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ABSTRACT

This paper 1s a study on algebraic structure of Pre A*-algebra. First we define partial ordering
on Pre A*-algebra. We prove if A is a Pre A*-algebra then (A, <) is a poset. We define a semilattice
on Pre A*-algebra. We prove Pre A*-algebra as a semilattice. Next we prove some theorems on
semilattice over a Pre A*-algebra. We define distributive and modular semilattices on Pre
A*-algebra We define complement, relative complement of an element in Pre A*-algebra. We define
complemented semilattice, relatively complemented semilattices in Pre A*-algebra. We give some
examples of these semilattices in Pre A¥*-algebra. We define weakly complemented, semi-
complemented, umiquely complemented semilattices in Pre A*-algebra. We prove some theorems on
these semilattices in Pre A*-algebra.
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INTRODUCTION

The study lattice theory had been made by Birkhoff (1948). In a drafted paper “The Equational
theory of Disjeint Alternatives”, around 1989, Manes (1989) introduced the concept of Ada
(A, A, V) (Y ()., 0,1, 2) which however differs from the definition of the Ada. While the Ada of the
earlier draft seems to be based on Boolean algebras, the latter concept 1s based on C-algebras
(A, A, V) (97 introduced by Guzman and Squier (1990).

In 1994, Koteswara Rao (1994) firstly introduced the concept of A* algebra (A, A, V, ., ()7, (-),,
0, 1, 2) and studied the equivalence with Ada, C-algebra, and Ada and its connection with 3-ring,
Stone type representation and introduced the concept of A*-Clone and the if -then-else structure
over A*-algebra and ideal of A*-algebra. We introduce Pre A*-algebra (A, A, V, (-)7) analogous to
C-algebra as a product of A*-algebra. Recently Pre A%*-algebra had been studied by
Chandrasekhara Rao et al. (2007), Rao and Satyanarayana {2010}, Rac and Rao (2010) and Rao
and Prarocopa (2011).

Definition 1: An algebra (A, V, A (-)7) satisfying:

{a) (x)"=x, ¥VxcA

b) xAx=x, VxcA

{c) xAy=yAx Vx yeA

d) xAy)=x"Vy,Vx yeA

{e) xA(yAhzZ =AW Nz Vv zcA

M) xA Ve =AY xAz), VX v 2cA
@) xAy=xAEVy),Vx yeA

is called a Pre A*-algebra,
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Example: 3 ={0, 1, 2} with \V, A (-} defined below is a Pre A*-algebra.
Example of a Pre A*-algebra:

Aalo|1] 2 v|io|1l]2 X|x
glojo|2 0|0 |12 ot
1|o|1]2 1]1]1]2 110
2(2]2]2 201222 2]z

Example: 2 = {0, 1} with ¥, A ()" defined below is a Pre A*-algebra
Example of a Pre A*-algebra:

Alo] 1 vlo |1 x| ¥
0]6| D 0l9 1 0
01 1111 110

Note: The elements O, 1, 2 in examples satisfy the following laws:

(a) 2=12
by 1Ax=x ¥V xe3 (1l theidentity for /)
{c) 1"=0

(d) 2/hx=2, ¥ xe3
{e) OV x=x V¥ xe3 (0 is the identity for V)

Note:

(1) (2,7, A (-))1s a Boolean algebra. So every Boolean algebra is a Pre A* algebra
{(11) The identities Def. 1a and Def. 1d imply that the varieties of Pre A*-algebras satisfies all the
dual statements of Def. 1a to Def. 1g

PRE A*ALGEBRA AS A SEMILATTICE
Definition 2: Let A be a Pre A*-algebra. Define<on A by x<y if and only if xAy = yAx = x, ¥V x,
yeA,

The defined<is said to be partial ordering on Pre A*-algebra A.

Lemma 1: If A is a Pre A*-algebra then (A, <) is a Poset.

Proof: Since ¥A\x = x, x<x for all xeA.
Therefore, < is reflexive.
Suppose that x, y, zeA, x<y and y<z.
Then we have yAx=x/\y =x and z\y = y/\z = ¥.
Now x = x/\y = xA\y/z = x/\z
xAz = zhx = x
Therefore, x<z
This shows that < is transitive,

Suppose that x, yeA, x<y and y=<x.
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yhix =xAy =xand yAx =x Ay =y

This shows that x =y,
Therefore, <is antisymmetric.
Henece (A, <) 1s poset

Semi lattice in a Pre A*-algebra
Definition 3: A non-empty subset S of a Pre A*-algebra A equipped with a binary operation A(Y)
is said to be a semn lattice, if the following semi lattice axioms are satisfied.

