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Abstract

Background and Objective: Fibonacci sequence is a sequence of positive integers that has been studied over several years. The aim of
this paper was to suggest new generalized Fibonacci sequence to a particular class of recursive sequence. Materials and Methods: The
equilibrium point of the model was investigated and a new sequence. The matrix method was applied to perform the generalization.
Results: The nth power of the generating matrix for this generalized Fibonacci sequence was established and some basic properties of
this sequence were obtained by matrix methods. Conclusion: Cassini’sidentity and Binet's formula for the generalized Fibonacci sequence
was obtained.
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INTRODUCTION

The Fibonacci sequence is a series of numbers in which a
numberis found by adding the two numbers before it. Initially
with 0 and 1, the sequence starts from 0, 1, 1, 2, 3, 5, 8... by the
rule the expression is X, = X,.;+X,, which was named after
Fibonacci also known as Leonardo of Pisa or Leonardo Pisano
and first introduced by Liber abaci in 1202. Knowledge of
numbers is said to have first originated in the Hindu-Arabic
arithmetic system, which Fibonacci studied while growing
up in North Africa. The well-known Fibonacci sequence is a
sequence of positive integers that has been studied over
several years. The most and vast research field of Fibonacci
numbers is defined to study the generalizations of
Fibonacci numbers Bilgici' and Tasyurdu et a/2. The mainaim
of the present paper is to study other generalized Fibonacci
sequence by matrix methods.

Horadam? introduced and studied the generalized
Fibonacci sequence W, = W, (a,b;p,q) defined by:

W, = PW,_;-qW,,, n>1, W, =aW, =b

where, a, b, p and q are arbitrary complex numbers with q=0.
These numbers were first studied by Horadam® and are called
Horadam numbers. In Silvester?, it has been shown that a
number of the properties of the Fibonacci sequence can be
derived from a matrix representation. In doing so, it showed
that if:
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then:

where, u, represents the nth Fibonacci number. In Koken and
Bozkurt obtained some important properties of Jacobsthal
numbers by matrix methods, using diagonalization of a 22
matrix to obtain a Binet's formula for the Jacobsthal numbers
and in that study, 2 X2 matrix and its nth power are defined

respectively as:
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F=
i

and:
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where, J, isthe nth Jacobsthal number.In Demirturk® obtained
summation formulae for the Fibonacci and Lucas sequences
by matrix methods. For doing this, it considered 2 X2 matrix
such as:
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and:
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where, F, and L, are nth Fibonacci and Lucas numbers
respectively. The authors presented some important
relationship between k-Jacobsthal matrix sequence and k-
Jacobsthal-Lucas matrix sequence and k is the positive real
number®. In Godase and Dhakne” described some properties
of k-Fibonacci and k- Lucas number by matrix terminology. To
obtain such properties , the authors 2 X2 matrix such as:

k K+4
s_|2 2
1k
2 2
and:
I—k,n (k2 + 4)Fk n
| 2 2
Fk,n Lk,n
2 2

where, k is the fixed positive real number. Catarino and Vaso®
obtained 2X2 matrix for the k-Pell sequence with in nth
power and Catarino® presented Binet's formula for the k-Pell
sequence by the diagonalization of 2X2 matrix. In both
studies of Catarino® and Ugyun and Eldogm® defined 2X2
matrix as such as:
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and:

where, P, is the nth k-Pell number. Again in Catarino and
Vaso® study, 2X2 matrix they have obtained Binet's

formulae  for the k-Pell-Lucas sequence by the matrix
diagonalization and also obtained some properties of k-Pell
Lucas sequence with the help of a 2 X2 matrix as such as:

1Y

Q

and:

K Qk.n — Qk,n—l Qk.n — Qk,n
o 2k +1) 2k +1)
Qk,n+1 - Qk,n Qk,n+2 - Qk,n+1
2k+1) 2k+1)

where, Q,,, is the nth k-Pell Lucas number. Borges et a/'
have used the same conceptasin Catarino®and studied k-Pell-
Lucas sequence by matrix methods.

