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An Analytic Proof of Bugeaud-Mignotte Theorem

Tamel Ghanouchi
6 Rue Khansa, 2070 Marsa, Tunisie

Abstract: The Bugeaud-Mignotte theorem concerns the Diophantine equation X —1 _ i,

X-1
when X = 10. Tt includes the fact that any integer greater than 2 and with all digits equal to
1 in base ten cannot be a pure power. It means that does not exist Y an integer strictly
greater than 1 and q an integer strictly greater than 1 for which Y*1is a number with all digits
equal to 1 in base ten.
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INTRODUCTION

11,111, 1111 in base ten are not pure powers, we can easily verify it, but is it true for a number
of n digits equal 1 in base ten, for all n. This study is an answer to this question. A number with n
digits equal to 1 (111...1) in base ten is equal to a mumber with n digits equal to 9 (999...9) in base ten

divided by 9, which means 19°~1 ihe theorem stipulates that ¥Y>Lq>Ln>1_10°-1 . This
10-1 10-1

research proposes an original and analytic proof of this theorem called Bugeaud and Mignotte theorem
(Bugeaud and Mignotte, 1999).

THE PROOF

Let Bugeaud-Mignotte equation:
10°-1_ .,
10-1
Then with j° = -
107-9Y =1 =10"5(9Y™H
We pose:
10°=x,9Y =y, u=1,z=9Y10"

Lemma 1
u=xtjy (1)

13,1 )
X

Proof of Lemma 1
u=1=10"+jOjY") = x + jy
And:

L1 uowejy gt
z 9jYUN0° xy Xy X ¥
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We pose:

X=XV =Y. =02z =2

V’i21,>(‘+jy]:11‘,i+L=l
LY A A

(X +jy)z, =5y,
XY, —Z) = Y2 = XY
VX —Jz) =%z = yX,

X¥XiuYin = ijszxz == M
VI
V=Vt Z =Yt 1/ ‘“Jy‘“ y‘“ (f¥ +ivi)

=X iz, = 1+1+j%:~/>§<,/§+\lm)
u,=x,+jy, = (., i)’

X

IS B

ZH—I XH—I YH-I

until infinty.

Lemma 2
The expression of the sequences is

sz—l . 2i—l

X = T A i 1k=r23:7.k
& a9 & +Gn™)
k=0 e

Proof of Lemma 2

Forl=2, x = X’ ¥, = ¥’ , itis verified. We suppose the expressions true for I

Xty x+y
1
X =Xy (\' Xt ‘\}jYi+1) =% (X + jy.)?
% %= 1 x*
TR e )EI)H(X Y=
it ]‘[(x +(y Iy H(x + (Y7
1
%(\Ixm iy )= Yijﬂ x +jyy
v. o y J y
Yin = =i s T ]_I o+ iy = o ——
X "'_Iy1 1—[ (X? +(jy)2h) X° + (_|y) g (X2 +(jy)2 )
k=0 =
But:
1‘[ o+ (") = %
K . Gy ,
= —m————a & -y v ﬁ(x - v
7 -y =y
Lemma 3
Ry, = Xy
Lemma 4

The lemmas 1, 2, 3 imply that jy-x =10
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Proof of Lemma 4

VIR, =0V, — 0% =% —X,

k=i+l

> (.Jijyk)=X—X2+X2—X3+X3—X4+...+XJ—XH_1=X—XH_1
k=12
k=o
(V'.ijYk) = }g}}(x —Xiu)

k=2

. . . Gy :
x=10"=1+9Y"> jy=9Y :llm(]y‘):hm(ﬁ(qu)):o

o )
X21—1

liméx) = lim(—g——— (- jy)) =% jy
i—eo i XZ ,(Jy)z
k=oo
2 iy =limx-x ) =x - (x - jy) = jy
k=2
k=i

=X 2X,+ 2%, — . 2D X+ (CD

= Zki (D" x ) -x—(-1)"x, = Zki‘;l (D" )+ x+ (-D)Mx,
=3 EURO Y D)

(G LN I N o A VA VAR 5 b AR\

=

1l
—

iV = 2j¥; + 25y — o+ 21 v, DMy,

k=i k=i-1
2 (D) iy - DTy =2 3 DMy )+ jy+ (D y,
=1 k=2

=

=i k=i-1

I SIAIATE WEEIY
SL= Y VTR 2mCS, ) - Hm D)

=i ) k= - S
= 20imCy, (D™ jy) - jy - im-D ) =2 DMy - jy=2Y (D) iy
k1 k=1 k=2
= 2Hm( S, 1 D )
=tim(Y, (D) fim( 3 (1, I8 convergent
i=e 17T 1= p=2
We pose:
L= 1im(2§ (-D"x, )y - x +alim((- 1 (x - jy)
i 1=
Ly=lim2 3 (1 s, + x - blim(1)" (x — jy) > With (2 1)(br1) = 0
L =L+ @+ Dlim()" (x - jy)
Ly =L (b +Dlm((-D™ (x— jy) = Ly — (a+ b+ ) lim((- D™ (x — jy))

L, +L, + (b~ a)lim((-1)" (x - jy))
L — 1=
2

We pose:
L, + L, + (b—ajlim((-1)" (x - jy))
2

L=glL =-al,=
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L, +L; +(b- a)lim{(-1"'(x - jy)) .

