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ABSTRACT

The study introduces the conecept of Q-fuzzy groups. In this paper, based on this, the concept
of anti L-Q-fuzzy subgroups and anti L-Q-normal fuzzy subgroups are given and its some
elementary properties are discussed. We shall also extend some results on this subject.
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INTRODUCTION

Zadeh (1965) introduced the concepts of fuzzy sets. Fuzzy set theory has been developed in
many directions by many researches. Such as Rosenfeld {1971) constituted the elementary
concepts of fuzzy groups, fuzzy subgroupeid and fuzzy ideals. Many researchers Muthuraj et al.
(2010), Aktas and Cagman (2006), Aktas (2004), Sulaiman and Ahmad (2011), Sulaiman and
Ahmad (2010) and Tarnauceanu and Bentea (2008) studied the properties of groups and
subgroups by defimtion of fuzzy subgroups. Motivated by this, many mathematicians started to
review the various concepts and theorem of abstract algebra in the broader frame work of fuzzy
settings (Solairaju and Nagarajan, 2009), Biswas (1990) introduced the conecept of anti-fuzzy
subgroups. Palaniappan and Mathuraj (2004) defined the homomorphism, anti homomorphism of
fuzzy and anti fuzzy groups. Pandiammal ef al. (2010} defined a new algebraic structure of anti
L-fuzzy normal M-subgroups. On the other Nagarajan and Solairaju (2011). hand studied
introduced the notion of Q-fuzzy subgroups and upper @-fuzzy order In this study, based on
the reference Solairaju and Nagarajan (2009) the concept of anti L-Q-fuzzy subgroups
and anti L-G-normal fuzzy subgroups are given and its some elementary properties are discussed,
some results in references Scolairaju and Nagarajan (2009) and Pandiammal et al. (2010) are
extended.

PRELIMINARIES
Definition Pandiammal et al. (2010): Let X be a non-empty set and L = (L, <) be a lattice with
least element O and greater element 1. A L-fuzzy subset 8 of X is just a function:

d: X-L

Definition: Let @ and G be a set and group, respectively. A mapping &: Gx@Q-L is called Li-Q-fuzzy
set in G.

Definition: An L-Q-fuzzy set 6 is called anti L-Q-fuzzy subgroups of G if"
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*  d(xy, q@=min {§ (x, q), d (y, @)}
« 3L q=d(xq
e dle,q=1;¥x vel, qeQ

Example: Let G ={e, a, b, ab} be the Klein four group and & ={(e, 0.75), (a, 0.25) (b, 0.25)
{ab, 0.75)} be a L-fuzzy subset, then & is anti L-Q-fuzzy subgroups.

Definition: Let G be a group. An anti L-Q-fuzzy subgroup & of G is said to be anti L-Q-normal
fuzzy subgroup of Gif d (xy, @) =0 (yx, @) or & (xyx !, q)26 (v, q) for all x, veG, qcQ.

PROPERTIES OF ANTI 1-Q-FUZZY AND NORMAL FUZZY SUBGROUPS
Proposition: Let G be a group and let & be anti L-Q-fuzzy subgroups of G. Then & (xy, q) = min

0 (x,q),d (y, @) if & (x, q)#6 (v, ) for all x, ye(, qeQ.

Proof: Assume that d (x, q)>6é (v, q):

* ¥y, @=0(x"xy, @ =>min{d(x’ q),dxy, @} =min {8 (x, q), 8 (xy, @)} = 8 (xy, q) also d is
anti L-Q-fuzzy subgroup of (3, then d (xy, g)>min

« 0(x,q),d(, @f=0(y, q thus we get d (y, q)2d (xy, q)»8 (y, @) this means that 8 (xy, q) = min
{0 (x, @), 6 (v, @)}. The same way of & (x, q)>d (v, q)

Proposition: Let G be a group, if 8, u are two anti L-Q-fuzzy subgroups of G. Then their
intersection &Ny 1s anti L-Q-fuzzy subgroup of G.

Proof: Straight forward.

Corollary: Let G be a group, if 8, p are two anti L-Q-normal fuzzy subgroups of G. Then their
intersection dny is anti L-@-normal fuzzy subgroup of G.

Proof: Let x, ye(, qe@ and let.:
6 = {<(x, q). 8 (x, 9)>; x€G, qeQ}

B= (% q) B (X Q)7 XEG, gEQ}

Be anti L-Q-fuzzy subgroups of G, suppose that A = énp and A = {<(x, q), A (x, @)>; x€G, qeQ}.
Then, we know that A is an anti L-Q-fuzzy subgroup of GG, Since 8, p are two ant1 L-Q-fuzzy
subgroups of G and A (xy, q) = min {8 (xv, q), p (xy, @} as, &, W are anti L-Q-normal fuzzy
subgroups of G, = min {6 (yx, q), u %, Q)} = A (¥x, q), therefore, A (xy, q) = A (vx, q).

