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Abstract: We study the dynamics of a
Duffin-Kemmer-Petiau (DKP) oscillator, for a scalar
boson in a (3+1)-dimensional k-Minkowski space-time.
We use the Dirac derivatives approach to construct the
k-DKP equation. We investigate the consequences of the
k-deformation on the energy spectrum of the oscillator,
and its eigenfunctions, for any value of the total angular
momentum number using a perturbation method. In
particular, we show that particle and antiparticle energies
are asymmetric, a the charge conjugation symmetry for
the k-DKP equation is broken by the deformation.
Moreover, the equivalence between this system and the
k-Klein-Gorden oscillator is discussed.

INTRODUCTION

The Duffin-Kemmer-Petiau (DKP) formalism[1] is
based on a first-order relativistic covariant equation, ̀ a la
Dirac, describing in a unified manner spin-zero and
spin-one particles and thereby providing an alternative to
the conventional second-order wave equations of
Klein-Gordon (KG) and Proca. However, the DKP theory
presents the advantage of being much richer with respect
to the introduction of interactions, since, it allows kinds of
couplings which are not possible with the Klein-Gordon
and Proca theories, albeit both theories remain equivalent
in the case of minimally coupled vector interactions[2].
This benefit makes the DKP equation an excellent tool for
physicist when studying phenologically several processes,
especially in nuclear and particle physics. As a matter of
fact, the relevance of the DKP formalism, particularly
with non-minimal coupling, for modeling physical
situations has been testified by many works. For instance,
the DKP equation permits a better fitting of experimental

data, relative to the scattering of mesons by nuclei at
medium energies, than Klein-Gordon and Proca
equation[3]. For the deuterons nucleus scattering too, this
equation produces results which accords well with the
findings of other approaches[4]. On the other hand, it has
been  found  that  the  DKP  theory  can  successfully
describe the α-nucleus elastic scattering[5], the scattering
of K+ nucleus[6] and even quark confinement within
QCD[7].

Besides, over the past years, the DKP equation has
been considered within different other contexts such as
the covariant Hamiltonian dynamics[8], the causal
approach[2], the five- dimensional Galilean invariance[9],
Bose-Einstein condensates[10], the noncommutative phase
space[11], topological defects and the generalized
uncertainty principle[12]. In addition, a lot of research has
been conducted around exact and approximate solutions
of the DKP equation in the presence of interactions with
different structures (see for example and references
therein). In particular, much attention has been given to
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the so-called DKP oscillator[13-15]. The latter is an
analogous model of the Dirac oscillator[16] which has been
introduced by Nedjadi and Barrett[13, 14]. They gave it this
name because its non-relativistic limit produces a
harmonic oscillator for spin-zero bosons and a harmonic
oscillator plus a spin-orbit coupling term in the spin-one
case.

Furthermore, recently, a great deal of importance is
being attached to studying the Klein-Gordon and the
Dirac equations in connection with quantum deformations
related to theories of quantum gravity[17, 18]. These theories
share a common feature, namely, the notion of
fundamental length scale. On the other hand, such a
distance emerges naturally within noncommutative
geometry[19, 20], therefore, in the literature, different types
of Non-Commutative Space-Times (NCST) have been
studied and their physical implications have been probed.
Among them the so-called k-Minkowski space-time[21].
The latter is a NCST of Lie algebra type with coordinates
satisfying commutation relations of the form:

(1)j k 0 k kx , x 0, x , x iax , k 1, 2, 3            

where, a = 1/k is the parameter of space-time deformation
(a is real). In this research, we shall be interested in a
particular k-Minkowski space-time which is characterized
by the usual non-deformed Poincar´e algebra as a
symmetry algebra[21]. The generators of this algebra are
the operators Mµv and Dµ where the latter are known as
Dirac derivatives and they are satisfying the usual
relations:

(2)
v v v v

v v v v v

M , D g D -g D , D , D 0

M , M g M +g M -g M -g M

     

         

       
   

These derivatives Dµ transform as a vector
representation under the action of Mµv and admit infinite
realizations in terms of commutative coordinates xµ and
their derivatives Mµ

[21]. The simplest of them is given by:

(3)A
0 0 k k

1 a
D sin (a )+i e , D , k 1, 2, 3

a 2
     

with A = -iM0 and Δ = MkMk. In this study, we consider a
k-DKP theory in this particular k-Minkowski space-time,
constructed using Eq. 3. The latter equation is used to
investigate first order effects of the k-deformation on the
energy spectrum of the (3+1)-dimensional DKP oscillator,
and the associated wave functions, for a scalar boson.

