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ABSTRACT

Let M be a I'ring. An element acM is called a dependent element on a mapping F: MM if
F(x)xa = aax holds for all xeM, «el’. In this study, we determine the characterizations of dependent,
elements on certain mappings on prime and semiprime I'-rings by taking a certain assumption
xayPz = xPyuz for all x,y,ze M, ¢, fel’. For the case of semiprime I''ring M, we also prove that the
mapping 0+t is a free action if 0 and T are automorphisms of M.
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INTRODUCTION

We consider a I'-ring due to Barnes (1966). The center of M is dencted by Z{M). For any x,
yeM, the notation [x, y],and (x, ¥), will denote xey-yax and xay+yax, respectively. We know that
[xBy, z], = «Bly 2], H[x, z].By+x([B, ¢y and [x, yBz],= yB[x, 2] F[x, y] Bzty[B, ¢] 2, for all x,y,zeM
and for all «,fcI’. We shall take an assumption (¥) xeypz = xfvez for all x,v,zeM, «,pfcl’. Using the
assumption (*) the identities [xBy, z], = xBly, z],*[x, z].By and [x, yBz], = yB[x, z],*[x, v].Bz, for all
x,v,26M and for all ¢,fel’ are used extensively in our results. A I'-ring M is prime if al'MI'b =0
implies that a = 0 or b =0 and is semiprime if al'MI'a = 0 implies a = 0. An additive mapping
D: M —+M is called a derivation in case Dixay) = D(x)ay+xaD(y) helds for all pairs x, yeM, a<l’. A
derivation D is inner in case there exists asM such that D(x) = [a, x], holds for all xeM, «eI'. An
additive mapping T: M—M is called a left centralizer in case T(xuy) = T(x)ey is fulfilled for all pairs
x, yeM, «el’. For any fixed element aeM, the mapping T(x) = aux, xeM, a<I’, 1s a left centralizer.
In case M has the identity element T: M—>M is a left centralizer if and only if T is of the form
T(x) = aux, xeM, ael’, where acM 15 a fixed element. For a semiprime I'-ring M, a mapping T: M—M
is a left centralizer if and only if T(x) = gex holds for all xeM, «cl’, where q is an element of
Martindale right ring of quotients Qr. An additive mapping T: M— M is said to be a right
centralizer in case Tixey) = xeT(y) holds for all pairs x, veM, acl'. In case M has the identity
element T: M—M is both left and right centralizer if and only if T(x) = aux, xeM, «el’, where
acZ(M) is a fixed element. In case M is a semiprime I'-ring with extended centroid C a mapping
T: M—M s both left and right centralizer in case T 1s of the form T(x) = pux, xeM, «el’, where peC
is a fixed element. An element acM is said te be an element dependent on a mapping F: MM if
F(x)aa = aax holds for all xeM, acl’. A mapping F: M—M is called a free action in case zero is the
only element dependent on F. It is easy to see that in semiprime I'-rings there are no nonzero
nilpotent dependent. elements (Ozturk and Jun, 2000, 2001).
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The purpose of this study is to investigate dependent. elements of some mappings related to
derivations and automorphisms on prime and semiprime I'-rings.

An additive mapping F: M—M, where M is an arbitrary ring, is called a generalized derivation
in case F(xuy) = F(x)ay+xaD(y) holds for all pairs x, yeM, «cl’, where D: M—M is a derivation. It
is easy to see that F 1s a generalized derivation if and only if F is of the form F = D+T, where D 1s
a derivation and T a left centralizer.

In classical ring theories, dependent elements were implicitly used by Kallman (1969) to extend
the notion of free action of automorphisms of abelian von Neumann algebras of Murray and von
Neumann (1936). Several other authors have studied dependent elements in operator algebras
{Neumann, 1940),

By the same motivations as in the classical ring theories, we study dependent elements in
I'-rings. In this study, we investigate dependents of some mappings related to derivations and
automorphisms on prime and semiprime I'-rings.

DEPENDENTS ELEMENTS OF PRIME AND SEMIPRIME I'-RINGS

We will need the following two lemmas.
Lemma 1 (Chakraborty and Paul, 2007; Lemma 3.10): Let M be a 2-torsion-free semiprime
Iring and let a,beM. If, for all xeM, the relation aaxfb+baxfa = 0 holds, then aaxfb =baxfa =0
is fulfilled for all xeM, o, el
Lemma 2 (Ozturk and Jun, 2000; Lemma 3.6): Let M be a prime I'ring with extended centroid
C and let abeM be such that acxfib = baxPa holds for all xeM, «,fel’. If a#0, then there exists
peC such that b =paa.

