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Abstract: Non-linear dynamic of Elastic beams is investigated analytically. Homotopy
Perturbation Method (HPM) is used to obtain the analytical solution of the fourth-order
non-linear governing equation of beams. To demonstrate the validity of the proposed
methods, the results which is obtained from the approximate solution has been shown
graphically and compared with that obtained from the mumerical solution. A clear conclusion
can be drawn from the numerical resnlts that the HPM provides highly accurate solutions
for such nonlinear phenomenon.
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INTRODUCTION

It is well-known that there are many nonlinear differential equations in the study of physics,
mechanics and biology. The resnlts of solving these equations can guide authors know the described
process deeply. But because of the complexity of nonlinear differential equations and the limitations
of mathematics methods, it is difficult for us to achieve the exact solutions for the problems.

Generally perturbation method has been used by researchers to overcome the nonlinear problems.
Perturbation method is a well-known method to solve nonlinear equations studied by a large nmumber
of researchers (Bellman, 1964; Cole, 1968; O'Malley, 1974; Nayfeh, 1973; Van Dyke, 1975). Since
there are some limitations in using the common perturbation method together with the fact that this
method is based on the existence of small parameter; developing the method for different applications
is very difficnlt. Therefore, a number of mumerical methods including artificial parameter method
introduced by Liu (1997), the Variational Tteration Method (VIM) by He (1998a, b, 1999a) and the
Homotopy Perturbation Method (HPM) (He, 1999b, 2003; Ganji and Rafei, 2006a; Tolou ez /., 2007)
have recently been developed to eliminate the small parameter.

This study is devoted to extend the works of Han and Xu (2007) who is obtained several new
existence theorems on three solutions and infinitely many solutions for the following fourth-order beam
equation (Eq. 1) by applving HPM. This method is one of the latest analytical methods for solving
linear and nonlinear equations. So, brief review of the proposed method is firstly presented; that is
applied to the fourth-order non-linear governing equation of beams. Finally, a numerical example is
given to demonstrate the validity of the proposed method (HPM).

The fourth-order non-linear governing equation of Elastic beams is described by the following
nonlinear equation (Han and Xu, 2007):
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Where, f{t, u(t)) can be considered as below (Han and Xu, 2007):

Case 1:
ftu)=8lu+4015sinu+t ()

Case 2:
£(tu) = -Su(t) - [u(t)+ 1] +sin’ (nt) +1 3

Equation 1 describes the deformation of an clastic beamn both of whose ends are simply

supported at 0 and 1. It is well known that this equation is a fourth-order two-point Boundary Value
Problem (R VP) with the initial condition considered as below Han and Xu (2007):

w(0) = ufl) = G(0) = i) = 0 ey
Where, dot indicates differentiation with respect to the time (t).
Background of Homotopy-Perturbation Method (HPM)
In this study, we apply the homotopy-perturbation method (He, 1999b, 2003; Ganji and Rajabi,
2006b; Tolou ef al., 2007) for the solution of the nonlinzar Beam equation described by Eq. 1. In order
to demonstrate how this method works, let us consider the following nonlinear differential equation:

A(W-fr) =0, ReQ (5)

Subject to the boundary conditions of:

B(u,&u/én)=0, rel, (6)
Where:
A = General differential operator
B = Boundary operator
fir) = Known analytic functional
I' = Boundary of the domain Q

The operator A can generally be divided into two parts I. and N, where L. is linear, whereas N is
nonlinear. Therefore, Eq. 5 can be rewritten as:

L{u)+ N{u)— (1) = 0. (M)
Homotopy-Perturbation structure can be shown as the following equation:
H(v,p) = (1= P [(L (V) = L(u, )]+ pIL(V) + N(vi = F ()] = 0 &
Where:

vir,p):Q2x[0,1]] > R ©)
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P is called homotopy parameter. For p = 0 and p = 1, Eq. 7 reduces to the following equations,
respectively:

H(v,0) = L{v) - L{u,)= 0 (10)

H(v,1)= A(v)—f{1) =0 (n
Where, p €0, 1] is an embedding parameter and u, is the first approximation that satisfied the
boundary condition.

The process of changes in p from zero to unity is that of v(r, p) changing form u, to u(r). We
consider v, as the following:

V=V, +pV, + PV, + (12)
And the best approximation for solution is:

u=limv=vy +v;+vy+..., (13)
P

IMPLEMENTATION OF HPM

Case 1: Here, we apply the homotopy-perturbation method to solve Eq. 1 and considering of Eq. 2
with the assumption of Taylor series by the following:

sin(u):u—lu3 +Lu5 Fo (4
6 120

Substituting Eq. 14 into Eq. 2 and after some mathematical manipulation, Eq. 1 reduces to:

4
d;gt) —8lu(t) - 4177u() + %u(tf 7%11(05 Ct-0 (15)

Now Appling homotopy-perturbation method Eq. 8-15 results to construct a homotopy in the
following form:

(kp)[d;“ﬁt)—81u(t)—(%—81uu(t))}+

t t (16)
duy oo 4015 5 803 o ]

p{ e 8lu(t) —4096u(t) + c u(t) 2 u(t) t}o

Itis obvious that when p= 0, Eq. 16 becomes a linear equation; when p = 1 it becomes the original
non-linear one. So the variation of P from zero to unity makes the equation to change to non-linear
from linear one.