Hence, dnp is an anti L-Q-normal fuzzy subgroup.

Theorem: Let (G be a group. The intersection of a family of anti Li-Q-normal fuzzy subgroups is
anti [-Q-normal fuzzy subgroup of G.

Proof: Let {3 }._, be a family of anti L.-Q-normal fuzzy subgroup of G and & = nd,, then for x, yeG.
We know that, the intersection of a family of anti L-Q-fuzzy subgroups of G is anti L-Q-fuzzy
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subgroup of G. Now 8 (xy, q) =inf {8, (xy, q); icA} =inf {, (vyx, q); [€A} =0 (yx, q). Therefore,
d (xv, q) = & (vx, q). Hence, the intersection of a family of anti L-Q-normal fuzzy subgroups is anti
L-@-normal fuzzy subgroup of G.

Definition: Let G be a group. An anti L-Q-fuzzy subgroup A of (G is said to be anti L-Q-fuzzy
characteristic subgroup of Gif A (x, q) = A (¢ (%), q), for all xe(G and @= Aut G.

Theorem: If 4 is an anti L-Q-fuzzy characteristic subgroup of G, then A is anti L-Q-normal fuzzy
subgroup of G.

Proof: Let A be anti L-Q-fuzzy characteristic subgroup of G and let x, ye(G. Consider ¢: G-Gbe a
map defined by ¢ (x) =yxy !, we know that, pcAut G.

Alxy, @)= A (e xy), @) =A(ylxy)y ', @) = 4 (yx, @). Therefore, 4 (xy, q) = A (yx, @), thus A is an
anti L-@-normal fuzzy subgroup of G.

Lemma: If & is anti L-Q-fuzzy subgroup of G, then 8 (e, q)20 (x, q) for every xcG, qc.

Proposition: Let p be anti L-Q-fuzzy subgroup of (. Then for any integer n, xe(3, g€, we have
u(x" gluix, g).

Proof: Straight forward.

Lemma: An anti L-fuzzy subset p of a group Gis anti L-Q-fuzzy subgroup of G iff u (xy™!, q)zmin
tu(x, q), p(y, g for every x, yeG, qeQ.

Proposition: If 4 is anti L-Q-fuzzy subgroup of G, then for any x, yeG, qeQ if A {xy, @) = A (e, q)
then A (x, q) =4 (y, 9.

Proof: Straight forward.

Corollary: Let p be anti L-Q-fuzzy subgroup of (5, such that p (x, @) = u (e, q) then u (xy, q) =
uy, Q.

Proof: Assume that pis an anti L-Q-fuzzy subgroup:

Since,  p(xy, @)emin {u (x, q), p (y, @)} =min {u (e, q), pu (¥, 9)}

Then,  pixy,q)=ply, q)

Also, Ly, Q="' xy, @Qemin{p(x™, q), u (xy, P} =min {u x, q), p xy, P}
=min {p (e, q), R{xXy, P =p Xy, P

Hence, p(y,q)zp(xy, qand weget u(xy, ) =p(y, q

1

Corollary: Let p be anti L-Q-fuzzy subgreup of G and u(x?, q) = ple, q) for all xeG, then p is anti
L-Q-normal fuzzy subgroup.

Proof: Let x, ycG, qc@ and p be anti L-Q-fuzzy subgroup of G such that u (x? q) = p (e, q) then,
we have ple, q) = u{ (xy)%, @) = pxyxy), @ = u {xyx)x%y), @), hence, by the above propoesition we
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get n(xyx 7, @) = p((xy) % @)zmin {p(x? g), p(y, @)z min {ule, @), ply, y)} = uly, ). Therefore, u(x
vx Y, q)zply, q), thus then pis anti L-Q-normal fuzzy subgroup.

Proposition: If A is anti L-Q-fuzzy subgroup of G. Then:

A Gy g)emin {& (x, @), A (y, @)} for every x, ye(, qeQ

Proof: Since A is anti L-Q-fuzzy subgroup, then A (xy™', @)2min {A (x, q), 4 (¥, q)} and we know
A 1s ant L-Q-fuzzy subgroup. Then:

min {4 (x, @), A (y7', @)} =min {p (x, @), u {y, @} Therefore, A (xy~ ,'q)2min {4 (x, @), A {y, @)}
for every x, ye G, q=@

Theorem: If & is anti L-Q-fuzzy subgroup of the group G, then the following conditions are
equivalent.

