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ABSTRACT

Let 9 be a variety of groups defined by a set V of laws. In this study, for infinite groups, we
first continue the hyper marginal series of infinite ordinal numbers via transfinite recursion and
by this idea introduce the hyper marginal subgroup of an arbitrary group then with define the first
hyper marginal groups, extend the Grun Lemma in an arbitrary varity & of groups and show that
all of perfect groups in variety ©(%- perfect groups) are first hyper marginal groups. In the end
of this investigation, we compute hyper marginal subgroup of the quotient group S and direct
proeduct of a finite collection of perfect groups.
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INTRODUCTION
Let F be a free group on a countably infinite set {x,, x,,...} and let V be a non-empty subset of

FoIfy= X; l Xi212 X e v and gy, g,,...8; are elements of a group G, we define the value of word

vat (g, gy, B tobevig, g, g )=8"g." 8" -

The subgroup of G generated by all values in G of words in V 1s called verbal subgroup of ¢
determined by V, i.e:

veV,geGl<i<n] ) (1)

V(G)={ {v(gr8:8.)
Marginal subgroup of G determined by V is defined as:
V'(G) :{ge G|v(g1,...,glg,...,gn) =v(g...g ).g €G,1<] Sn} (2)

A variety generated by the set V is the class of all groups G such that V (G) = 1. Let NG we
defined:

[NV*G] :<{v(g1,...,gla,...,gn)v(gl,.._,gn )71|ve V,ae N,g, € G,1<i Sn}> (3)

A group (Gis called O -perfect at variety 9§ if G =V ((3). Neumann (1970) and Hekster (1989)
developed the concepts like isologism and stemgroup in variety and they provided some preliminary
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properties and notions concerning verbal and marginal subgroups, for example he showed that for
an arbitrary group Gin variety 9, G =V (@) if and only if V (G) =1 or if N«G then

VI (G)N < V*(G)

N N

Definition 1: Let ¥ be a variety of groups, we define the hyper ¥- marginal {(or briefly hyper
marginal) series of G to be:

1=V (G <V(G)=VI(G<.. <V I(G)<...

where:

For infinite groups, one can continue the hyper marginal series of infinite ordinal numbers via
transfinite recursion for a limit ordinal A, define

vi(G)=Uva(a)

oA

The limit of this processes (the union of a higher marginal subgroups) is called the hyper
marginal subgroup of & and denoted by V%, (G). The group G is called hyper marginal if
V4 (G) = (). In the particular case, if § be the variety of abelian groups, defined by the set
V = {[x,, %]}, then the last series is the hyper center series and the hyper marginal subgroup of G
is the hyper center subgroup of (3, such that Baer (1953) studied many aspects of them like that the
hyper center subgroup of G which dencted by H ((3) is a characteristic subgroup and smallest,

G
H(H(G)}l

Example 1: In the variety of abelian groups, the quaternion group Q,, the dihedral group of

normal subgroup of G such that

degree 4, D, and set of integral numbers are hyper marginal thyper center) groups.

Definition 2: Let 9 be a variety of groups, if for an arbitrary group G, V' (3)# 1 and

then V*_ (G) =V* ((), for all natural number n and so on V', (G) = V' (G). In this case, the group
(r1s called the first hyper marginal group.
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Lemma 1, (Extension of grun lemma): Let § be a variety of groups and G be a 9 - perfect

group, then

Proof: Let

S0

By definition of verbal subgroup, V (G) = [GV'J], then V (3)cV" (3). Using the perfectness of
G, implies that G =V (&) so gV" (@) = V' (3) and this complete the proof.

Corollary 1, (Grun lemma): If (G be a perfect group, then

G
z[m}_l

Proof: In the previcus lemma, set V = {[x,, x|}

Corollary 2: Let & be a variety of groups and G be a ¢ - perfect group, then G is a first hyper
marginal group.

Proof: According to lemma 1,

so V," ((3) = V' (3). Induction on n, shows that V*_ (3) = V' (3) and so on V5 (G) = V" (().

Corollary 3: Let ¢ be a variety of groups, then the first hyper marginal group G is hyper
marginal group if and only if V (G) = 1.

25



Astan J. Algebra, 4 (1): £23-30, 2011

Proof: If G be a first hyper marginal group, then V4 (G) = V" ((3). Now if assume G is a hyper
marginal group, then G =V"; (G) and so on G=V" (3) and by Hekster (19839) G = V" ((3) if and only
if ¥V {(G) = 1 so verbal subgroup of Gis trivial. The converse part is clear.

Corollary 4: Let § be a variety of groups, a & - perfect group (518 hyper marginal group if and
only if G be the trivial group.

Proof: It is clearly by using previcus corcllaries,

RESULTS

Here, we investigate the properties of hyper marginal subgroup of an arbitrary group G and
then we compute the hyper marginal subgroups of the quotient group S and the direct product
of a finite collection of perfect groups. N

Some of results of Ramos and Maier (2007) like that if N<G then

are extended to hyper marginal subgroups.

Lemma 2: Let § be a variety of groups and G be an arbitrary group, then V, ((3) is a characteristic
subgroup of G, for all ordinal numbers.