(1)  A(Y)1s associative
lLe,af(bAcy={aAb) e Va, b, ccS

(1) A(Y)1s commutative
ie,afAb=bAa, ¥ a,besS

(111) A(Y) 1s idempotent,
le,afa=a,VacS

Theorem 1: In Pre A*-algebra A (S, A) and (3, V) are semi lattices,

Proof: In Pre A*-algebra,aA (b Ac¢)=(aAb) ¢ ¥a,b, ccA (Def. le)
afb=bAMa, VabecA (Def lc)
and a/A a=a, V acA (Def. 1b)
Hence, (5, /) 1s a semi lattice.
By the duality in A (S, V) is a semi lattice.

Theorem 2: In Pre A*-algebra A, the class of semi lattices can be equationally defined as the
class of all semi group satisfying the commutative and idempotent laws.

Proof: Let (S, A, V) be a semi lattice in a Pre A*-algebra A. By the definition of semi lattice we have
AV) 1s assoclative. le, afN (b A c)=(aAb) e, Va, b, ceS

1) A(V)is commutative
le,afAb=bAa,Va,beh

(i) A(Y) is idempotent.
le,afa=a,Vae3

Henece, (5, /) as well as (8, V) is a serm group satisfying commutative and idempotent laws.
Therefore, (5, /A (V) is a semigroup satisfying the commutative and idempotent laws.

Converse: (S, /) as well as {3, V) is a semi-group satisfying commutative and idempotent laws.
By the definition of Pre A*-algebra A:

e af(bAc)=(aNb)he ¥a,b, ceA (Def le)
¢« afAb=bAa ¥a bcA(Def le
¢« afa=a,VacA (Def 1b)
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Hence, A(V) 18 associative, commutative and idempotent.
Henece, (5, A(V)) 18 a Semilattice in a Pre A*-algebra A.

Pre A*-algebra as a semilattice
Theorem 3: Let A be a Pre A*-algebra. Then A is a semilattice.

Proof: Since A 1s a Pre A*-algebra:

¢« Thenaht (bAc)={arhb)Nc Va, b, ceAby (Def. le)
e« afAb=bAa Va bcAby (Def le)
« afa=a,VacAby (Def 1b)

Hence, A is a semilattice

Note: We can also define Pre A*-algebra as follows:
An algebra (A, A, V, 7) is said to be Pre A*-algebra where A is non-empty set with 1 and A, ¥ are
binary operations ~is a unary cperation satisfying:

« (A N)is asemilattice

e XU =x, WV, x A

e XAy =x"vy,Vx yA

e XAz =AYV (XAZ), VXY 2cA
e XxAY=XAX VYY), VX vV, zA

Theorem 4: L.et A be a Pre A*-algebra. Then in a semilattice A, define x<y if and only if
xAy =x. Then (A, <) 1s an ordered set in which every pair of elements has a greatest lower bound.
Conversely, given an ordered set P with that property, define x Ay =g.lb. (x, ¥).

Then (P, A) is a semilattice.

Proof: Let (A, A) be a semilattice and define< as above. First we check that < is a partial
order:

(1) xAx =ximplies x<x
(i) Ifxcyandyex, thenx=xAy=yAx=y
(ii1) If x<y<z, then iz = {xAy) Az =x A (yAz) = x\y = X, s0o x<z

Since (xAy) A x =x A (xAy) = (xAx) Ay = xA\y), we have x/\y<x similarly xAy<y. Thusx A yis a
lower bound for {x, v}.

To see that it is the greatest lower bound, suppose z<x and z<y. Then z A (x\y) = (z/Ax) A
v =z/Ay =z, 502<x Ay

Converse: suppose(P, <) is an ordered set.

define xAy = g.1.b. (%, y).

Sinee (P, <) is an ordered set:

15



Astan J. Algebra, 4 (1): 12-22, 2011
(1) x<ximplies xA\x =x
(11) x<y and y<x, then x/y = yAx
(111) z<x and z<yimplies z A (xA\y) = @A) Ay
Hence (P,/\) is a semilattice.
Distributive semilattice in a Pre A*-algebra
Definition 4: Let A be a Pre A*-algebra Then L is said to be distributive semilattice if any elements
a, b, cin L we have the distributive law
af(bVecy=(arb)Viafc)Va,b,cel
Example: 2 = {0, 1}is the distributive semilattice in a Pre A*-algebra
Theorem 5: Let A be a Pre A*-algebra. Then A is a distributive semilattice
Proof: Since A is a Pre A*-algebra, for any elements a, b, cin A we have the distributive law:
af(bVecy=(aAb)Viahc),Va, b, ceA
Lemma. 2: Let A be a Pre A*-algebra. Then in the Poset (A, <):
Ifasb=aVibAcy=bA(aVc),Va, b, ceA
Proof: Define<in A as acba/Ab=a(.e,ayb=h)
Suppose a<bthenb A a=a
NowbA(aVe)y=bAray(bAc