Theorem 3: Let M be a semiprime I'-ring satisfying the condition (*) and let D and G be
derivations of M into itself. In this case the mapping x—D(D(x))+G(x) 1s a free action.

Proof: We have the relation:
F(x)aa = acx, xeM, acl’ (1
where, F(x) stands for D(D(x))+G{x). A routine calculation shows that the relation:
Fixety) = F(o)ory--xeF(y H 2D)aD() (2)

holds for all pairs x, yeM, ael’. Putting xfa for x in Eq. 1 and using Eq. 2, we obtain
Fx)pacatxpfF{a)cat2Dx)PD(a)ea = acxfa, xcM, «, Pel’, which reduces because of (1) to:

2D(x)aD{(a)Patxeafa = 0, xeM, «,pel’ )

Putting, in the above relation, ybx for x and applying Eq. 3 we obtain 2D(y)éxaDia)pa = 0, x,
veM, «,p,6cl’, whence it follows, putting D(x) for x, that:

2D{y)I8D(x)aeD(a)Pa = 0, x,yeM, o, B,0eT (4)
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Multiplying relation KEq. 3 from the left by D(y) and applying the above relation we obtain
Dividxaafa = 0, x,vyeM, a,B,6cI’, which gives, for x = D{a) and y = a:

D{a)dD(a)xaPa = 0, a,p,0cT (5

Multiplying relation (3) from the right by a, putting x = a in Eq. 3 and applying the above
relation we obtain acapada = 0, which means that also a = 0. The proof of the theorem 1s complete.

Theorem 4: Let F: M—>Mbe a generalized derivation, where M is a semiprime I'-ring satisfying the
condition (*) and let acM be an element dependent on F. In this case acZ({M).

Proof: We have the relation:
F(x)aa = agx, xeM, ¢el’ (8)
Let x be xfy in the above relation. Then we have:
(FOOPyxPD{y)aa = auxPy, x,yeM, a,pel’ (7

Using the fact that F can be written in the form F = D+T, where T is a left centralizer, we can
replace D{yvlea by F(v)axa—T(yv)ea in Eq. 7, which gives, because of Eq. &:

Fx)Pyoat|xal,fyxpT(y)ca = 0, x,yeM, a,pel’ (8
Let y be y0F (x) in Kq. 8 We have:
FEOPySF(x)aa+x,a],pydFE)-xPT(v)dFxiza = 0, x,yeM, «,P,8eT )
which reduces, according to Eq. 6, to:
F(x)Pydacx-+[x,a],pydF(x)-xPT(y)daPx = 0, x,yeM, a,p,8cT (10)
Right multiplication of Eq. 8 by x gives:
F(x)Pyaadxt[x,a] PydxxPpT(y)xadx = 0, x,yeM, a,p,8cT (11)
Subtracting Eq. 11 from Eq. 10 we arrive at:
[x,alPyd(FG)=x) = 0, x,yeM, a.[3,0el (12)

Right multiplication of the above relation by a gives, because of Kq. 8, [x,a] pvd[x,a] ,= O,

[

x,yeM, o,B,0¢T’, whence it follows that [x,a], =0, x¢M, «el’. The proof of the theorem is complete.

Corollary 5: Let M be a semiprime I'-ring satisfying the condition (*) and let a,beM be fixed
elements. Suppose that ceM is an element dependent on the mapping x—>acx+xab, for all ¢el’. In

this case ceZ{M).
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Proof: A special case of Theorem 4, since it is easy to see that the mapping x—aax+xab 1s a

generalized derivation.
In the theory of operator algebras the mappings x—acx+xeb, which we met in the above

corollary, are considered as an important class of the so-called elementary operators (i.e., mappings
of the form x—( > aoxBb), «;, el
i=1

Theorem 6: Let Mbe a prime I'ring satisfying the condition (*) with extended centroid C and let
a,beM be fixed elements. Suppose that ccMis an element dependent on the mapping x—>acxfib, for
all a,pel’. In this case the following statements hold:

+  baceZ(M)
« acbfc=c
*+ c¢=paafor some peC

Proof: We will assume that a#0 and b=0 since there is nothing to provein case a=0corb =0, We
have:

(acxPbide = cPx, xeM, «,p,8cT (13)
Let x be xyyin Eq. 13. Then:
(aoxyypbide = cdxyy, x,y €M, «,B,8,ycl (14
According to Eq. 13 one can replace cdx by (acxfb)dc in the above relation. Then we have:
aoxP[bdey], = 0, xyeM, .30, yel’ (15)
which gives bdceZ(M), which makes it possible to rewrite relation Eq. 13 in the form:
{agbde-ciPpx = 0, xeM, o, p,8cT (16)
whence it follows that:
acbdc = ¢. «,dcl (17
Putting xAa for xin relation in Eq. 13 we obtain, because of Eq. 17:
aexAc = cuxAa, xeM, o, vyl (18)

whence it follows, according to Lemma 2, that ¢ = paa for some pe C, acl’. The proof of the theorem
is complete.

Corollary 7: Let M be a prime I'ring satisfying the condition (*) with the identity element and

extended centroid C and let o(x) = aaxfa-1, xeM, «,fcl' be an inner automorphism of M. An
element beM 1s an element dependent on o if and only if b = paa for some peC.
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Proof: According to Theorem 6 any element dependent on o 1s of the form paa for some peC, ael’.
It is trivial to see that any element of the form paa, where peC, wcl’, is an element dependent
on o.

We proceed to our next result.

Theorem 8: Let M be a 2-torsion-free prime I'-ring satisfying the condition (*) and let a, beM be
fixed elements. Suppose that ceM 1s an element dependent on the mapping x - aaxfb + baxpa, for
all a,pel’. In this case the following statements hold:

¢« agecZ(M) and boccZ(M)
«  {(acb+tbaa)fc=c

o coccZ(M)

Proof: Similarly, as in the proof of Theorem 6, we will assume that a - 0 and b — 0. We have the
relation:

{acxPb + baxpa) ¢ = cdx, xcM, «,B,6cT (19
Let x be xAy in the above relation. Then we have:
{acxAyPb + baxiyPa)dc = cbxiy, x,yeM, «,p,d,AcT (20)
Right multiplication of relation in Kq. 19 by y gives:
(aoxPbibexPa)iciy = cdxAy, x,yeM, o,p,0,AcT (21)
Subtracting Eq. 21 from Eq. 20 we arrive at:
aaxPy,bdcl, + baxPlv,adcl, = 0, x,veM, «,p.8,AcT (22)
Putting eyx for x in the above relation we arrive at.
accyxP[y,bdc), + bacyxP[y,adc], = 0, x,yeM, «,B,8,vy,AcT (23)

Now, multiplying the above relation first from the left by v, then putting yAx for x in Eq. 23 and
finally subtracting the relations so obtained from one another, we arrive at:

[v,adc], yxPlv.bdcl, + [y.bdel, vxBly.adc], = 0, x,yeM, a,pB,8,v,.AcT (24)

Suppose that ade— Z (M). In this case we have [y,adc], — O for some yeM. Then it follows from
relation Eq. 24 and Lemma 1 that [y,boc], = 0, which reduces relation (22) to byxf[y,adc], = 0
x,yeM, B,6,v,AcT, which means (recall that b is different from zero) that [y,adc], = 0, contrary to the
assumption. We have therefore adccZ(M). Now relation Eq. 22 reduces to aexfy,bdc], =0, x,yeM,
o,B,6,AcT’, whence it follows that becZ{M). Since adc and béc are in Z(M), one can write relation in
Eq. 19 1n the form ((apb + bpa)de - c)Ax =0, xeM, «,B,8,v,AcI', which gives:
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{aPb + bPa)dc = c (25)
Putting x = ¢ in relation in Eq. 19 we obtain:
2 (adc) B (bdc) = cde (26)

