 

 

 


   

           

n m n 1 m

jm -n -1m 1 n j
n m m 1 m n +i mj 0 i 0

y , y b y , y

b y , y ...b y , y b y , y

b 0 1 b 0 1

...

d y ,y d y ,y



 
  

  

 

 

In fact, since, b(yi, ym)$1 by using Eq. 26, we have:
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        n 1 jm -n -1 n j
n +i m n +i mj 0i 1 i 0

b y , y b y , y

b n m b 0 1d y ,y d y ,y
 

 
 

Let , we obtain: jn j
n i mj 1 i 1

W b y , y
 

  

(27)     m 1 n 1W W

b n m b 0 1d y , y d y , y  


Let , we have . By using the jj
j i mi 0

b y ,y


    n

n j 1
W j


 

ratio test and since:

 n mn,m

1- 1
lim b y , y <

+




  

we have:

   j j m n mj j
j-1

j 1-
Lim lim b y ,y limb y ,y < 1

+  

  
         

for each m0N. Thus, we have {Wn} is convergent for
each m0N, this implies limn, m64Wm-1-Wn-1 = 0. Then by
using Eq. 27, we get db(yn, ym)61 as n, m64. Hence, {yn}
is a Cauchy sequence. Since, X is complete, there exists
y*0X such that:

(28)   * *
b n b nd fx ,y 1 andd gx ,y 1asn  

Since, gX closed, we have y*0gX. It implies that
there exists x*0X such that y* = gx*. Now, we have to
show that x* is a coincidence point of f, g. Consider that
from Eq. 1, we have:

           * * * *
b bd fx ,gx d fx ,gx

* * * *
b b n b nd fx ,gx d fx ,fx d fx ,gx

By using Eq. 23, we have:

           

 
     

 
 
 

         

 
 
 

* * * *
b b

*
n

* *

*
n

*
n

* *

* *

*
n

d fx ,gx d fx ,gx
* * * *

b b n b n

b x , x* *
b b n n

* *
b b fx ,gx

* b x , x
b n

b x , x* *
b b n n 1d fx ,gx*

b n b fx ,gx

* b x , x
b n 1

d fx ,gx d fx ,fx d fx ,gx

d fx ,gx d fx ,gx
d fx ,gx

d gx ,gx

d fx ,gx d y ,y
d fx ,gx

d y ,y













   
  
  
 

   
 

 

       
 
 

       
 
 

         

              

* *
* *

*
n

* *

* *
*

n

* * * *

* * * ** *

b fx ,gx
b fx ,gx

* * * b y , x
b n b

b fx ,gx
b fx ,gx * b y , x

b n n-1 b n-1

b fx ,gx b fx ,gx
* * *

b n b

b fx ,gx b fx ,gxb fx ,gx * *
b n n-1 b n-1 b

d y , y d fx ,gx

d Y ,Y × d y ,y ×

d y , y d fx ,gx ×

d y , y × d y , y × d yn,y













 



By using Eq. 25 and 28 and for n64, we get db(fx
*,

gx*) = 1. Thus, we have fx* = gx* = y*. Next, we have to
show that y* is a common fixed point of f, g. Consider that
from Eq. 23, we have:

      
            

*
* * * *

* * * * * *
b b b

1
b x , y * * * * * *b x , y b x , y

b b b

d y ,fy d fx ,fy d fx ,gx ×

d fy ,gy ×d gx ,gy d y ,gy




 

 



(29)
Since, f, g is a weakly compatible and fx* = gx* = y*

this implies:

(30)* * * *gfx fgx fy gy  

So by using equality Eq. 29 and 30, we have:

        

           

*b x , y* * * * * *
b b b

1 1
* * b x*, y* b x*, y*

b b b

d y ,fy d fx ,fx ×d fy ,fy ×

d y ,fy d y*,fy * d y*,fy *







   

Thus, , we get:

  1-

bd y*,fy * 1



Since, 1-λ>0, , we have db(y
*, fy*) = 1 that is y* = fy*.

By using (29) , we get:
* * *fy gy y 

Hence, y* is a common fixed point of f, g.
Uniqueness of common fixed point of f, g can be shown
as follows: suppose there exists u* as another common
fixed point of f, g. Consider that:

        

         
          

  

b y*, u*
b b b b

1
b y*, u*b y*,u*

b b b

1

b y*,u*
b b

b

d y*,u * d fy*,fu * d fy*,gy * d ×

fu*,gu * d gy*,gu * d fy*,fy * d ×

fu*,fu * d y*,u * d y*,u *
b y*,u *

d y*,u *







 

 


  

So, we get:

  1-

bd y*,u * 1



Since, 1-λ>0 , we have db(y
*, fy*) = 1 that is y* = u*.

