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Abstract: Sufficient conditions for global relative controllability of certain types of nonlinear neutral time-
varying systems with time-variable delay in the control are given. By a careful linearisation of our system, the
results are obtained by use of Schauder’s fixed-point theorem and a generalization of Davison.
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INTRODUCTION

The problem of controllability of nonlinear systems
has been handled by many authors as in (Davison and
Kunze, 1964, Eke, 1990). Controllability of systems with
delays in the control has been considered in the process
(Chyung, 1970). The purpose of this study, 1s to extend
the work of Davison and Kunze (1964) by including the
time-variable delay in the control. The results obtained in
this study provide sufficient conditions for global relative
controllability of certain types of nonlinear neutral time-
varying systems with time-variable delay in the control
given by

%[D(t,x(t))] = Ltx()x()+ Cltx(Oulvity)y (D

Where x(t) 1s an nx1 state vector, u(t) 18 a px1 imput
vector, L(t,x(t)) is an nxn matrix and C(t,x(t)) is an nxm
matrix satisfying the following conditions

|Ltx)| <M forte[t,] andx eR" (2)

letx) <N fort € [t,t] andxeR* 3
Where M and N are positive real constants. The operator
D is given by

Dit.d)=x(t) — gltx(D) )
and

g [0,tl] x Bn— Rn

R" is a real n-dimensional vector space . We denote
B, [t,.t;] the Banach space of continuous R* valued
functions on [t,,t,] with the norm
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e pa [0 where 20 =Y 2.0 ()

1o StEh i=1

We assume that the function v:[t,,t,]~-R" is absolutely
contimuous and strictly increasing on [t,t,] and satisfy
the following condition

vit) 2t forte [te.t]
We introduce a time-lead function 1(s) such that

riv(t)) =t forte [t.t,] (6)

Tt is well known in Chyung (1970) that the complete
state of the system, (1) at time t is defined as in the case
of delay control.

Definition 1 (complete state): The set y(t) = {x(t),w(t)}
where w(t,s)=u(s) for s € [v(t),t) is said to be the complete
state of the system (1) at t.

Definition 2 (global relative control): The system (1) is
said to be globally relatively controllable on [ty,t,] if for
every complete state y(t;) and every vector x, € R, there
exists a control u(t) defined on [t,t,] such that the
corresponding trajectory of the system satisfies x(t,)=x,.

PRELIMINARIES

In this study, we gather the tools necessary in the
development of the main result of this study. Consider the
system (1), which is nonlinear. By replacing the arguments
x(t) of L and C by a specified function z € B [t,.t,] . the
system (1) becomes
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%[D(t,x(t))] = L{t,z(t)x(D) + C(t, (vt (7)

The system (7) is a linear approximation of (1).
Owing to the difficulty in controlling the system (1)
directly, we usually solve the system by controlling
system (7). We now obtain the varation of constant
formula for (7). The solution with initial complete state
y(ty) 18 of the form

X()=xt,t,, 0+ Ftt ,z)+ J‘; Fit,s, 2)C(s, Zu(v(s))ds
(8)

Where F(t.t;;z) 1s the transition matrix of the system x(t) =
Lt z(t)x(t). with F(ty,t:2z) = . System (8) can be written
m the following form as m Davison and Ball (1972),
Davison and Kunze (1964):

x(t)=x(t,t

2 g

0)+ Pt ty2)[x(t,)+ [ Ftyoris)2)

coyzwit s+ [ UFtrwn O
Clr(s);2)w(t,,8)r¥ (s)u(s)ds]
X(D) = X(t 1, §) + Fit 1, 2)[x(t,) + | Fityor(s):.2)
(10)

C(r(s);z)w(tu,s)rm(s)ds + J:Et )F(tu,r(s),z)

C(r(s);Z)w(t,,8)r(s)u(s)ds|

Let us assume that r > 1(t,) and for simplicity of
notations, we demote

Gt 2= [ Fre2cr: 2@ (g,
[Fit,,r(s):2)C(r(s;, 2 (s)] ds

Where T denotes transposition of matrix and

qly(ty,x(t);z) = F(t,, £, z)x(t) — x(t;) +

, (12)
[, Flt16):2C00s)2pwty sx Jucs)ds
RESULTS AND DISCUSSION
Theorem 1: Given system (7). Assume r,> 1(t,) and
Infdet G (t,, t;;z) >0 (13)

zeBnfto,t]

Then the system (1) 1s globally relatively

controllable on [tg, t,].
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Proof: We define the control u(t) in [t,,t,] as follows

F(t,, (), 2)C{r{t),2r* (1)G  (1,,1,:2)g
(yil,x%,;2 e[ty vt

u(t) = (14)

FH(to, 1, 2)G 1 (1,15 to ) X5
(b, 2)G 7 (10,1 2)g{y ( )Pief\)f(t),tl]

where y(t,) and x, are chosen arbitrarily. Inserting (14) into
(10) we have

to

z)%x(tu) -
Clr(shzwt, s (s)ds + j:m[F(tD,r(s);z) )

sz GG ™ (4, ,:2)q(y (L, ), x,:2)ds]

x(t) = x(t,t,,0)+ Ft,t;;

El

F(ty.r(s);,z)

By using Eq. 11 and 12 1t 1is easily venfied that the
control u(t) defined by (14) transfer the system (7) for
every z * B,[tyt,] from complete state y(t,) to the desired
state x, at t,. We now consider the right hand side of (15)
as an operator P(z)(t) which maps the Banach space into
itself. Hence we can write (15) as

x(t) = P(z)(t) (16)

Consider a closed and convex subset of B [t,t]:
A={z/z* B [t,,t,]:|2] < k} with k as defined in Davison and
Kunze (1964). We denote the range of the operator P
when A is m its domam by HcB [t,.t,].
Where

H={x{t/x(t)=P(z)t): z€ A (a7

P 1s continuous (Davison and Kunze, 1964) and
from Arzela-Ascoli theorem (Kantovich and Akilov,
1964) the image set H defined by (17) is compact and is a
subset of A. Hence by the Schauder’s Fixed Pomt
Theorem, the operator P has at least one fixed point.
Therefore, there always exists at least one function z* €
B.[t;.t,] such that

x*{t} =20 = P(z*)(1) (18)

It 18 easily verifiable by differentiating with respect to
t that x(t) given by (18) is a solution of the system (1)
for the control u(t) given by (14). The control u(t) steers
the system from the complete state y(t;) to x, on [t,.t,] and
since y(t,) and x, are chosen arbitrarily, the system (1.1) is
globally relatively controllable on [t,.t,].
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CONCLUSION

Using Schauder’s Fixed Point Theorem, sufficient
conditions for global relative controllability on [t,t,] of
certain types of nonlinear neutral time-varying systems
with time-variable delay in the control have been derived.
In the case t, = 1(ty), the global relative controllability on
[to,t,] does not depend on the delay.
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