Since, ade and bde are both in Z(M) it follows from the above relation that ceeZ(M). The proof

of the theorem is complete.
Theorem 9: Let M be a 2-torsion-free prime I'-ring satisfying the condition (*) with extended
centroid C and let a,beM be fixed elements. In this case the mapping x—auxpb — bpxca is a free
action for all a,pel’.
Proof: Again we assume that a=0 and b=0. Besides, we will also assume that a and b are
C-independent, otherwise the mapping x—aaxfb-baxfa, o fcl’ would be zero. We have the
relation:
{acxPb-baxPa)dc = cdx, xeM, «, B8 (27
Let x be xyy in the above relation. Then we have:
{(acxyyPb-baxyyPa)dc = cdxvyy, x,yeM, a.p,8,v eI’ (28)
Right multiplication of relation Eq. 27 by y gives:
{acxPb -baxPa)deyy = cdxyy, x,ycM, «,B,6,yel’ (29
Subtracting Eq. 29 from Eq. 28 we arrive at:
aoxPly.bdc],-buxPly.adc], = 0, x.yeM, &.B.8,yel' (30)
Putting cAx for x in the above relation we arnve at.

accAxPy,bdc], = bacixP[y.adc], = 0, x,yeM, «.p.8,v,AcT (31)

Now, multiplying first the above relation from the left by y, then putting yx for x in Kq. 31 and

finally subtracting the relations so obtained from one another, we arrive at:
[y.adc], AxPly.bdc], - [v.bdc], AxPly.adc], = 0, x,yeM, ¢.p.8,v,AcT (32)

Suppose that adc—=>%(M). In this case there exists yeM such that [y,adc], = 0. Now it follows

from the above relation and from Lemma 2 that:

[y.bdc], = p,Bly,adc], (33)
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heolds for some p €C. According to lg. 33 one can replace [ybdc], by payB|y,adc], in Kq. 30,
which gives:

(b-p,ea)PxPly.adc], = 0, xeM, «,B.9.y. el (34)

Since [y,adc], — 0 it follows from the above relation that b =p y a, contrary to the assumption

that a and b are C-independent. We have therefore proved that aceZ(M). Using this fact relation
(30) reduces to:

auxPly, bdc], =0, x.yeM, «.p.d,y ' (3b)

whence it follows (recall that a#0) that bdee Z (M). Since a ¢ and b ¢ are both in Z(M), one can
rewrite relation in the form ((apb-bpa)de-c)yx =0, xeM, «,B,8,y,Acl’. which gives:

(aPb-bPa)de = ¢ (36)
Putting x = ¢ in relation in KEq. 27 and using the fact that béc1s in 7 (M), we obtain:
ap[b,cl,dc=-c ¢ (37)
From relation in Kq. 36 one obtains, using the fact that adeceZ(M):
aP[b.c], =c (38)
Right multiplication of the above relation by ¢ gives:
aP[b,c],dc = cdc (39)

Comparing relations in Eq. 37 and 39 cone obtains e¢be = 0, since M is 2-torsion-free. Now it
follows that ¢ = 0, which completes the proof of the theorem.

Theorem 10: Let M be a semiprime I'ring satisfying the condition (*) and let 0 and 1 be
automaorphisms of M. In this case the mapping o+t is a free action.

Proof: We have the relation:
(0(x) + T(0)oa = aax, xeM, gel’ (40)
Let x be xfy in the above relation. Then:
(o(x)Po(y) + tx)Priy)ua = auxPy, x,yeM, «,pel’ (41)

Replacing first acx by (0(x) + 1(x))ca in the above relation and then afy by (o(v)+1(y))Pa, we
arrive at:
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(o(x)Poly) + 1x)PrlyNea = (o(x) + tx)ao(y) + t(y))Ba, x,yeM, «.pel’ (42)
which reduces to:
ox)Pt(y)a+ tx)Po(y)aa= 0, x,yeM, «,pel’ (43)
The substitution zéx for x in the above relation gives:
o(Z)d0()PryIea + T(ZdT)Poly)ea = 0, x.y,2eM, o,B,deT (44)
Left multiplication of (43) by o(z) gives:
a(ZBa(x)PTy)ea + o(ZST(x)PoyIa = 0, x.y.2eM, e, B,8eT (45)

Subtracting Eq. 44 from KEq. 45, we arrive at (0(z)-t1(z))dt(x)fo(y)aa = 0, x,y,zeM, «,p,6<I". We
therefore have:

(o(z)-T(z)10xPyaa = O, x.y,zeM, 3,6l (46)