Corollary 3.1: Let (X, db) be a complete extended
multiplicative b-metric space f, g:X6X and be two
mappings such that fXfgX, gX closed and satisfying the
following conditions:

      b x, y

b bd fx,fy d gx,gy
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where 0<λ<1. If  and {f, g} , weakly n mn,m

1
lim b y ,y <

 
compatible, then f, g have a unique common fixed point.

Proof: By taking from Theorem 4.

Corollary 3.2: Let (X, db) be a complete extended
multiplicative b-metric space and f: X6X be a mapping
that satisfying the following conditions:

            b x, y b x, y
b b b bd fx,fy d fx,x d fy,y d x,y 

where β$0, 0#γ<1, 0-λ>1, 0<β+λ/(1-γ) and

. Then has a unique fixed point. n mn, m

1-
lim b y ,y <

+


 

Proof: By taking gx = x from Theorem 4.

Corollary 3.3: Let (X, db) be a complete extended
multiplicative b-metric space and f: X6X be a mapping
and satisfying the following conditions:

      b x, y

b bd fx,fy d x,y

where 0<λ<1 and . Then has a unique n mn,m

1
lim b y ,y <

 
fixed point.

Proof: By taking from Theorem 3.4.

Example 3.3: As shown in Example 2.4 and by taking a
= 432 that is b(x, y) = 2+(x-y)2 and db(x, y) = (4)32|x-y|2 for
all x, y0X = [0, 1] and λ = 1/4, β = 3/16, γ = 1/16. Let f(x)
= x4/24 and g(x) = x2/22, for all x0X. It is clear that
fXfgX. Let x…y using Theorem 3.4 consider that:

       

    

        

           

24 22

4

2 2 24 2 2 2 4 2
2

4 4

2 24 2 4 2 4
2 2

4 4 4

4 2
b x, y

b b b b 4

4 2 2 2 x x2 x y 32 -
22

b b4

y x x y x x
32 2 x y - 32 - 32 -

2 2 2 22 2

y x y x 32 x
32 2 x y - 32 2 x y - + 3 -

2 2 32 2 2

x x
d fx,gx d fy,gy d gx,gy d ,

2 2

y x x y
d , d , 4

2 2 2 2

4 4 4

4 4

  

   

    

      

 
  

 

   
      
   

  


22x

2

Since, x, y0[0, 1], , we have 2+(x-y)2#3. Thus by entering
β = 3/16, γ = 1/16 into (31), we have:

            

           
  

    

2 24 2 4 2
2

4 4

2
2 2 24 4 4 4 4 4

2 2
4 4 4 4 4 4

y x x x
2 2 x y - -b x, y

2 22 2
b b b

2 x y
1 x y x y x y

2 2 x y - 2 2 x y - -
2 2 2 2 2 2 2

b x, y

b

d fx,gx d fy,gy d gx,gy 4

4 4 4

d fx,fy

 
       
 

    
            
   

 

 
    
 

By using yn = f(xn) = g(xn+1), f(x) = x4/24 and g(x) =
x2/22 , we have y0 = f(x0) = x4/24 = g(x1) thus, x1 = x2/22, y1

= f(x1) = f(x2/22) = x8/28 = g(x2) thus, x2 = x4/23, y2 = f(x2)
= f(x4/23) = x16/216 = g(x2) thus, x3 = x8/27. Generally, , we
have:

n 2 n

n

2 2

n nn 2 2 -1

x x
y , x

2 2



 

By using b(x, y) = 2+(x-y)2 and since, x0[0, 1], we have:

 
n 2

m 2

2

n m n m n 2n,m n,m n,m

2

m 2

x
lim b y ,y lim 2+y +y lim 2+ +

2

x 1- 15
2

2 + 7





  



 


  

 

Since, x0[0, 1], the sequence is convergent 
n 22

n n 2

x
y

2





to 0. Indeed:

   
2n 2n 2 2

n 2

2 x
32

2
n,m b n n,m n,mn 2

x
lim d y ,0 lim ,0 lim 4 1

2




  

 
    

 

Thus, based on Theorem 3.4, , we conclude that x* =
0 is a unique common fixed point of f, g.

CONCLUSION

In this study, we establish that there exists sufficient
condition for existence and uniqueness of fixed point on
generalized multiplicative contraction mappings and
common fixed point for two functions on generalized
multiplicative contraction in extended multiplicative
b-metric spaces.
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