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ABSTRACT

In this study, we studied the zeta function with a 2-dimensional shift of finite type via left and
upward shifts, on a subspace of the space of doubly indexed sequences over a finite abelian compact,
group and new way to calculate periodic point numbers based on the study of linear algebra of F,
the field and index subgroup. We showed the periodic point data of 2-dimensional shift of finite
type via left and upward shifts.
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INTRODUCTION
Let G be a finite abelian group. We consider our study here when G = {0,1}, X, = G* be the
space of doubly indexed sequences over (3 and it 1s subspace

¥ (Xs_t)e}A{G:xs_m:XM+S+1,t
° such thats,te 7

The two-dimensional shift of finite type a: X, » X5 defined by:

a(m) (XS-Y) - (X5+m,t+n) ¥ (m,n)e 7k

n

of the space G* of doubly indexed sequences over a finite abelian compact group G. The space X,
was introduced by Ward (1993).

To fined the Zeta function, it requires from us study the periodic points in X by a: X, - X

The group Z* acts natural on the space X, via left and upward shifts we show the periodic point
data of X determine the group G.

This allows us to view X, as a Z*-space for every subgroup U of Z?% we define U-periodic point
to be those x € X, by the action of the subgroup U. This is natural generalization of the notion of
periodic points in case of any ordinary Z-action. If U has finite index in 7, the number F; of
U-periodic points x € X, is finite.

Compare this situation to the full shift, i.e., the shift action on the space X... If the index of U
in Z*1is m, then obviously F; = |G|™ for any group G.

It was also introduced by Lind (1996), Roettger (2005) and Al-Refaei and Noorani (2007) new
way to caleulate periodic point numbers based on the study of linear algebra of F, the field and get,
the zeta function which generality by Land (1996).
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Huffman code has been widely used in text, image and video compression. For example, 1t is
used to compress the result of quantization stage in JPEG (Hashemain, 1995). The simplest data
structure used in the Huffman decoding is the Huffman tree. Array data structure (Chen et al,,
1999) has been used to implement the corresponding complete ternary tree for the Huffman tree.

Modeling and simulation of thermal dynamic system has been studied by Bhatti et al. (2008).
Whereas, Shabbak et al. (2011) proposed multivariate control chart which is less sensitive to the
sustained shift in mean process. Another related work has been proposed by Abu-Shawiesh et al.
(2009) and Goegebeur et al. (2005),

Huffman code has been widely used in text, image and video compression. For example, 1t is
used to compress the result of quantization stage in JPEG (Hashemain, 1995). The simplest data
structure used in the Huffman decoding is the Huffman tree. Array data structure (Chen et al,,
1999) has been used to implement the corresponding complete ternary tree for the Huffman tree.

Here our study will be about the compact group G = {0,1}. And so we observe that there are
several of subgroups U of Z? with finite indexes but in our work here we can classify the periodic
points for subgroups U of Z2%

CALCULATION FOR THE ZETA FUNCTION
Here, we will introduce the formula for the zeta function of left and upward shifts ¢ according
to the quality of the subgroups which are used in the following propositions:

Proposition 1: The zeta function of a 2-dimensional shift of finite type via left and upward shifts
o according to his subgroups U of Z? in the formula (2) which defined as follows:

U—{l OJZZ: k>0} (2)
0 k

Proof: [t was introduced by Ward (1993) and Lind (1996) that for finite abilean (x, ) € X, is a
U-periodic point if and only if:

Will be given by £, (7)) = 1/1-7

(2°-1)x,, =0vs,te Z (3)

The number of periodic points for the special subgroups U as in (2) is exactly the No. of solutions
to Kq. 3.

In this case at G = {0,1} we observe that for (x, ) € X, x,; will be O or 1. And for appositive
integer k = 0, 1, 2. We observe that 21 is ocdd No. Then (251) 0 = 0 and (25-1). That is, for any
subgroup U of Z? in the formula (2), the zero-element will be only periodic point, i.e., F; = 1.

Hence the zeta function will define by:

Zx (Z): exp{i L_Zk]
{, (Z)=exp (-log (1-Z) = 1/1-Z
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Proposition 2: The zeta functions of a 2-dimensional shift of fimite type via left and upward shifts
o according to the subgroups U of Z? which defined as follows:

b
4 7* such that
U=U,,,=lo0 d @)

a,d=00<b=<a
Will be given by:
A Z)=1+ 24270 + 477 + 671 + 977 +167° + 2477 + ..