Preliminaries: In the study of Catarino® for the positive real
number the k-Pell sequence {P, .}is defined by the recurrence
relation:

Pk,n+1 = 2Pk,n+kpk,n»11 nilx Pk,O = Or Pk,l =1 (1)
Againin the study of Catarino?®, the positive real number

k the k-Pell-Lucas sequence {Q,,} is defined recurrently by:
Qk,n+1 = 2Qk,n+ka,n-17 nzlv Qk,O = 21 Qk,l =2 (2)
The sequence of Eq. 1 and 2 have the same characteristics
equation x>-2x-k = 0 and let a and b are the roots of the
characteristic equation. The well-known general forms of both

sequences known as Binet's Formulae are given and written
by:

_a -
a-b

k,n

and Q,, =a"+b" where, a=1++1+k and b=1-1+k .
The main aim of this paper was to study other generalized
Fibonacci sequences by matrix methods.

20

MATERIALS AND METHODS

Definition: For the positive real number k, the generalized
Fibonacci sequence, say S, ,defined by:

Sc1 = 250tkS 1, 21, S0 =1, 5, =1 3)

Clearly x2-2x-k =0 is also the characteristic equation of the
sequence (Eq. 3). It produces two roots as:

a+b=2 a-1=1-bh,a’

—2a+k, b7 =20+ k2L
a-b

1
2

Also the 2X2 matrix called generating matrix for the
sequence (Eq. 3) is defined as:

&)

RESULTS

Theorem 1: Binet Formulae for the generalized Fibonacci

sequence:
a-1 a-1
S @)=
S(,n a*b(a + ) aika,n
. ©
:EQ“"nZO
and:
SK _ 1 I:(an+1_bn+1)_(an_bn):|
" a-b (7)
:Pk.n+17Pk,n’n20

Proof: The general form for the generalized Fibonacci
sequence may be expressed in the form:

S = Ad'+Bb"

where, A and B are constants that can be determined by the
initial conditions. So put the valuesn=0and n=1in Eq. 3, we
get: A+B=1 and Aa+Bb=1.

After solving the above system of equations for A and b,
we get:

9|>;u
|
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Therefore:

1

:ﬁ[a”(lf b)+b"(a-1) |

Sin

And by Eq. 4, we have:

1
S0 ~aob

a-1
=——(@"+b"

a_b( )
_a-1

a-b

= 7Qk‘n

[a'(a-D+b'(a-1)]

Qk,n

N[

This proves the first part of the theorem.
Now if we consider Eq. 4 and above proof, we get:

S =
1 n n n n
:ﬁ[% -a"+ab *b:l
L ra@ob)—a +b'(2-b)- b
a-b

ib[Za” —ba' —a" +20" — " —b" |

a7
1
=——a"-b"—(2-a)a" +2b" - b"*
b (2-49) ]
zi an_bn_zan+an+1+2bn_bn+1:|
a-b
1 n+1 n+1 n n
=——/| @ -b")—-(@" -b
pwrsl )—( )]
=P..,-P

k,n+l ~ Tkon

This proves the second part of the theorem.

Theorem 2: for neN, we have:

2|(SKn - kSk,n—l + 28K,n+2 _S<,n+1
=2+ 2R, +Qn)

kSK,n - kS<,n—l + S<,n+2 _Sx,n+l
=1+Kk)Q,.,

Proof: To prove this we will use Eq. 6,7, 1 and 3:

2+ 2R, + Q) = 2+ 2K)(R, +25,,) = 2R, + 25,,) + k(R , + 25,,)
=2R , +4S, + 2kR,, ++4kS,
= (2Pk,n+1 - 23<n) + ZkPkn

=2R , +2kR , +4S , +4kS 48, +AKS,
\n n

21

=2R ., +2KR , +2S , +4kS,

=2KkP,, + 2R . + 25, + 4kS,
= 2R = 2R ) + 2Rha + 25,
+4kS,
=2P, .2 — 2R .1 + 25, +4KS,,

= 2Rz = Rona) + 25, +4kS,
=251 +2S, +4kS,,
=35 1~ Scna + 2KS, +4KS,
=35 1~ ksk,n—l + 4kst<,n
=451 =S — kS + 2K,
+2kS, ,
=2kS,, - kS 1 +2(2S,,, +KS,,)
_S<,n+1
=2kS, ~ kS 11 + 2500 ~Scna

which proves Eq. 8.
Now:

kScn = KSana +Scniz = Sina

= ksm - kSK,nfl

H2S 01 kSl =S

=251~ S ka«nfl + 2|(Sm =S~ kSK,H + ZkSK,n
=Sona + 25 ~Sana + 2KS, =S T 25~ S+ 2KS,
=25 ,+2kS,

=(1+k)2s,

=1+K)Q,,

which proves Eq. 9.