+ d1s anti L-@-normal fuzzy subgroup
* Bdlxyx L@ =3y, 9 x yeG, geQ
© 0(xy, @) =0(yx, q)x yeG, q€Q

Proof: Straight forward.

Proposition: Let & be an anti L-Q-normal fuzzy subgroup of G, then for any veG we have
d (yvxv', q) =8 (v 'xy, q) for every xc(, q2Q.

Proof: For any ye(3, qe@ we have:
6 (yxy ™, @) =8y 'yx, @ =8 (x, ) =3 (xyy ™, @) =8 (¥ 'xy, q)
Thus, & (yxy ™, q) =& (y 'xy, q) for every x, vy, qeQ.

Definition: Let &, p be two anti L-Q-fuzzy subgroups of G. Then, 8, p are said to be conjugate anti
L-Q-fuzzy subgroups of G if for some ges such that.:

d (x, @) = u (g 'xg, q) for every xcG

Theorem: An anti L-G-normal fuzzy subgroup 6 of (G1is anti Li-Q-normal fuzzy subgroup of G aff
d 1s constant on the conjugate classes of (&,

Proof: Suppose that 6 is an anti L-Q-normal fuzzy subgroup of G and let x, y¢G. Now,
Oy xy, @ =0 (xyy ', @ =d(x, q).
Therefore, & (y *xy, q) = 8 (x, q) and hence, & is constant on the conjugate classes of G.
Conversely, suppose that & is constant on the conjugate classes of G. Then:

1 1

O (xy, @ =0 (xyxx , @) =3 (x(yxx ,q) =3 (yx,q
Therefore, d (xy, q) = 6 (yx, q).
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Henece, & 1s anti L-Q-normal fuzzy subgroup of G,

Proposition: Let 8, u be two anti L-Q-fuzzy subgroups of abelian group G, then p, & are conjugate
anti L-@-fuzzy group of G iff & = p.

Proof: Suppose that 8, p are conjugate anti L-Q-fuzzy subgroup of G, therefore, for all geG.
uix, q) =08 (g 'xg, q) =0 (g7'gx,q) =8 (x, q) for all xcG, qcQ. Therefore, p (x, q) =& (x, q), then
1 =06 for all xcG, qeQ@. Now suppose u =9, then for the identity element ecG, we have u (x, q) =
d (e !xe,q) for all xe(3, qe@. Then u, 8§ are conjugate anti L-Q-fuzzy subgroups of G.

Corollary: Let 3 be the set of all anti L-Q-fuzzy subgroups of G, let ~ be the relation in & defined
by A~p=2i (g,q) = p (x 'gx, q) for all x, g, Q. Then ~ is an equivalence relation in §.

Definition: Let, p be an anti L-Q-fuzzy subgroup of (&, then p is commutative anti L-Q-fuzzy
subgroup of Gif p (xvz, q) = p (yxz, q) for all x, v, z €G, qeQ.

Lemma: Let, p be an anti L-Q-fuzzy subgroup of G, then p i1s commutative anti L-Q-fuzzy
subgroup of Giff p (xyx 'y Lq) = p (xy y0) ', @) =p (e, q) for all x, yeG, qeQq.

Proof: Assume that pis commutative anti L-Q-fuzzy subgroup, then u(xyz, q) = u(yxz, q) we nead
to show plxyx 'y, q) = ple, @

u(xyx 'y @) = u(yxx 'y 7, @) = ple, @). Therefore, u(xyx 'y ',q) = ple, @)

Conversely, suppose that u (xyx 'y Lq) =p (e, q) we need te show p is commutative anti
L-Q-fuzzy subgroup of G. Let x, v, zeG,qeQ, then p((xyz) (vxz)™!, q) = plxyzelx 1y, q) =
ulxyx 'yl ,q) = ule, q) by the above proposition we get u{xyz, q) = p((yxz)™, q). Since u is anti L-Q-
fuzzy subgroup, then u((yxz)™", q) = ulyxz, q). Therefore, p{xyz, q) = ulyxz, q) for all x, v, zG, q£Q,
thus, pis commutative anti L-Q-fuzzy subgroup of GG,

Theorem: Let o, A be two anti L-Q-fuzzy subgroups with o (e, q) = A (e, q), then, If & 1s
commutative anti L-@-fuzzy subgroup and &<A then X is commutative anti L-Q-fuzzy subgroup.

Proof: Suppose that 8, A be two anti Li-Q-fuzzy subgroups alse & (e, q) = 4 (e, q).

Ale,q)=0(e, =0 (xyx 'y, @<h Gyx~ ¥ /@), then & (e, @<k (xyx™ ¥ /ip) also & (e, @24
(xyx~'v7!,q), therefore, we obtain A (e, q) = A (xyx 'y ', q). This means that A (xy (yx)™", @) = A
{e, q) by the Lemma give above we get A 1s commutative anti L-Q-fuzzy subgroup.