Proof: It was introduced by Ward (1998) that (x, ) € X;1s an U-periedie point if and:

Xs, i - Xs+a,1 (5)

dfd
Xsfh,t = Z{l }(s-ﬂ,tVS’t < Z (6)

1=0

The No. of periodic points for the special subgroups U as in (4) is exactly the No. of solutions to
Eq. b, 6 above,

When G = {0, 1}, we observe that for (x, ) € X; will be O or 1. Hence, for appositive integer
m=0,1, 2... weobserve

X, m is odd
mx,, —+y =
5t :
0 m iseven

From definition of X, for (x, ) € X; must satisfy the following equation :

Xs, i+1 = Xs,I + Xs+1,1 (7)

We observe that the equation has four solutions:

Koo = X1 T X1
Sol. 1000
Sol. 2101
Sol.3110
Sol. 4011

Hence, if the System for Eq. 5, 6 has an unique solution, then for any subgroup U of Z? in the
formula (4), the zerc-element will be only periodic point, 1.e., F; = 1. And if the system for Eq. 5, 6

has more than one solution, then by the solutions for Eq. 7, for any subgroup U of Z? in the
formula (4), Fi; =4,
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Now we will take some special cases in this formula as follow:
« [fa=1,c=1,b=0thenfrom Eq. 5, 6 we get.

X~ X1 T X1

X, = X, and x, = X X, this implies to

%, =0, hence I, = 1.
« Ifa=2,b=1,d=1then from Eq. 5 and 6, we get
N ®)
Xy =X T X )]
From Kq. 8 x_, , and from 9 x_ | this implies to ;=1
e Ifa=3,b=4,d=1then from KEq. 5 and 6, we get

T g

6 +4 X.., . then

Kot~ Xst 4x xst3, b gt

st1, tYxst2,

X g =X, 0+ 0+0+x,, This implies to

Xoip ~ Forat

Then this equation has more then one solution therefore F;; = 4

We can continuous by the same way to calculate the periodic points for some special cases again
as showed 1n Table 1.

Where, a, d>0, O<b <a and F;is the periodic point.

Hence, we can define the zeta function by:

Tahble 1: Periodic points for some special cases

a d b Fy
1 1 o] 1
1 d=1 0 1
2 d=3 1 1
2 2 1 1
3 1 1 4
3 2 1 1
3 4 1 4
3 d=5 1 4
3 6 2 1
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Proposition 3: The zeta function of a 2-dimensional shift of finite type via left and upward shifts
o according to the subgroups U of Z? which defined as follows:

w o a-l
Q;{(Z)_exp[zz FEIZ?“’]—l+Z+QZZ+4ZZ+6Z4+9Z5+16ZS+24Z7+...
a=1 d=1b=0 &
=0 zuch th
U=U,,=4¢0 d sueh fhat (10)

for eacha,d > O}

will be given by:

CAZY=1+Z+22 + 47+ 62"+ 977 +16Z° + 2477 + ...

Proof: We observe that the formula (10) is special case from the formula {4) by make b = 0. Hence,
we can put b = 01in the Eq. 6 to get that.

1/d
Z[_ }xsﬂt:OVs,teZ (11)
131 '

Now we will take some special cases in this formula as follow:
*  We observe that if a =1 and d 1s even No. then from Eq. b and 6 we get:
And

Xs, t = Xs+a, t

0= zd:c"x (12)

This is implies to:

_ d d d.
0= Cl Xs+1,t +C:2Xs+:2,t +..+ Cd—lxs+(d—1),t + CdXs+d,t

We observe that ¢ is even number for 1< I <d Hence, from (12) we get.:

0=0+...+0+CX .y, =Xy,

Xyqp = Othen Fy =0

« Ifa=1andd=1then from Eq. 5 and 6 we get:

(13)

st el t
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0=Cix,,, +CX,,,, +o+CIX Ly, (14)
From Eq. 13 we observe that.
Xor = Kovtr — Xoszp
Kovar = Koray
Rora-nr = Ropar