=aV (b A c) (by Def. 1)

Modular semilattice in a Pre A*-algebra
Definition 5: Let A be a Pre A*-algebra. Then L is said to be a modular semilattice if;

Xey=xV{y A=y ARV Z),VXy,2z€A
Example: 3=4{0, 1, 2 }is the modular semilattice in a Pre A*-algebra
Theorem 6: Let A be a Pre A*-algebra. Then A is a modular semilattice.

Proof: Since A 1s a Pre A*-algebra,
By lemma 2:

xX<y=xV (yhz)=yv A (xVzZ), VX, v, ZEA

Hence, A 1s a modular semilattice.
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Complement of an element in a Pre A*-algebra
Definition 6: Let A be a Pre A*-algebra with least element ¢, greatest element B. Then acA is said
to be complement. if there exists xcA:

SuchthataAx=¢, aVx=p

Note: Since A,V are commutative in a Pre A*-algebra, we have if x 1s a complement of a then ais
also a complement of x.
Hence, a, x are complements to one another.,

Complemented semilattice in a Pre A*-algebra
Definition 7: Let A be a Pre A*-algebra then A is said to be Complemented semilattice if each
element has a complement in it.

Example: The semilattice shown in this Fig. 1 is a complemented semilattice:

+ Here every element has a complement but these are not unique
+ Here b, ¢ are complements of a
+ Here a, ¢ are complements of b
*+ Here a, b are complements of ¢

Example: This is example of a semilattice which is not complemented.
In Fig. 2, the elements a, e ¢, d have complements but the element b has no complement.

Fig. 1: Complemented semilattice

-

/

Fig. 2: Example of a semilattice which is not complemented
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Theorem 7: Let A be a Pre A*-algebra. Then A is a Complemented semilattice.

Proof: Since A is a Pre A*-algebra, A is a semilattice.
Since each element in A has a complement in it, hence A is a Complemented semilattice.

Theorem 8: Let A be a Pre A*-algebra. Then A is a Complemented distributive semilattice

Proof: Since A is a Pre A*-algebra, Then A is a Complemented semilattice also distributive
semilattice.

Unique complement of an element in a Pre A*-algebra
Definition 8: Let A be a Pre A*-algebra Then acA is said to be unique complement. if a has exactly
one complement in A,

Uniquely complemented semilattice in a Pre A*-algebra
Definition 9: Let A be a Pre A*-algebra. Then A is said to be uniquely complemented semilattice
if each element 1in A has unique complement, in A.

Relative complement in a. Pre A*-algebra
Definition 10: Let A be a Pre A*-algebra. Let [a, b]eA and u is an element of [a, b]. An element
x of A is said to be relative complement of uin [a, b]if uAx=a,uv x=b

Note: If x is a relative complement of u in [a, b] then we have:
x£[a, b] and x1s complement of uin [a, b]

Relatively complemented semilattice in a Pre A*-algebra

Definition 11: Let A be a Pre A*-algebra. Then A is said to be relatively complemented semilattice,
if for any triplet of elements a, b, usuch that a<u<b there exists at least one complement of u
in [a, b] i.e., every interval of A is a complemented semilattice of A,

Example: The semilattice shown in Fig. 1 is an example of a semilattice which is complemented
as well as relatively complemented.

Note: Let A be a Pre A*-algebra hen every bounded relatively complemented semilattice in A is
complemented but converse 1s not true 1.e., a complemented semilattice in a Pre A*-algebra A may
or may not be relatively complemented semilattice.

Example: The semilattice shown in Fig. 3 is complemented but not relatively complemented.

p
d

o

Fig. 3: Example of semilattice which is not relatively complemented
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p

Fig. 4: Example of semilattice which is not section complemented

[ %]

Fig. 5: Section complemented semilattice
Since [«, b], [a, B] are not complemented semilattices since a has no complements in [¢, b]

Example: The semilattice shown in Fig. 3 is not relatively complemented.
Since [a, B] ={a, d, B} is not a complemented semilattice since a has no complement hence it is
not relatively complemented.

Section complemented semilattice in a Pre A*-algebra

Definition 12: Let A be a Pre A*-algebra with least element «. Then A is said to be section

complemented semilattice if every interval of the form [¢, a] is a complemented semilattice of A.
1.e., for each pair of elements a, u with uza there exists an element x€A such that u/x = ¢,

uvx = a.