Theorem 3: the nth power of the generating matrix. for neN,
we have:

S =(@+k)?
(S(,rwz - SK,nﬂ) k(SK,ml _Sk,n)
Senis=Scn) K(Sn =Scnaa)

(10)

Indeed
Eq. 10 is true for n = 1. Now suppose that Eq. 10is
true for n. let us show that the result is true for n+1,
then:

Proof: Here we shall use induction on n.

S1=9'S

=(@+k)™

{(sz =Sinit) KSina —Sin)
(Scna = Sen) K(Sen = Scna)

I
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— (k)™
_ZSK,rHZ - 28K,n+1 k(SK,n+2 - S(,nﬂ)
+ksk.n+l - kskn
23(,n+1_ zskn k(Sk,n+1_SK,n)
7+kSK,n - k%,n—l)
— (k)™
_Sw,n+3 _SK,n+2 k(sx,mz _Sw,nﬂ_)
_S(JHZ - SK,VHl k(Sk.rHl - SKn)

as required.

Theorem 4: (Cassini’s Identity) for neN, we have:
Sen1Scnt = S = (K" (1+K) (11)

Proof: From Eq. 5, det. (S)" = (-k)" and now from Eq. 10, we

have:
S = (L+k)*
(Sk,n+2 - Sk,n+1) k(SK,n+1 - an) :‘
(Sk‘n+1 7Sk,n) k(Skn 7Sk,n—1)
then:
det(S") = k(1+ k)2
(SK.n 7S<,n—1)
(Sk,n+2 _$<,n+1)
_(S<,n+1_sk,n)2 (12)
= k(1+ k)iz[&,ni,nd _SanS(,ml
_Sx,n—lsx,mz + SK,nfls<.n+1 - Szk.ml
_Szk.n + 28K.n+1$<,n]
Put:
Sw.n+2 = st,ml + kSKn
and S(‘n‘#l = ZSKn + kSK‘n—l
and then:

det(S") = k(L+K)*[2S, ,Sc
+KS, = SnSens = 2SenSena
kS 1S +Sen1Seni — 4k
Ky —4KS, S
~Sn+ 25 01Scn]

22

=k(@+Kk)?[kS, -5,
S-S +38nSna

-5KS, St — kZS2kYn71]
=k(1+Kk)?[kS, 55,
_San—lsx,nﬂ

+350 (25 +KScn0)
—5k5m3m4 - kzszk,nq]
=k(1+k)?[kS, 55,
~ScniSena + 65,

~2KS ;S

Sl

=k@+K) kS, , + S, = ScnSinn
kS 125 + kS0l
=k(@+K)?’[kS, + Sy
~Scn-1Scna ~KSnaSanal
=k(@+Kk)?[1+K)S,,
~(1+K)S Sl

=K@+ K) [~ S nScpal
= —k(@+K) S p1Sens = Skl

Therefore:

sgn—lsk,ml _Szk,n
— (k) det(S)(1+ K)

Since from Eq. 5, det(S") = (-k)", then:
SK,n—lS(,nA - SZk,n = _(k)n71(1+ k)
Hence the result.
From Eq. 12 in the proof of the above theorem we also
conclude that:
(SK,H 7S(‘H—1)(SK,H+2 7S<‘n+1)

7(Sk,n+1 7SK,n)2
= (:I-Jr k) (Szk‘n - SK,n—lS(nH.)'

Theorem 5: For neN we get:

et ]

Proof: To prove the ongoing result we shall use introduction
onn.indeed the resultis true forn = 1. Suppose that the result
is true for n, then:
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s<,n+2 _ ZSK,n+1+kS<,n _ 2 k Sk,ml
|:S<,n+1 :| |: S(,ml :| - {l O :||:Skn :| (14)

as desired.