MATERIALS AND METHODS

In this study, we present the k-DKP equation and
review its essential properties. First, let us recall that the
ordinary DKP equation, describing a free particle of mass
m is given by:

(4) 2i -mc (r, t) 0
   

where, ψ is the DKP spinor and βµ are matrices fulfilling
Kemmer’s algebra defined by:

(5)vv v v+ g + g              

with gµv the Minkowski metric tensor in a (3+1)-
dimensional flat space-time: gµv = diag (+, -, -, -). The
algebra generated by the matrices βµ have two nontrivial
irreducible representations. The first is five dimensional
and corresponds to spin-zero (scalar) fields whereas the
second has ten dimensions and is associated to spin-one
(vector) fields. For the scalar sector, an explicit form of
matrices βµ is given by:

(6)
i

0 i

i
T

00
, , i 1, 2, 3

0 0 - 0

  
           

where the block elements are defined as:

(7)
0 1

1 0

 
   

 

(8)1 2 3-1 0 0 0 -1 0 0 0 -1
, ,

0 0 0 0 0 0 0 0 0

     
          

     

ρT being the transposed matrix of ρ and 0 is the zero
(3×3) matrix. Then, using the realisation (3) of Dirac
derivatives, results in the following free k-DKP equation:

(9) 0 0 ia t
t

i a
sin (a )- e +i . -m r, t 0

a 2
          

Obviously, the non-deformed free DKP equation is
recovered in the limit a60. It is worth remembering that
k-deformation breaks the charge conjugation symmetry of
the DKP equation. To show this, let us first introduce a
minimally-coupled electromagnetic field Aµ = (A0, A),
into Eq. 9. This leads to the equation:

(10)
t 0ia( -iqA0 0 2

t 0

i a
sin[a( -iqA )] - ( -iqA) e )+

a 2

i .( iqA)-m] (r, t) = 0

      
  

where, q is the electric charge of the particle. In the
non-deformed DKP theory, the charge conjugation
operator is given by: C = η5K with η5 = η0 η1 η2 η3 where
η0 = 2 (β0)2-1 and ηk = 2 (βk)2+1 for k  =  1, 2, 3. However,
the matrix η5 anticommutes with all the matrices βµ which
can be easily verified using Eq. 5. Acting then on Eq. 10
with operator C brings it into the form:
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(11)
t 0ia( -iqA0 0 2

t 0

i a
sin[a( -iqA )] - ( -iqA) e )+

a 2

i .( iqA)-m] (r, t) = 0

      
  

Because of the a-dependent contributions (precisely
the second term), re-versing the sing the electric charge in
Eq. 11 does not produce Eq. 10. This shows that the
charge  conjugation  is  no  longer  a  symmetry  for  the
k-DKP equation. Hence, the particle and the antiparticle
should now acquire different energies. This feature of the
Deformed equation remains valid even in the particular
case,  when  only  first-order  terms  in  the  deformation
parameter are retained. In that case, the free k-DKP
equation, obtained by expanding Eq. 9 in powers of a is
given by:

(12)0 0
t

a
i - +i . -m (r, t) 0

2
          

It is worth noting that, when only first order effects
of the deformation are considered, using Eq. 12, we can
still establish the continuity equation:

(13)J 0
 

where the four-current density is still given by J   

with † 0.   

RESULTS AND DISCUSSION

We investigate now the effect of the k-dependent
contributions on the dynamics of the DKP-oscillator by
considering only terms of first order in the deformation
parameter a. The DKP-oscillator system, valid up to the
first order in a, stems from Eq. 12 after performing the
non-minimal substitution:

(14)0m r 

where ω  is the oscillator frequency and ˜r is the position
vector in the non- commutative k-Minkowski space-time.
It is realized in terms of commutative coordinates as:

 (15)tr r(1-ia ) 

where only terms of first order in a are retained and r is
the position vector in the commutative space. Then, the
resulting stationary equation describing a stationary state
ψ (r, t) = e-iEtφ(r) with energy E is given by:

(16)0 0 0 2 0a
E- ( + r) +i [ + (1-aE)r]-m (r) 0

2
            
 

Before proceeding further with the solution of Eq. 16,
let us make some comments on the equivalence between
the scalar DKP oscillator and the KG oscillator under
k-deformation. We recall that the usual KG oscillator
system stems from the substitution:

(17)2 ( -m r) ( +m r)     

in the free KG equation. As a matter of fact, it is well
known that both systems are equivalent in the
non-deformed case[13, 14]. To this end, let us set:

(18)
(r)

(r) X(r)

(r)

 
    
  

with Θ a three-component vector function. Then Eq. 16
yields the following system:

(19)

2

2

a
E- ( +m r) (r) m (r)

2

a
m(r) E- ( +m r) (r)+[ -m (1-aE)r]. (r)

2

m (r) [ + (1-aE)r] (r)

       
          

    

Thus, by eliminating X and Θ in favor of n, we
obtain an equivalent Klein- Gordon equation:

(20)
 2 2 2E -aE( + r) -m (r)

[ -m (1-aE)r][ +m (1-aE)r] (r)

     
    

Equation 20 is the same equation that would be obtained
by putting the substitution:

(21)2 ( -m r) ( +m r)      

into the free k-deformed KG equation, which is given, in
terms of Dirac derivatives by:

(22)2D D -m 0
   

Let us recall here that only terms of first order in a
should be retained. We conclude then that the
k-deformation preserves the equivalence between the
scalar DKP oscillator and the KG oscillator, at least to the
first order in a. Now, by returning to Eq. 16, we can easily
verify that the total angular momentum J = L+S where, L
is the orbital angular momentum and S is the spin
operator, is still a constant of motion. Indeed, the operator
β0[L+η0ωr], related to the deformation, commutes with J.
Thus, we will use spherical coordinates and search for
solutions φ (r) of the form:
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(23)