Example: The semilattice shown in this Fig. 4 1s not section complemented because [, b] 1s a not,
complemented semil attice.

Example: Figure b example of a semilattice which is section complemented.

Theorem 9: Let A be a Pre A*-algebra. Then every relatively complemented semilattice in A is
section complemented.

Proof: Since A is a Pre A*-algebra, if L 1s a relatively complemented semilattice then by the
definition L every interval of A is a complemented semilattice of A.
Hence, L is section complemented semilattice.

Note: Let A be a Pre A*-algebra every relatively complemented semilattice in A 1s Section
complemented but converse is not true.
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Semi-complement of an element in a Pre A*-algebra
Definition 13: Let A be a Pre A*-algebra with least element ¢ and ucA. An element xcA is said
to be semi-complement of u if u A x = ¢ (x 1s not. equal to «)

Definition 14: Let A be a Pre A*-algebra with least element ¢ and ueA. Then all Semi-
complements of an element u forms a poset U. If this poset has a maximal element x,then x,is called
maximal semicomplement of ui.e., if there exists x€A such that u A x = & and %y <x implies x = x,

Definition 15: Let A be a Pre A*-algebra with least element «. The semi-complements of an
element other than the least element « is called a proper semi-complement in A. If in addition the
proper semi-complement 1s maximal then it is called maximal proper semi-complement in A,

Semi-complemented semilattice in a Pre A*-algebra

Definition 16: Let A be a Pre A*-algebra with least element ¢. Then A is said to be Semi-
complemented semilattice if every inner element. (other than least and greatest elements in A) has
at least one proper semi-complement.

Weakly complemented semilattice in a Pre A*-algebra
Definition 17: Let A be a Pre A*-algebra with least element «. Then A is said to be weakly

complemented semilattice if any pair of elements a, b (a<b) of A a has semi complement, that is
however, not a serm complement of b 1.e., x 18 semi complement of a but not semi complement, of b,

Example: The semilattice shown in Fig. 6 is example of a semilattice which is not weakly
complemented.

This 1s not weakly complemented since a<b and ¢ 1s semi complement of both a and b.

Theorem 10: Let A be a Pre A*-algebra. Then every weakly complemented semilattice in A 1s semi-
complemented.

Proof: Let A be a Pre A*-algebra with least element «, greatest element 8
Let L be any weakly complemented semilattice in A

Claim: Lis semi-complemented
Let acli be an inner element 1.e.:

Fig. 6: Example of a semilattice which is not weakly complemented
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azd, a+ [}

¢ = ais not a maximal element
« = JbcL such that a<b

Since Li1s weakly complemented semilattice in A, we have that there exists semi-complement
x of a which 1s not a semi-complement of b
ie.

afhx=e=b/ X *¢

then x is proper semi-complement of a and hence L is semi-complemented. Hence every weakly
complemented semilattice in A 1s semi-complemented.

Absorption law in Pre A*-algebra
If a A b<b then (aAbMb =b

Theorem 11: Let A be a Pre A*-algebra with least element @. Then every section complemented
semilattice in A is weakly complemented.

Proof: Let A be a Pre A*-algebra with least element «.
And L be section complemented semilattice in A,

Claim: L is weakly complemented.
Let a, beLi such that a<b
Now [«, b]is a complemented semilattice of L
Sinee L is section complemented and ac[c, b]=d xcL such that.

afhx=0o,aVx=b
ConsiderbA x=(aV x) A\ x

=x (by absorption law in A)
When:

x=¢,b=aVa=b=aV (ahx)=a
Therefore, b = a which is a contradiction teo a<b
Thus x#¢

Hence L is weakly complemented semilattice,

Theorem 12: Let A be a Pre A*-algebra with least element «, greatest element . Then every
uniquely complemented semilattice in A is weakly complemented.

Proof: Let Abe a Pre A*-algebra with least element ¢, greatest element B and L be any uniquely
complemented semilattice in A,
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Claim: L is weakly complemented.
Let a, beLi such that there exists unique complement a”of a such that:

afa =a,aVa=p

i.e., a”is semi-complement of a
since a<b we have bva >aVa"= [}

= Va™p
since § is greatest element in A, f>,Va™
-, Va'=p

b A a™# o (suppose if b A a” = then a”1s complement of both a and b which 1s a contradiction to our
assumption that L is uniquely complemented semilattice in a Pre A*-algebra).

Therefore, afa™ = «, bAa™#a

Hence L is weakly complemented semilattice in A.
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