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ABSTRACT

In the study, the linear problem for the second order general parabolic equations in the bounded
domain is considered. This problem arises in the linearization of multidimensional two-phase
problem with the condition on the free boundary in which the unknown temperature at the free
surface depending on the curvature and the velocity of the free surface. The proof of the existence
and uniqueness of solutions of the linear problem and derivation of estimate of its solution is
realized with Schauder method and construction of regularizer. The unique solvability of the linear
problem in weighted Holder spaces is proved, the coercive estimates of the solutions is established.

Key words: Second order parabolic equation, weighted holder space, existence, uniqueness of the
solutions, coercive estimate

INTRODUCTION

Bazaliy and Degtyarev (1992) investigated the three-dimensional Stefan problem for the heat
equation with the condition u, = u, = ak-V, on the free boundary, where k-the curvature of free
boundary and V, -velocity of free boundary on the direction of the normal v. Radkevich (1992)
studied such a problem for a divergent parabolic equation with conormal derivative in the boundary
condition for the space of dimensions n = 2, 3. In these works in the classical Holder space were
considered the problems in domains of dimension 2 and 3 at overstated smoothness of the given
surface and the initial data.

The weighted Holder spaces C.(Q;), s<I,introduced by Belonosov and Zelenyak (1975), permits
us to extend the class of solutions and to reduce the order of the compatibility conditions of the
initial and boundary data with the help of decrease of value s and in the case s =1 to obtain unique
solvability in classical Holder spaces. The problems in weighted Hoélder spaces were studied by
Bizhanova and Solonnikov (2000) and Bizhanova (1994) and others. Bizhanova and Solonnikov
(2000) have investigated in this space, the problem with a time derivative in the boundary
conditions. In Bizhanova (1994) was studied in the weighted Holder space the solvability Stefan
and Florin problems with the condition u, = u, = g(x, t) on the free boundary.

In the present study the linear problem for the second order parabolic equations in the bounded
domain is considered. This problem arises in the linearization of a free boundary problem with the
condition u, = u, = ak-BV, on the free boundary.

The main purpose of this work is to establish the exact smoothness of the unknown functions
in arbitrary configuration domains of dimensions n>2. In addition, to investigate the problem in
a broader class of functions in a weighted Holder spaces, with a weight in the form of a power
function t. From the received results follows solvability of the problem and the estimates of solution
in classical Holder spaces.
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MATERIALS AND METHODS
Statement of the problem: Let Q be bounded domain in R? n>2, with boundary S. Let closed
surface yeQ dividing Q onto two subdomains Q, and Q, such that 0Q, = Suy, 0Q, =1.

We denote Q, =Qx(0,T), O™ =0 _e(0,T), m=1L 2, y, =yx(0,T), S, =Sx(0,T).
It is required to find functions U,(X,t), X €Qy, U,(X,t), X€Q, and p(X,1), Xey under the conditions:

0 0 0 0
L[xtaxat)u =k (X, 1)Ly (xta a)p =f (xt),in Q™ m=12

um‘t:o =0,m=12, p‘t:O =0
ul‘sr = p(th)- ul_UZ‘YT =0

K%er b® (x,t)Vu, —b® (x,t)Vu, +c(x,t)Vp+

+bg><x,t>ul+baz><x,t>uz+c (xt)e, = 9,001

aZd.,( t) +zd(x DES P+ dy (x,)p+h(x O], =00, D

i,j=1 j

Where:

Fm’(x,t)ai— a™ (x,t)
Xi

1s second order parabolic operators:

S AT (K DEE, > 1ugE? V(.0 e O, & —a” in O, m=1,2

i,j=1

Dd (X EE 2 pE? V(X t) ey, E€R", uy =const >0, d;; =d;; on y,

i1
a,B,k are positive constants, p* is extension of function p into domain Q (Bizhanova and
Solonnikov, 2000) such that:

a * -+ -+
=0, ap =0, |p |S2I,)EZT £ Cl | p |S2Iv?l'r (2)

v

s

P’ =p,
Y

v is normal to surface y directed into Q,.
We define the space CL(Q;) Let] be positive noninteger, s<l. CL(Q;)-the space of functions

u(x, t) with the following norm:

