Asian Journal of
Algebra

ISSN 1994-540X

science ﬁﬁuaée!%fg

alert http://ansinet.com




Asian Journal of Algebra 3 (1): 22-31, 2010
ISSN 1994-540X / DOI: 10.3923/aja.2008.15.24
© 2010 Asian Network for Scientific Information

An Algebraic-Analytic Approach of Diophantine Equations*
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Abstract: Our purpose in this research is to show how much Fermat equation is rich in
analytic applications. Effectively, this equation allows to build amazing sequences, series
and numbers. The question of the elementary proof of the theorem remains of course, we
will sec it in this communication. We will make also an allusion to the very known Fermat
numbers (x*), We will see how this problem of the proofis actual and how it can be solved

using Fermat sequences and series.
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INTRODUCTION

We show that Fermat equation allows to build rational sequences and series. After the forrmdation
ofthose sequences and series, we calculate their limits. We generalize the sequences and series and their
limits to Beal equation and to a generalized Diophantine equation. We define also complex sequences.
Of course, all the development is available for other Diophantine equations, we show an example, but
there are many others, like Pilai, Catalan and Smarandache equations.

THE SEQUENCES
Fermat equation is
U =3~Y"
GCDIX,Y)=1

We will consider in this study two equivalent equations. Effectively, let us pose
u=uyn

x=U"X"
y j— UnYn
z=X"Y"

After a little calculus
u=U"=U"X"+Y)=x+y (D

2n
1t Uur u x+y 11 ()
z XYY" UX"'WY" xy Xy X ¥

We deduce that if U, X, Y, are integers verifying Fermat equation, then w, x, v, zas defined verify
simultanzously the new Fermat Eq. 1 and 2 which follow:

Lemma 1
u=xty {3
1. 1.1 (4)
zZ Xy

*Originally Published in Asian Journdl of Algebra, 2008
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Let us build the sequences. If we pose

X =X
Y=Y
And Vax,,y, integers Iz, verifying
1 1 1
2.t
L X%
And
Z = L S
X+y
Then
(X, +¥)Z, =X,
And
X, (Y1 - 21) =X%
We pose
iy 4%
Y.=¥%"% X,
Also
X
Y1(X1 *21): -
1
We pose
21X
X,=X,—2 =
Y
And
Xy¥: = Z12
‘Which means that

X, =X, +Z) = X; + 4fX,¥;
ylzy2+zl:y2+@

U ==+ Y =% 4y, e R Y, 2 0
and

X1=.J€(.JZ+.J;)>X2>O
yI:JZ(J)E+.JE)>y2>O

X X
7= N ){2y2>22:72y2 >0

b xl + YI XE + YE
Because X Y::37; verifying
1 1 1
B
Z; X Y
The process is available until infinity. For i
U =X, 1Y = WXy TV Y2 Ky 4 ¥y > 0
X=Xy (\‘ Xin +‘\‘yx+1) F Xy 70
¥ =Y WX +4fVi) ¥ > 0

X y X +1y +1
Z‘ = = VXH-IYH-I > Z1+l = : : = 0

XEt¥ Xt ¥
And of course
1 1 1
= +
Zin X Yia
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We have built the sequences.

Lemma 2
X, 3/1 have an expression

H x? ¢+ y?yr (H)

=TT ey )
=0

Proof of Lemma 2
By traditional induction, fori= 2

% =%, (W, + ¥ ) = Jx, e y)?
x2

x2:x+y
Also
1
V=V 5, r ) = e y)?
_ Y
y27X+y

We suppose (H) and (H) true for 1, then

x—JT(JT o= Jjouy)z

x j=i-2 j=i-2 j=i-l

X, = =x? H oy Ry &y =x"T] " +y")"
X, Y, - g

Also
L
¥, = Vo G + Jym )= Vi (& + Y,
2 1 it i i s, i I
Yu= =y H(X“y Ty 6wy =y [ oy

X+ i=0 i=0 i=D

Itis proved, but ¥, ¥
j=i-2 b b

T & +y)-"—

i=0

Then, forx + y
Zi_l

X
X; ZW(X—Y)