According to the homotopy-perturbation method, it can be assumed that the solution of Eq. 16
can be expressed in a series of p:

u(r):uD(r)+pul(r)+p2u2(r)+.__, (17
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Substituting u(r) from Eq. 17 into Eq. 16, after some simplification and substitution and rearranging
based on powers of p-terms we have:

4
pr . dh® ;‘tﬂft) — 4096u, () —t = 0 (18)
’
p :%—4096111(04—%%(03—%uu(t)j=0 (19)
4
2 000 goosu, )+ 2w 0%, 0+ 220, 07u, 0 -0 (20)
dt 24 2
d*u, (t 803 803
P :%()—4096%(!;)— o Oy (1) ==, (O 40, (07, (1)
803 4015
200 (20,00, + 0,7 |- S0 0+ 0 0, 0 @20

4015

Tuu(t)(Zuz(t)uU(t) +u, () =0

Here, the initial condition at this boundary c¢an be determined by the boundary conditions.
With the effective initial approximation for u, from the initial conditions (4) to Eq. 18, we

construct u,.

So on, solving Eq. 19-21 gives other components. Then as p - 1, u(t) - x(t), from these components
into Eq. 17, the solution for the u(t) will be given.

1
u,{t)=—-——1t+
o) 4096

1

8192

sinh(8t)
sinh(8)

sin(8t)
sin(8)

(22)

Case 2: Considering Eq. 1 and case study 2, then Appling homotopy-perturbation method Eq. 8 to
these equations results to the following homotopy equation:

(t-p)[u? )+ 56() -+ pfu’? (1) 5u(t)+ [u(t) «1] ~sin* (=) -1} =0, (23)
Substituting u(r) from Eq. 17 into Eq. 23, after rearranging based on powers of p-terms we have:

d4

d2
P’ U {t)+ :{FuU (t)} =0 (24)
d* 4z
p' ;Wul(t)ﬁ{ﬁul(t)} 0 25
pz.iu (t)+5 iu (t) +# 47En2 Sin(ﬁt)nz(cos(ﬁt)—l)
Tdet ? di® ? —50 + 407 5 Sin( ﬁt)(-s . 47:2) 6
_M_Etz+2ﬁztz_5005(2nt) Lo Lames
(-5+4r7) 2 x* 10 100 =
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Then, solving Eq. 24-26 we have:

u =0 @27
u (t):% [4_5 2] Siﬂ(‘\lrgt) b (cos(ﬁt)—l)_ CDS(JEt) :11:2
1 —50 +407° 5 sin (_Jgt)(75 Jr4TE2) (75 4 4:‘,:2) (28)
_£t2+2ﬁ2t2_£CDS(2ﬁt) _Lt_L4ﬂt2+5
2 4 200 200 o

Similarly, 1u,(t) can be obtained using mathematical packages. Consequently, substitution
Eq. 27, 28 and other component into Eq. 17, respectively gives the solution of u(t) in the
following closed forms:

1 16 sin[v5t) 7 {cos(¥5t) =1]  cos{«/5t)
[4_ J()((H-()

) ——
u( ) ~50 + 407’

5T sin(VSt)(-s+4x7)  (S+4x’) 29
,Etz +2mit? ,EM},Lt,Lmrz: 3 +
2 4 200 200 =
RESULTS AND DISCUSSION

In this study, the two cases of fourth-order beam equations are solved by the means of HPM. The
obtained results from HPM are compared and verified via the numerical method using Runge-Kutta’s
algorithm (RK). The result shown in Fig. 1 and 2 indicates that the HPM experiences a high accuracy.
In addition, in comparison with traditional analytical methods, a considerable reduction of the volume
of the calculation can be seen in HPM. It can be approved that HPM is a powerful and efficient
technmique in finding analytical solutions for a wide classes of nonlinear problems.
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Fig.1: Time history diagram of x,{t) of c¢ase 1 for two approximations at

(=0, xW)=0%0M=0,%D=0 (a) HPM, (b) RK
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Fig.2: Time history diagram of x,(t) of case 2 for three approximations at
x(0y=0, x(1) = 0,x(0) = 0, x(1) = 0 (a) HPM, (b) RK

Figure la and b illustrate the time history diagram of the displacement u(t) obtained from the
numerical method and HPM respectively for two approximates of case 1. The behavior of u(t) for case
2 obtained from the HPM and RK is depicted in Fig. 2a and b, respectively.

Figure 1 as well as Fig. 2 is obtained for u{(0) =0, u(1)= 0, 1(0) =0, (1) = 0. These figures
approve the excellent agreement between HPM and the numerical method.

CONCLUSION

In this survey, the homotopy-perturbation method (HPM) has been emploved to analysis the
non-linear dynamic of beams with nonlinearity in its fourth order governing equation in an analytic
solution. The obtained solutions are compared with the numerical method, using Runge-Kutta’s
algorithm (RK). Both two examples show that the results of the present method are in excellent
accordance with those obtained by the numerical method. The HPM has many merits and advantages
over the other traditional analytical methods; it can be introduced to overcome the difficulties arising
in calculation of common previous methods. Besides the HPM does not require small parameters in
the equations, thus the limitations of the traditional perturbation methods can be eliminated and also
the calculations in the HPM are simple and straightforward. The reliability of the method and the
reduction in the size of computational domain give this method a wider applicability. The results show
that the HPM is a powerful mathematical tool for solving lincar and nonlinear differential equations
and therefore can be widely applied in engineering.
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