-s joHlil-s (I
lul’, =su t%[u]("+ > su t21 3 |DDlul, ++ |uly;520
5.0 = ISTp o p t “xYla 0s 3)

s<2jotlji<l t<T ,5<0
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Where:
Q =Qx [t,tj
2

[u](l) _ Z [DJOD] u] (- [I]) + Z [DJOD]u]I 2joil)/2

2jo+Hil={1 0<I-2j,ljl<2
VX, - vz, D)
[ ]x o = up
D200y [x—2z]
v(X,t) = V(X,
VI = sup w O<a<i
ST x)(x)er [t—1]

[ul) is the norm in the Hélder space Ciit @,)-
| °
If s =1 the space C.(Q,) is the Holder space (:'fl Q). We define Cc.(Q,) as the space of functions
CL(Q,) and satisfying the conditions DUl =0, 2k<Sif 5:0; for s<0 we assume c@)=C(Q,)-
In the space C\(2,) the norm (3) is equivalent to the norm (Solonnikov, 1977):

I-s

S
Il =spt [0l +upt  ul, @
t< t<

A priori estimate of solution we obtain by Schauder method, from which on the basis of the
linearity of problem will follow the uniqueness of solution. The existence of solution of the problem
we prove by construction of regularizer (Ladyzhenskaya et al., 1967). The basis of these methods
is the use of solutions of the Cauchy model problem, of the first boundary-value problem in the
halfspace and solution of the conjunction model problem generated by this linear problem. The
model problems occupy an important place in the study of the linear problem. The unique
solvability of the Cauchy problem and the first boundary-value problem is proved in Belonosov and
Zelenyak (1975) and Solonnikov (1977).

RESULTS
Theorem: Let 1 be positive noninteger, 1<s<2+l. Let yeC*', ScC,,, and the coefficients
of the differential operators in the problem (1) satisfying conditions: &™(x,t), a™(x,t), a™(x, t)
An(X,t) e C'H(Q(Tm)), bﬁm)(x,t) (X, 1), b(m (X,1), co(x,t) € C1+I (1), d;(x,1), di(x,t) dy(x,t), h(x,t) e C2+| (y+)1,j=
,h,m=1,2,
Then for all functions, f e c' (oL m)) m=1,2,¢ ¢ Cl ! (1) @, € (32*' (v;), P(X,t)e CZ*' (S problems
(1) possesses a unique solutlon u, € C*(Q™), m=1,2, peC¥.(y,) and the following estimate for it

2 2
Zp |(2+(m) +p |§;I,~),T <C, (me E)Z’Q(Tm) +1e |§+1I;T +]o, |§2,+TI) +]p | 0 &)
m=1 m=1

holds.
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Proof: Let:

B(Q,) = CZ(QP)x CZ'(QP) xCL5(v7)
be the space of the functions:

w={uy, U, p}, HQr) = C_,(QF) < C () x Ci(v7) x C" (1) x € (Sy)

be the space of the functions h = {f}, f,, @, ¢,, p} with the norms:

2
| |
Wl =S +Ink?, ©
: (1) (L+1) (2+1) (2+1)
+ + +
T 3 A L N[ )

The proof of theorem is realized with Schauder method to obtain the estimate (5) and
construction of regularizer to prove the existence of the solutions (Ladyzhenskaya et al., 1967).

Fixing a small positive number A, we cover the domains Q, and Q, with balls B, ;, and B, ,, of
radii M2 and A, respectively, and with a common center ¢&,.

Let {¢,(x)} and {n,(x)} be the sets of smooth functions subordinated to this overlapping by the
balls, such that & (x) = 1if |x-§ | <M2 and & (x) = 0 if |x-& | >, suppn,(x) = By ,:

anCk =1

D, ID"n, £ G A" (8)

Let keM if the balls B, , lie entirely inside the domain Q, or Q,; keL, if the balls B, , are
adjacent to the boundary S, keN if the balls B, , are adjacent to the boundary.

Let keL{JN, & €B,, be the point of S or y closest to & We pass to the local coordinate system
{y} with the center in & and the axis y, directed on the normal v at the point & to the surface S
into Q, for kel and to the surface y into Q, for keN.

We make a change of coordinates:

z=y, i=1..,n-1 z =y, —-FR(Y)

where, Y,=F(Y) is the equation of the surfaces S and y in the local coordinate system,
F.(0)=0, VR (0)=0.