Hence from Eq. 14 we get:
0=(C{+C}+...+Cx_, implies x,, =Othen F;; =1

e Ifa=2andd=1then from Eq. 5 and é we get:

Kot ™ Kozt (15)
0=Cix,,,, +Cix,,,, +..+C_ +Cix,,,, (16)
If d is even then from (1) we get that F; =1
If d is odd then from {15) we observe that:
Kot = Rgror — X — = Xoqd1e
XS+1,T: = XS+3,IS = XS+5,T: == X5+d,t

Hence, from Kq. 16 we get that x, ,, |, this implies to I;= 1.
Then e we can define the zeta function by:

E(Zy = exp{zzF—zZad} =1+ 2422+ 427 + 62" + 927 +162° + 2427 + ...
d

a=1 d=1

We can also compute Fy; using some linear algebra over (G (we can consider G a field).

A point x € X5 that is U-invariant must have horizontal periodic a, so is determined by an:

element from the vector space F=,.
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Let I, be axXa identity matrix. Let P, be axXa permutation matrix corresponding to the cyelic shift
of elementary basis vectors F?,.
The condition of U-pericdicity of (x_,) translates to the condition:

(L+P ) y=P % an
Henece:

F, = ‘ker((la YRR

Then the zeta function in this case equal:

©oaz ad
CX(Z)= zZ Z Z Z
a=1d=1b=0 ad
We will take some cases 1n this form
e« Ifa=1,c=1,b=0 then,
P=1 I=1, P’=1

P,+1,=2Then y =y =y =0 hecause
2%1 =0 % 1 not allow 50 2*0 =0, Hence F;=1

e« Ifa=1,d=r,b=0,then p,=1, I ,=1
(Pa+ lay=2"

pP’=1

3

Py=y=y=0 Then F;=1.

e« Ifa=2 d=1,b=0Then:

Henece:
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Let y= [yl }
¥,

Hence:

Ny it ye o (1 Oy (Y
(Iﬁpa)_[l J[YJ{%WJP”_[O J(YJ_[YJ

ViYe =Y TY: T Y2

There fore v, = ¥,,

Either vy, =0, v, = ¥, v, = 0 1is possible or y, =1 is impossible because y, =y, v, =0but v, v, =
¥, is not zero. Hence F;=1.

e Ifa=2 d=1,b=0. Then:

Then y, =y, =0. Henece F;=1.
Let a=2,d=2,b=0

1 00 001
I=/01 0, P=1 0 0|
001} 01 0
1 00
Pf{OlO
001
10 1wy YiTY;
(L+B)Yy=[1 1 0]y, |=|y+y,
01 TAys) \yatys
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The we get that y, =0, y,= 0. Henee F;= 1.
And whena=2d=r,b=0,then F;=1. Whena=3,d=1,b =0 we get that:

Then:

Vity: =y,
Vity,=V,
Y2 TYs=Y;

S0y, =y, =¥, =0, therefore, F;=1.
Also similarly, whena=3,d=1,b =1, we get that:

— O O
(=N

N T
g~
Il

o = D

<o o o~
[

1 0y ¥
01 Y: |5 ¥
0 Oy, ¥

Vit¥: =Y,
Vi TY. T s
Yo TYs =Y,
Lety,=0=y,=y,theny,=1and y, =0, v, =0 and let:
i=l=1+y,=y, 1 +y,~y;
and y, +y,= 1

So:

yi=0=y,=y;=1

y,=0=y,=y;,=0
Vo= 1l=y, =07y, =1
v, =0=y,=1 vy, =1
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Hence, F;=4.

Also whena=3,d=1,b =2 similarly, F;=1.

In the same way, we can get in all theses cases (a=3,d=2,b=0),(a=3,d=2, b = 1) that
Fy=1and inthesecases (a=3,d=2,b=2), (a=3,d =3, b=0) that F;=1..

By using Mathematica, we will get this result:

E(Z)=14+Z+ 227+ 47° + 67° + 97 +167° + 2477 + ..

CONCLUSIONS

The periodic point was calculated by using two methods namely, the index subgroup and the
linear algebra of the field F,. According to these two methods, the Zeta funection for twoe dimensional
shift of finite type by left and upward shifts ¢ has been studied. For validation of the present
results, three cases study have been presented to get the Zeta function.
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