Theorem 6: For n>0, we get:

SKn+1 SKl
{Sm } [sw } 15

Proof: To prove the ongoing result we shall use induction on
n.indeed the result is true for n =0, suppose that the result is

true for n then:
2 k n+l S(Yl
10 Sco
2 k[2 kT"[Sa
101 0]]|S,
Since the result is true for n then:
2 k n+l s(vl
10 S
__2 k S(,ml
|1 0]ls.,

_ _ZSK,H+1 + k%n:|
- Sk,ml

_ :SK,H+2 :|
_SK,V'Hl

as desired.

Binet’s formula by matrix diagonalization of generating
matrix: Use the diagonalization of the generating matrix (Eq.
5) to obtain Binet's formula for the generalized Fibonacci

sequence (Eq. 3). For this purpose we should prove the
following theorem:

Theorem 6: For n>0, we get:

SK,n :ibli(aml_bml)_(an _bn)] (16)

Proof: The generating matrix is given by:

o]

now here our motive is to diagonalize the generating matrix
S.Since S a square matrix and so let x be the eigen value of S
and then by the Cayley Hamilton theorem on matrix, we get:

[S—xI|=0
2-x k
1 -x
x2-2x-k=0

This is the characteristic equation of the generating
matrix. Let a and b be the roots of the characteristic equation
and also a and b are two eigen values of the square matrix S.
Now we will try to find the eigen vectors corresponding to the
eigen values aand b. to find the eigen vectors we simply solve
the system of linear equations given by:

ISxXIV =0
where, V is the column vector of order 2X 1. First of all we
calculated the eigen vectors corresponding to the eigen value

of a and then:

|S—al |V =0

[aNME

v -av+Vok]
Vv, —av, N

Consider the system:

(2-a)V,+kVv,=0
V,-av, =0

And if we take V, = tin (17) , we get, V, = at. Hence the
eigen vectors corresponding to a are of type:

N

t

In particular t = 1, the eigen vector corresponding to a are of
type:

Similarly the eigen vector corresponding to b is:

8
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Let A be the matrix of eigenvectors:

[a b}
A=

11
so and then:

-1 a

A*:@—m4{lfﬂ

Now we keep the diagonal matrix D in which eigen values of
S are on the main diagonal:

o

and then by the diagonalization of matrix, we get:

S=ADA™!
S =(ADA™Y)"
=AD'A™

= (a-b)*

a blja" 0 |1 -b
1 1o b" ||-1 a
an+l bn+l 1 _b
a b |[-1 a

an+1 _ bn+1 _ ban+1 + abml i|

~(a-b)*

=(a-h)*
a'-b"  —bha"+abd"

By using Eq. 15, we have:

sk,n SK,O
=(a-b)*

an+1 _ bn+1 _ ban+1 + abn+1 1
a'-b"  —ba"+abd" 1

Let C — an+1 _ bn+1

achieve:
|:Sk,n+1:|
Sen
C

=(a-b)*a" - b"-2a"
+ an+1 + an _ bn+1

—ba™ +ab™* and using a+b = 2, we

=(a-h)* c
7( ) |: (an+l_bn+l)_(an _bn) }

Therefore, by equating corresponding terms on both
sides we get:

ﬁ[(aml _ bn+1) _ (an _ bn):l

which proves Eq. 16.

Theorem 7: The generalized characteristic roots of S"

are:
Qo Qxn 4/ sz,n —4(-Kk)" (17)
2
and:

b" = Qk,n Y sz,n _4(_k)n (’I 8)

- 2

Proof: if we write the characteristic polynomial of S, we

achieve:
s-v1-
(S(.VH»Z - S(.ml) —y Kk (Sk,n+1 B Skn)
1+k 1+k
(Sens=S) | (Sn=Sun)
-y
1+k 1+k
=(1+k)?
(Scnz = Scn) — @+ K)Y k(S —Sin)
(Scna—San)  K(Sen —Sina) — A+ K)y

=@+ K) H{[(Senz = Sepa) — A+ k)Y
(kS =Scna) - @+ K)y]