M
nJ J

M
nJ J

M
nJL JL1L

F (r)Y ( )
1

(r) G (r)Y ( )
r

H (r)Y ( )

 
 

   
   

where YM
J (Ω) is the spherical harmonics of order J while

YM
JL1 (Ω) stands for the normalized vector spherical

harmonics. Let us remember theta the total angular
momentum for the above states is J = L. Substituting this
expression of φ which is of parity (-1)J, into Eq. 16, yields
a set of five coupled radial differential equations
involving the components FnJ = F, GnJ = G and HnJ±1 = H±1,
given by:

(24)

J
J

J a 1J 1

J J+1 1 J a -1J

-
J J

a
E- D ( )D ( ) F mG

2

D ( )F -mH -

D (- a)H + D (- )H mF-

a
E- D ( )D ( ) G

2









     
  

    

    

where: andJ a(J+1)/(2J+1), J J/(2J+1), (1-aE)      

D±
J(ω) and D±

J+1(ω) are given by:
 

(25)q

d q
D ( ) +m r, q J, J+1

dr r
     

Eliminating G, H1 and H-1 in favor of F and neglecting
terms of higher orders in a, we end up with the following
equation:

(26)

2
2 2

22 2

2 2

d d J(J+1)
-2m aEr -J -m r +

F(r) 0dr dr r

m(1-eE) +(E -m )(1+aE)

 
    

  

Equation 26 can be brought into a confluent
hypergeometric equation using the change of variable:

(27)2m r  

 
along with the ansatz:

(28)(aE-1) /2 /2F(r) e f ( )   

where, the parameter γ should be fixed, so that, to peel off
the term multiplied by 1/r2 in Eq. 26. Thus, by setting γ = 
J+1, we obtain the following equation for f:

(29)f "( )+(d- )f'( )-bf( ) = 0    

where the parameters a and b are given by:

(30)
2 2m -E 1+J 3

b (1+aE)+ , d J+
4 m 2 2

 


Subsequently, the requirement that φ (r) be regular at the
origin dictates a solution f proportional to Kummer’s
function of the first kind, F (b, d, ρ)[22]. Moreover, given
the asymptotic form of F (b, d, ρ) as ρ64, the demand that
the wave function be normalizable  is  full-filled  by 
imposing  the  condition b = -n with n a positive integer.
This constraint determines the energy spectrum as
follows:

(31)2
NE m +2 m (N+1)-2 m a(N+1), N 0, 1, 2, ...     

with the principal quantum number defined as N = 2n+J. 
Firstly, we note that, for a 6 0, Eq. 31 yields the right
energy spectrum of the non-deformed DKP scalar
oscillator[13, 14]. This reveals the consistency of our
calculations. We also note the asymmetry between
particle and antiparticle energies introduced by the
a-dependent contribution. Indeed, the correction brought
by the deformation is the same for positive and negative
energies. This fact reflects the breaking of the
charge-conjugation symmetry for the k-DKP equation. In
addition, we remark that this energy correction increases
with the number N, hence, higher energy levels are more
affected by the deformation. Moreover, it turns out that
the presence of the a-term does not alter the known
degeneracy of the oscillator energy levels. Thus we could
surmise that the k-deformation preserve the underlying
symmetry of the DKP oscillator coupling.

As for the oscillator eigenstates, since, F (n, d, ρ) is
proportional to the generalized Laguerre polynomial of
degree n, Ld-1

n (ρ), the solution f can be rewritten as:

(32)
2

rm (aE-1)r /2 1 J J 1/2 2
n n nf (r) C e L (m r )   

with Cn a normalization constant. The remaining radial
components of the wave functions can be easily obtained
from f using Eq. 24. Let us note that states with higher
energies are more impacted by the deformation, since, the
parameter a appears in the function f multiplied by the
energy of the state. Moreover, for positive energy states,
the a-dependent contribution softens the Gaussian decay
of the function f whereas the latter is hastened for states
with negative energies.

CONCLUSION

In summary, this research considers a k-DKP
equation built in k-Minkowski space-time with a
non-deformed k-Poincar´e algebra, using the approach of
Dirac derivatives. This approach guarantees the
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covariance of the resulting equation with respect to the
k-Poincar´e algebra as these derivatives transform as a
vector representation under this algebra. We have studied
the  effect  of  the  k-deformation  on  the  dynamics  of
the (3+1)-dimensional DKP oscillator for a scalar boson.
Thus, using a perturbation method, we derived the
first-order corrections to the energy levels of the oscillator
and its eigenstates, for any value of the angular
momentum number. In particular, we have found that the
deformation introduces an asymmetry between particle
and antiparticle energies, thereby revealing the breaking
of the charge-conjugation symmetry for the k-DKP
equation. In addition, we have shown that the usual
degeneracy of the oscillator energy eigenvalues is not
affected by the k-dependent contribution.
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