51

__ ¥
X*ﬁ(xf}’)

Lemma 4
Fermat equation has the constant
X -y =X-y
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THE SERIES

As we saw
VEY =Y — Vi =X X
It implies the following sum
j=i+l
z (,ijyj):x ER.CED S ST SIS ST AE SRED £ N
=2
then
oo
> (\}X]yj-) = }Lrgl(){ —X;)
=2
And the limits, if x>y
2)71

lim(y,) = lim{—F—— (x - y)) = 0
i—o0 ey _y

And
) . X
lim(x) = lim(—g— (x -y =%~y
P ey
Ifx<y
x5
lim(x,) = im(—g—— (x -y =0
P ey
fim(y) = lim(—Y— (¢~ ) =y -
im(y,) = im{———=(x -yl =y -x
1m0 1= X —_ y
. i
Let us study series. If x>y then S ,x]y]): limx -x,)=x-(x-y)=y
j=2 1m0

And if x<y then g‘j ( fX,YJ) - }iﬂ(x -x,)=x
j=2

The Applications of the Sequences and the Series
We will consider firstly that x>v

((—I)J,ijyj) =X-X,— X, + X, ..+ DX %)
i
=X - 2K, + 2K, — o+ 20=10'%,, + (-1)""'x,

= ZE (D™ ) —x-{-1"'x,

=i

[

Also
((—I)J\IX,YJ) =Y Y.Vt Yttt (_l)i(y1-1 -y

[

=

=y— 2y, + 2y, — o+ 20Dy, + (=DM,
j=i .

=23 (FDMy) -y - =1y,
=1

Then 2]5“ {(-D™x,) =
=1

i
=

((—I)J,ijyj)Jr X+ {(-1)"'x,

il

We will study now the convergence of the series. As f -1y "XJYJ) is convergent and
=2

lim(y,) = lim(—?— - yp =0 and
i—m i 2T v
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S ()= 25 ) x - limC1x)

b}

= _ = _ N = _ .
=22 (DM -y lim(- Dy ) =23 (CDMy) -y Is convergent. It implies that 23 (-ty,) s
= i = =
j=2k+l j=2k

convergent. Then lli_r}l(g DMy = ,1152(22 D"y

It means one thing: lim((-1)""'x;)=0 and x-y =0, then lim(x,) = x-y =0 _Itis confirmed by the
fact the limit of the general term of the series (here x-y) is equal to zero, because
f (-1y"x) is convergent. And x—-y=U"X"-Y")=0 and X =Y =0, because
=1
GCD(X.Y)=1 (The reasoning is the same for x<y)

Our question is now: Why are there solutions for n = 2? The answer is in the equations.
Effectively, there are trivially an infimity of solutions for n= 1. But the sequences forn=1 are as it

follows;
2+ i 2 e

X
Xi= W(X -y=U <y (X-Y) XY

- et _y2rt

z! 2 32+
Y

— y _ Y _ 2 2
Yi - fyzkl(x - Y) =U X2i—1 ~ Y2i—1 (X - Y) = Xz_zx-z 7Y22i—1 (X -Y )

these are the expressions of the x_, and y,_, of the exponent n= 2. And for n = 2, the sequences are
21—1 3 i-1 Y 47 i3

_ y _ 172 Y 2 2y 4 4
¥i= xzi—l B y21-1 x-y)=U X;i-l 7Y2H X -Y)= X42"3 _ Y42"3 X -1

24 21 473
X (X7 - Y7 X

X :ﬁ(X*Y):UZ X'-Y"
-y

i1 Pl
-Y

X2
these are the expressions of the sequences and they do not guarantee the existence of the series for
i=2. So, the case n =2 is the only exception.

LAy

Other Applications of the Sequences and the Series

Let the Beal equation U°= X*~Y®, GCD (X.Y)= 1. If we pose
u=U"=TUX"+Y"

x=UX"

y=1U"Y"

z=X"Y"

Then

u=xty (5

2
1 U u ,X+Y,L+l (6)

1
z XY* UKUY xy xy Xy

Equation 5 and 6 are the new Fermat equations, they imply after the same reasoning and formulas
than for Fermat equation x-y =U* (X*-Y") =0
Which means
X=Y=0
Because GCD (3(Y)=1

Then Beal equation has not solutions, with the same calculus and reasoning than for Fermat
equation, for ¢>2 and a>2 and b>2.