Putting x = a and x& (o(z)-t(z)) for y in the above relation, we obtain
{o(z)-1(z))daPxd(o(z)- t(z))aa = 0, x,ze M, «,B,5<I", whence it follows that.

o(z)da = 1(z)da, zeM, d<I’ (47)

According to Eq. 47 one can replace 1{(y)ea by o(y)aa in KEq. 43, which gives (o(x)+t(x))po(y)ica
=0, x,yeM, ¢,pel’. We therefore have:

(oGO+T(x))Pyaa = 0, x,yeM, a,pel’ (48)

Putting ¥ = a in the above relation and replacing (o(x)+t(x))Pa by afix, we obtain afxea =0,
xeM, o, Bel” which gives a = 0. The proof of the theorem is complete.

The mapping o©-T is aspecial case of the so-called (g, 1)-derivations. An additive mapping

D: M—M, where M is an arbitrary ring, is an (0,7)-derivation if D(xay) = D(x)ao(y)+t(x)aD(y) holds

for all pairs x,yeM, ccl’, where 0 and T are automorphisms of M.

Theorem 11: Let M be a semiprime I'-ring satisfying the condition (*) and let D: M—M be an
{0, T)-derivation. In this case D is a free action.

Proof: We have the relation:
Di{x)ca = acx, xeM, acl’ (49)
Putting xfy for x in the above relation we cbtain:
DEPo(yeattx)PDE ea = aexPy, xyeM, a.pel’ (50)
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According to Kq. 49 one can replace D(y)ca by acy in the above relation, which gives:
DE)Bo(yIaH{t(x)ea-acx)By = 0, x.yeM, a,pel’ (51)
Putting ydz for v in Eq. 51 we obtain:
Dix)po(y)do(z)ca+(t(x)ea-aux)pydz = 0, x,y,zeM, o,p,0cl (52)
On the other hand, right multiplication of Eq. 51 by z gives:
D)Po(y)eadzH{t(x)xa-aux)pydz = 0, x.y,2eM. ¢.B.5¢l (53)

Subtracting (53) from (52) we obtain D(x)fo(y)d(o(z)aa-awz) =0, x,v,z €M, ¢,B,8€l’. In other
words, we have:

DEOPydialz)aa-acz) = 0, x,y,zeM, a8l (hd)
The substitution avy for y in the above relation gives, because of Eq. 49:
aPxyyd(o(z)aa-aez) = 0, x,y,zeM, a.B,8,yel (bh)
Putting zoax for x in the above relation we obtain:
aPzaxyydlo(zina-acz) = 0, x,y,zeM, 3,8, yel’ (h6)
Left multiplication of Eq. 55 by o(z) gives:
o(z)aaPxyyd(o(z)w a-az) = 0, x,y,2eM, a,p,d,vel’ (b7)

Subtracting Eq. 56 from Eq. 57 and multiplying the relation so obtained from the right hand
side by x, we arrive at.

{0(z)xa-acz)Pxyyd(o(z)xa-acz)px = 0, x,y,zcM, «,B,8, vl (b8)
which gives first:
{o(z)ca-acz) x = 0, x,zeM, el (h9)
and then:
o(z)xa-acz = 0, z2M, acl (60)

Putting Di{x)xa 1instead of aax 1in Eq. B0 and afy for D(y)pa, we obtain
Dix)ployv)ca-acy)+ t(x)Pacy = 0, x,yeM, «,pcl’, which reduces because of (80) to t(x) a y = 0,
x,v¢M, whence it follows that a = 0. The proof of the theorem 1s complete.
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Corollary 12: Let M be a semiprime I'-ring satisfying the condition (*) and let o and 1 be
automorphisms of M. In this case the mappings 0-1 and aco-tfla, where acM, o,pcl’, is a fixed
element, are free actions on M.

Proof: According te Theorem 11 there is nothing to prove, since the mappings 0-t and aco-tpa are
{0, T)-derivations.

Corollary 13: Let M be a semiprime I'-ring satisfving the condition (¥), let D: M—M be a derivation
and let 0 be an automorphism of M. In this case the mappings x—~D{o{(x)), x—~o(D{x)), x—D{(c(x))
+o{D(x)) and x—~D{o(x))-0(D(x)) are free actions.

Proof: A special case of Theorem 11, since all mappings are (0, 0)-derivations. For our next result
we need the following lemmma.
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