Proofl: One can easily shows that V{(Q) is a characteristic subgroup of G. It is clearly that if

HaN«G, H is a characteristic subgroup of (if and only if H is a characteristic subgroup of S so
N

since N

V;(G)V,{ G F G
Vi(G) | v(G) ] VIG)

then V*, (3) is a characteristic subgroup of G. By doing this processes V", (G) is a characteristic
subgroup of G, for all ordinal numbers «.

Proposition 1: Let © be a variety of groups, then for an arbitrary group G, V7 () is a
characteristic subgroup of G.

Proof: Let peAut (3) and xe V™, ((3), then there exists ¢, such that xeV* (). According to Lemma
2 ox)eV' (G) so @ XeVL(®), then ¢ (VLG))<V LX) and consequently VL () is a
characteristic subgroup of G and so V', (G)« G,

Theorem 1: Let 8 be a variety of groups, then for an arbitrary group &, V' (Q) is the smallest
normal subgroup of (G such that:
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Proof: According to definition 1, there exists «, such that

S G ) V.(6)
¥ [v;(G)J‘v;(G)

On the other hand by the definition V'y(3@), V(G <V'y(G) for all ordinal number B, so
V' (G =V, (3), then
N G
v Y
{v;;(GJ

Now shows that V' () is the smallest normal subgroup of G with above property.
Let NaG such that

V(S)NSV*(%J
so V' (). Also:
), vt e
G V(G 5 V(G) V(G
LV[N}_V V?G) _ V}(\IG)

By doing this processes, V', (G)<N for all ordinal number ¢ and so on V*}; (G)<N.

Theorem 2: Let 9 be a variety of groups, G be an arbitrary group and N«G then

Vi (G)N < VH[E)

Proof: Let



Astan J. Algebra, 4 (1): £23-30, 2011

so M«(G. On the other hand:

|
<*
::<* a
N
B&
S~
|
<<}
z|glz|a
I
<*
TN
Zla
S~

And so on, according to previous theorem, V4 (()<M then

Va(GIN MN M _ (G
N BN

N N

Theorem 3: Let ¥ be a variety of groups, G be an arbitrary group, NG and N<V*4 (G) then

On the other hand,

According to theorem 1,

In the particular case, it is enough to set N = V', (3).
Proposition 2: The heomomorphic image of a hyper marginal group is a hyper marginal group.

Proof: Let & be a variety of groups, (3,,...(G, be an epimorphism for any group K. According to
theorem 3,

Vi (K) =V, G :V;(G): G _
" Ul Kera Kero Kerat

Proposition 3: Let & be a variety of groups, G, ..., G, be arbitrary groups, then
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V(G % xG )=V, (G)x.x V. (G,)
for all natural numbers n and m.

Proof: We doing the proof by induction on n. If n =1, it 1s clear by definition of marginal subgroup.
Assume that statement holds for n = k, then for n = k+1 we have:

v _Gix..xG, :V;H(Glx...xGm)
V(G x..xG,) | V(G x.xG,)

According to induction hypothesis

V(G %G ) = Vi (G x Vi (GL)

SO

- *GlX—XGm -V *G‘ XX *Gm :
R | A RO MG

Using definition of marginal subgroup implies that

v S0 Gn | | S |yt _Sa |
V(G x..xG,) Vi (G) Vi(G..)

Now definition 1 implies that

for 1 <1 < m. Consequently

*

V(G % xG,) \/:H(Gl)x_“>< Vii(Gu)  Viu (G ) Vi, (Go)
V(G x.xG) Vi {G,) Vi(G) V(G )x.xV{G,)

Using induction hypothesis again, implies that

Voo (GoxxGL) Vi (G )= Ve, (GL)

V, (G, x..xG,) Vi (G, x..xG )

SO

Vi (G x Gy ) = Vi (G )% x Vi, (G
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and this implies that statement holds for all natural number n.

Proposition 4: Let & be a variety of groups and G,, (3, be two arbitrary groups, then

V;(G1XG2):V;I(G1)XV;I(G2)'

Proof: Let(x,v)e V4(G,xG,), then there exists an ordinal number « such that (x,y)e V,(G,xG,).
Previous propesition implies that xeV*, (G)) and veV", (G,), so

(x,y)e L;JV{:(GI)XLQJVD’Z(GZ): V(G )x Vi (G,)

then V;(G,xG,)c Vi(G,)xV4(G,). Now assume that (x,y)e V;(G,)x V4(G,), then there exists ordinal
numbers ¢, and ¢, such that xe V,(G,) and yeV, (G,). Let a;<ay, then since V, (G,)<V, (G,) so

xeV, (G,) and soon (x,¥)e V, (G,)xV, (G,)=V, (G,xG,), then

(x,y)e | JVa(G,xG,) =V, (G, xG,)

50 V(G )xVi(G,)C V(G xG,) and this complete the proof.

Theorem 4: Let 8 be a variety of groups and G,,..., G, be arbitrary groups, then

Vi (G, x.xGL) = Vi (G x.x Vg (G).

Proof: According to proposition 4 and by induetion on n, the proeof is trivial,
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