ANTI L-Q-NORMAL FUZZY SUBGROUPS OF GROUP UNDER HOMOMORPHISM AND
ANTI-HOMOMORPHISM

Proposition: Let G, (G, be any 2 groups. The homomorphic image of an anti L-Q-fuzzy subgroup
of 3, is an anti Li-Q-fuzzy subgroup of G,.

Proof: Straight forward.

Theorem: Let G, GG, be any to groups. The homomorphic image of an anti L-Q-normal fuzzy
subgroup of G, is an anti L-Q-normal fuzzy subgroup of G,.
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Proof: Suppose that ©: G-, be a group hemomorphism, let A = ®(u) where , p is an anti
L-@-normal fuzzy subgroup of G,, we need to prove that A is an anti Li-Q-normal fuzzy subgroup
of G,. Now, for © (x), @ (y)e(, we have A 1s an anti Li-Q-fuzzy subgroup of G, Also A {® (x). © (y),

q) = A (@ (xy), P<p (xy, @) = uyx, @4 (@ (yx), @) =4 (@ (y). @ (x), g). Thus, we get 4 (@ (x). ®
(y), ) = A (@ (). © (x), q), therefore, A is an anti L.-Q-normal fuzzy subgroup of G,.

Proposition: Let G, and G, be any 2 groups. The homomorphic pre-image of an anti L-Q-fuzzy
subgroup of G, is an anti L-Q-fuzzy subgroup of G,.

Proof: Straight forward.

Theorem: Let G, and G, be any 2 groups. The homomorphic pre-image of anti L-@-normal fuzzy
subgroup of G, is an anti Li-Q-normal fuzzy subgroup of G,.

Proof: Suppose that ®: GG, be a group homomorphism, let A =® (u) where A is an anti L-
-normal fuzzy subgroup of G, we have to prove that pis an anti L-Q-normal fuzzy subgroup of
G,. Let x, ye(, then we know that p is anti L-Q-fuzzy subgroup of GG, Since A 1s anti Li-Q-fuzzy
subgroup of Gy, now p (xy, ) A @ (xy), 9 =A@ x). D (¥), 9 =A@ y). © x), Q) =A (D (yx), q)
= (y%, q). Thus, we get pis an anti L-Q-normal fuzzy subgroup of G,.

Proposition: Let G and G; be any 2 groups. The anti-homomorphic image of an anti L-Q-fuzzy
subgroup of G, is an anti L-Q-fuzzy subgroup of G,,.

Proof: Straight forward.

Theorem: Let G, and G, be any 2 groups. The anti -homomorphic image of an anti Li-Q-normal
fuzzy subgroup of G, is an anti L.-Q-normal fuzzy subgroup of (.

Proof: Let ®: G,-G, be a group anti-homomorphism, let A = ® {u) where p is an anti Li-Q-normal
fuzzy subgroup of G,, we have to prove that A is an anti L-Q-normal fuzzy subgroup of G,. Now,
for @ (x), © ()G, we have A is an anti L-Q-fuzzy subgroup of GG,. Bince, p is an anti L-Q-fuzzy
subgroup of G;. Now A (@ (y). ®(x), @ =2{@ yx), @ <pyx, @ =p&y, q 2 A (@ &y), g =4
(® (x).® (y), q). Thus, weget A (® (x). ® (v), q) = A (D (¥). D (x), q), hence, A is an anti LL-Q-normal
fuzzy subgroup of G.,.

Proposition: Let G, and G, be any 2 groups. The anti-homomorphie pre-image of an anti L-Q-
fuzzy subgroup of G, is an anti L-Q-fuzzy subgroup of G,

Proof: Straight forward.

Theorem: Let (G, G, be any to groups. The anti-homomorphic pre-image of anti L-Q-normal fuzzy
subgroup of G, is an anti L-Q-normal fuzzy subgroup of G,.

Proof: Suppose that ®: G,-G, be anti-homomorphism group, let A = ® (3 where A is an anti
L-Q-normal fuzzy subgroup of G, we have to prove that pis an anti Li-Q-normal fuzzy subgroup
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of (3. Let x, ye(5, then we know that p is anti L-Q-fuzzy subgroup of G,. Bince, & is anti [.-Q-fuzzy

subgroup of Gy, now p (xy, =2 @ (xy), =2 @ ®. ), P =2 (@ ). &), 9 =4 (D (yx), q)
= (yx, q). Thus, we get p(xy, q) = plyx, ) and pis an anti L-Q-normal fuzzy subgroup of (3,
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