—K(Sena =S}

=1+ K) *{[(Scpz = Senr)

K(Scn = Scna) = Scnee = Scaa) YA+ K)
—ky(@L+K)(S = Sepa) +Y* @+ K)?
—K(Sin1 =S

=@+ K)H{y* @+ k)? - y(L+Kk)
Sz =Sk + kS —kScn4)
+K(Scn = Scna)(Scnz = Sina)
—K(Sin1 =S

=@+ K)H{y* @+ k)? - y(L+Kk)
(k%,n - kSK,H + Sk,mz - SK,n+1)
KIS = Sen 1) Sz = Scna)
~(Scna =S’}

After using equations Eq. 9, 11 and 13, we conclude
that:
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=1+ Ky’ @+ k)* - y(L+k)
1+K)Q.,

+k(1L+K)(S' = SenaScna)}

=1+ Ky’ @+ k) -1+ K)*Q, .y
+H=K)(K)" L+ )%}

=1+ Ky @+ k) -1+ k) Q.Y
+(=k)" 1+ K)%}

=y = QY+ (-K)"

Hence the characteristic equation of S" is given by:
Y = Qy+(-k)"=0

And the generalized characteristic roots are obtained
from:

y= Qk,n * \/ sz,n - 4(_k)n

2

Clearly the above equation has roots given a" and b" and
consequently we get the desired results as:

an Qk,n +\[Q2k,n 74(7k)n

- 2

And:

o Q=@ 4Ky

- 2

Hence the result.

Theorem 8: The characteristic equation of Siis:

a2ak=0 (19)

Proof: Here we employ the method of matrices as well as
determinants to obtain the characteristic equationforS.Eq. 10
gives:

S =(1+k)*

[(sz ~Sina) KGSina=Sn)

Scna =Sn) kS =Sin)

S

Sk,n+2 _S<,n+1
S

S(,ml _S<,n
S

= (LK)

KSnia = Sin)
Sina
kScn = Scna)
S

Since the ratio of two consecutive generalized Fibonacci

numbers is equal to a, then:

S<,n+2 _Sx,n+l
,n-1
— Iimsk,n+2 _ IimS(,rwl

n—w n—wm
n-1 SK n-1

— “m s<,n+2 ||m Sk,ml

n—w Sw,n+1 n—w SK,n
Iimi—limhlimi
nﬁm%,n—l n—ow SK,n nﬂx‘S@n—l

=a’-a

lim

n—w

and:

Again:

: SK,n 7SK,n71
lim———"—=
n—w
,n-1

=lim—"—-1=a-1
n—w

n-1

Therefore:

[a®—a k(@ -a )}

|a’—-a k(@-1

[(a-Da® ka(a-1)
[(@-Da k(a-1)

If we consider Eq. 4, we have:

a+ml{@né kdab}
(a-Da k(a-2

=1+k)*
(a-DY(2a+k) ka(a-1)
{(a—l)a k(a-2) J

25
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If we will compute the determinants of both sides, we get,
the characteristic equation of the matrix S as follow:

0=(1+k)?

[(a-1)?(28k +k*) - (a-1)ka’ |
0= 2ak + k? —ka®
a’-2a-k=0

as required.

DISCUSSION

The main aim of the present paper was to study
generalized Fibonacci sequence by matrix methods. It has
been shown theoretically that the proposed model is more
efficient than the existing models applying matrix method.
The results obtained in this study are in close agreement with
the previous existing studies'"’.

CONCLUSION

In this study the nth power of generalized Fibonacci
sequence was established and some fundamental properties
of this sequence were attained by matrix methods and
Cassini’s identity and Binet's formula for the generalized
Fibonacci sequence was achieved.

SIGNIFICANCE STATEMENTS

It has been proposed some important relationship
between k-Jacobsthal matrix sequence and k-Jacobsthal-
Lucas matrix sequence and k is the positive real number.
Godase and Dhakne described some properties of k-Fibonacci
and k- Lucas number by matrix terminology. This study will
help the researchers to uncover the critical areas related to
Fibonaccisequencetoa particular class of recursive sequence.
For the future research, researcher can be considering a new
theory for Fibonacci sequence.
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