(o, -, =L-L, = - 1

CLy-Lye b— ﬂ)}i%fg((*l)m x—jyn

- 2

=L,-L+(b- ﬂ)}i“:((—D”' (x-jy))=d-0yL;+(b- ﬂ)}ij_}((—l)”l(x -y
=—(a+1) }i_)fg((*l)m (x—iy))

(o, = DLy _ {o, —DL,

—(a+l) (b+1)

= (1) (x - jy) =

L lmed (D) - x - limi-) o )

& = L k=i
! }LQ}(ZZ (D%, ) -x+ %Ewm((—l)‘“ x-jyn

1 —-(a+l) ili_)rg((—l)‘“ x-jyn

lim(23} (17, ) -+ alim(-1 e~ jy)

L lim(2 i (D% )+ x+ ]Lrg((*l)”l {(x—jv)
Oy =""= it

b im2 ¥, (%) x - blim(C D jy)

(b + D lim{(=1)" (x - jy)

=1+ 1o

23 (DM, +x - bl s j3)
Lt al~Ga+ Dlimd(-1)" (5~ iy = oL,
= u}LrE(Zki‘: (D%, - ox+ ua}irg((—l)‘*l(x -y = =l+a
o1 o+ Dlim(-11 G~ ) =P
“Blm@ S, (3, + Bx-Bblim(D" (x- j5) = 0 =1+

(=D M) (- ) = Bm @Y, (1) -x
And:

(0 + Dlim-D (= 3 = lim(@ 3y (D) +x

=~ Dl Dl -y - L

And:

% 1+ Hlim(-L* (- jy) =L

If we make the hypothesis that }LT((—I)”'(X —jyn=o0

-l

1- _1 i+1 3 # 0 = - _1
m(-1y" (- jyn#0=2 @D ,ILIE((_DM F—

And:
b= - PL —-1

B DI x )

Y S vkl e ieerd 1w 7CLL,7£:L
L, _;152(2; (D™ 0) - x = Im{E1™ (x - jy)) TR
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k=i-]

Lo=lm2 Y (D", + X+ lim(-1 - jyy - P —p - Bl L

B+ Bl B+l

But:
—(a+ 1)}33((—1)”1 (- jy)» =ol,

~alim@Y, (1%, o+ calim(-1)" (x - j5)

S alim( ) (x5 =l x5 et

L }L@@E (D ) x—al - a}grg(zg (D, ) + ax
= @I, = i, (D) x - B (- )
=L=(c+Dal —a(c+1) }LIE(ZE ((—l)kJ"Xk M +alo+Dx

+ot+1) }LIE(Z:E: ({1 LN - (o +x

=(1-alo+ DL =-a(a+1) }EE(ZE {(=D*x, M+ a(o+1)x
+(oe+ 1)}12;1(211:2 ((—l)k“Xk))) —(u+Dx

=(-ale+1) }Lm"(Zki (=D x, 0+ (—-l+a(o+ D)x

-1+ aer+ 1) }ig(é—ll)‘“(x - i)

= —olim(23, (1 %)) o+ (atoc + 1) - D (1 )= 0
=-oL+ (a(:“rl) - o= Dlim((=D"7 (x - jy) =0

=—al +{a- e+ Dm(-D" (x - jy) =10

=—aL-afo+ 1)L, —2{a+1) }i%nn‘lo((—l)M xX-jyn=0

=201 - 2+ DM D™ x - jy =0

ol =—(w+ 1)}1{)2((71)"’1& —j¥)) is convergent

Voloo + D)o -1 # 0

= lim(1) 3 =L =0

= lIm((-D*M (- jyN=0=x-jy=0
Fi

The hypothesis }i%rg((fl)‘+1 (x—jy)#0 is false and
ke ke ke
L= 2 ((fl)k\fjxkyk ) = 2 (‘ijzkYEk ) - 2 (\lszk+1YZk+1) =0
k=2 k=l P
iﬂ (Wixy) = i (‘ijzkY2k) + i" (’\/szk+1y2k+1) = 22“ Wixnya) = 220 (¥ Yoxn) = J¥ =X

Inall cases

L = _1@(21(21 {(-D*"x N-x=L,= _lilg(lkil (D" x,N+x=0

= i (1*x,) = i (D" iy,) :gzj?y

S MY, D)= lm@ Y D5 2x=EnE Y (D
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Sl S () 2HmE1 %) = m(-D ) = 0= lim(-1) G- )

=xX—jy=0

ki‘j (-1y"x,) is convergent, then the general term of the series tends to zero
k=1

= lim({(—1y*'x,) = im{(-)"*'(x - jy) =0 =x =jy
=X—jy=0=10"+9Y*=2(10")-1=18Y"+1

And it is impossible : the existence of Y and q is impossible!

CONCLUSION

Bugeaud-Mignotte equation has effectively no solution, and an analytic proof exists. The

generalizationis X —1_ +yu 15 it possible? It seems that there are only three solutions:
X-1

?—1:H2ﬂ—17w2w14:

- 7
3-1 7-1 T 18-1
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