26



Asian J. Algebra, 3 (1): 22-31, 2010

Now, let the general following equation
Yoo X XX
GCD(X,) =1
We pose
u=Y*
X=YNY"-X™)
y=1"X,™
z=X " (Y"-3,")
Withk=12,....
Then

u=xty (7

1 1 B Y _u_x+y 1 1 (8)
z X MY -X*) Y'XPY'WY'-X™) Xy Xy X ¥

Equation 7 and 8 are the new Fermat equation, generalized equation has no solution for n>i (i-1)
and n,>1 (i-1) other than
Yr=2X"=2X ":m=k
Then
X=Y=0
Because GCD (X =1
The new Fermat equations must be used with precaution, for example for the following equation

KU = X+Y”

There are solutions for k = 7 and there are not for k = 2. We must pose judiciously
u= U2n

x=U"X"

y=1Ury®

z=X"Y"
And the new equations are

ku = kU™ = kUM(X™ + Y™) = kix + y)

1 U= u ki k(x+y) 1 . 1

2 UX'UY®  k(xy) K'(xy) k'(xy) kx  ky

Which are not new Fermat equations and have not the same solutions. It is false to pose
u= k2U2n

x =kU"X"

y=kUTy"

z=X"Y"

Conclusion

The new Fermat equations allow to build sequences and series which allows to test the
impossibility of the resolution of an equation. If they are a consequence of some Diophantine
equations, they remain an intellectual building. They must be used with precaution, but they are very
efficient.
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Generalization
Now, we will generalize the results. Let the following equation
yroxm ¥ xn (B
We will prove that this equation has not solution for
n=ii-1,n; > i(i-1)vje {L,2,..i}
Whenn<i (i-1), n.< i (i-1), there are solutions, for example
i=2has 3+4* =5
i=3has 3445 =g’
05800*™217519™414560" = 422481*
i=4has 27484 +110°+133° = 144°
It seems to have solutions only fori+1, but we will prove that it 1s fori (i-1)
We will suppose that X, are coprime, let
K= YOURX ™ wke §1,2,.0}
u=Y"
V=X X5

Lemma 5
K AR et K =Y X+ + X ) =Y =0 &)

1 1 yriti-ha Ut

2 - - (10
voOXAX L XN YRR ey Eieg e yenw s oy o x

We will define the sequences

Ko = %
u, =u
V=V

K =X 5+ x5 ke l2 L0

Which implies
1 L L
U=X +X,+ .+ X =& +% .+ K >y >0

1 i-1 1 1 1 1

_ _ 1 T i i i ni-l
T T A N I T . TR e SL) Bl b V-
1 1 1
X 5%, 5 X el X Ky
_ M0ftap Wy T Ty Ty = bR U
i1 1,1 R il 1 —
u u

The reasonming is available until infimty. Then
1 1 1 1

Ky =Xy ' (XLJH‘ Xyt et xwl‘)‘ > Ky >0

1 1 1

- - T
IFED D SREINED AR 2L LD CWLESINED A I [N

1 1 1
X, X .. X L ! L Xy Xy oo X
_ MLty i i R B R B i+
V= T = K KK PV = 20
UJ uJ+1
Lemma 6

(P) is the following expression
=it 1 1 1
Xy = xk‘J(H x5 xS e x)e
1=0
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Proof of Lemma 6
By traditional induction, it is verified for j=1, we suppose that (P) is true for 3, so
1 1 1 1
i_ i i (-1
xk,j+1‘ - xk,j(xl,jﬂ‘ + x2,j+1‘ tot xi,j+11)
1 1 1 1 1 1
_ i T 7 Ta-iti-1) i i i iy-G-n
Kyjn =K (R’ TXgpt Hot X 00 SEITICIES AR SE S Y

1=j-1 ) 1=j-1
i i it yiti-gy o i i d5-(i-1) i it iti-1*
=x" (] & +%" +.+x5) X" +x, +..+X%") []x +%"+.+x5)
1=0

1=0
1 1= 1 1 1
_ i i i LRI )
=x" (] ®x +% +.+%)
1=0

And it is true for j+1.

Lemma 7
The equation (E) conducts to an impossibility, effectively, if we pose
u= Y]n
X=Y"¥X "™
y=Y"(Y"-X™)
2= X (Y -X.™)
1, %, v and z verify the lemma 1

U=x+y
11,1
z Xy

‘Which conducts, we saw it, to
X=¥%
U=X, =0,vkeil2,. i

Because they are coprime. Now, the question is: why are there solutions for
n<ifi-1n, <i(i-1)?

Let us pose
n=i(i-1yn, =ii—1), vk e {1,2,...i}

The expression (P) becomes
. 1=i-1 1 1 a1
X =% (] x° +%0 +rx e
1=0

1=l
- - _nil _1l _pyil 1yl 1l il i
-y 1)13Xk1(1 13 ((1—[ b X];o | yit-ni ij(’ nh e X]'(’ 1i 3 (-1

1=0

W =it
_ 1 _ 1 14l il 14l _13il il 19k s —fi =
— G- }ik(‘ 1y ((H yid 1)1)111(1 it yid 1)1)121(1 Dty yid-nd Xii(t i N -1

1=0

1+l

il il i+l il =
Xlo i ytin1 qu I X‘(' 1)

1+l

o 1=j-l
:Y(j-nmlxk(‘-nw‘((l—[ yo-ni ))-(1-1)
1=0

W FEi
SR . 1 .1 . 1 1 1 1 R
— yE-bi }ik(rl)x” ((HV(H), X0l yeeniy abl | yE Dty ablyyan

1=1

It is the expression for the exponent (i-1). If there are solutions for the exponent (i-1), there will
be solutions for the exponent i(i-1). Tt is not true for i, because of the exponent —(i-1) in the expression

(P).

Conclusion

The sequences and the series as we defined them have several applications in several diophantine
equations, we saw Fermat and Beal, we saw the generalized equation (E), but there are many others

like Pilai, Smarandache, Catalan... They are truly very amazing !
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THE ALGEBRAIC APPROACH

Now, let Fermat equation
U2 =X 4 Y = X0 4 (Y™

i‘=-1

We pose
x'=U"xX"
¥'= —iUmY"

U= U= UK +i(-iY" ) =x +iy

2 =Xy =2
u

We will build sequences

X =x'
y'1:y
u'=u’
2 =2
And

(y'1*2'1)x L=¥h%'= iy'12'1
(x'1_iz'1)y'1 =x\z\=x4,Yy}

iZ'12=X'2Y'2

XLy

2 2
V=YL =Y+ i
) v XL ¥,
X =x'+iz| =x',+i

i

And
1 1 1

Z'Z X'Z y'Z
The process 1s available until infinity, for j

j+1 y i+
i

[ TR
Yi=¥mTZ, =¥t

y'
X' =X, iz =X, i J” i

x +1y,—(JT+,/ly,+l)2

And
1 1 i
+

'
j+H

Z X

'
i+ y i+

The expressions are

m=j-2 .
X'J=X'2H H (X'2 +(iy,)2“‘)-1
m=0

m=j-2
PRt W !

y =iy &7+ Gyy

m=0

30
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We prove it by induction, as we did for rational sequences
So

x’] = XJ

¥, =iy,

y; is solution of

-1y, Y- Y, =0

g = iy'j+1 + \f*y']+12+ 4iy'j+1 X

! 2i

12 12
-1+ fl+le—5 L+ Jl+16—1
— . , Y . ¥in
\!*y]ﬂ+4ly]+1xj:u+w:y]+1 2 +1 2 )
And

[
X=X

v =iy
It means that

Also for x|
So the only solution is
x=y=0

CONCLUSION

It appeared since the beginning, before the change of the data, that the equation contains a
symmetry between x and y. Effectively, we found u=x+y. We broke the symmetry by changing the

equation in two equations u = x+y and 1.1 ¥ 1 We have solved the equation and found a method
Z X ¥

of resolution of Beal equation The conclusion is that Fermat equation (E) conducts always to an
impossibility. It is also the case of Beal equation and generalized Fermat equation.
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