For keL this change sends the domain ¥, >FR.(Y) to the domain D?® ={z:ZeR"*,z, >0 and for
keN it sends the domains Y, <FR.(Y) and Y,>FR(Y) to the domains D" ={z:Z eR"*, z, <0} and
D@, respectively.

Let D" =D™x(0,T),m=12, R be the hyperplane z_, = 0, RT = Rx(0, T).

We denote by Z, the transformation of coordinates from {z} to the initial system {x}:
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L9, (&, .0

aa _8

(m)

62

at Ilekayay

We define a regularizer R by the formula:

Rh :{mlhvmzh-msh} :{ Zk:nkul,k vzk:nkuz,k vzk:nkpk}

where the functions Unx,M=12p, satisfying zero initial data and are defined as follows.

We introduce the notation:

Ui (Z8) = U () Lz g0 P (Z00) = P (X, 1) |z o)

fr:'l,k (Z! t) = Qk (X)fm(X, t) |><:Zk(z)’ p'k (Z'-t) = Qk(x) p(x, t) |><:Zk(z)

O (Z) =5 ()0 (X, V)|, 4,y M=12

For keM, the function u,,, is a solution of the Cauchy problem:

m(iky 0 a)umk fo (1) in R =R"x(0,T), m=12

"ox "ot

for keL, the function uy, is a solution of the first boundary-value problem:

L(O) (ak '

for keN, the functions u,,,, p is a solution of the conjunction problem:

L0 (&0, 2 a)umk—f’dzt)nwD“%nw=12

"oz ot

bf}) (&, OVuy, —

at i,j=1

66t

Uiy |k, = PL(Z,1)

! ' _
Upy — Uz |RT_ 0

b? (&,,0Vuy, |

)ulk =f,,(z,t) in DY

T = (pik (Z', t)

p P Zd.lk(ak,O) 6” +h (GO | =0, (2,0

)

(10)

(11

(12)

13)

(14)

(15)

Problems 10 and 11 are uniquely solvable in C_%*' (Belonosov and Zelenyak, 1975; Solonnikov,

1977), the solutions satisfy the estimates:
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|um,k |22I;(|)<C |f |5_2D ’ kEM m= :L2 (16)

luy, oo < Callfiy o + IR ERD), kel 17)

We shall study the problems (12-15), which establish the smoothness of the solution of the
problem (1).

According to Bizhanova (1993), the problems 12-14 are uniquely solvable and its solution
satisfies the estimate:

2
Zp:nk EZS% C (mek |$2 pem T | pri |(;§.I)Rl) (18)
mel

We find the function px from the condition (15). Substituting found function Ui« into condition
(15) we obtain the Cauchy problem:

6
gtk zdljk(&kio) =0 (Z t) in R (19)
ij=1 J
Where:
Q,= (P;,k (z,t)-h, (E.vkvo)u:’l.,k |RT | D, |§?§:)S Ce(l (P;,k |g2§‘|) +| Uik 22[;'1)) (20)

We write the solution of the problem (19) in the form of potential:
t
pL (X, 1) = [dr [ @,(y',)G(X' —y',t=7)dy’
o R™

Where:

BZd '><‘xl
G(X,, t 4(1(

B(2J— SRCIN

D {ad i,j=1

d!, are the elements of the inverse matrix D'
As was shown in (Solonnikov, 1977), the function:

C4+I (R )

and on the basis of inequality (20) satisfies the estimate:
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19y 5% < C, 10, (20 < (10 1) +] Ui, [30) <

<Co(105 5 + 101 Kk, +1F24 1%, 00) @1)

Gathering inequalities (18) and (21), we obtain estimate:
z 2+l 4+ 2 | 1+1) 2+l
zp:nk |;S§zu +1pk ;;?:z‘ Clo(Zfr%,k |(5_)2,D5m> +|(P:,Lk E;;.R‘ +|(P2k |( +)) keN, t<T (22)
m=1 m=1

From unique solvability of the problems (12-14), (19) follows the unique solvability of the
problem (12-15) in é(Dt) and its solution satisfies the estimate (22).
In the space é(Qt), we introduce the norm (Ladyzhenskaya et al., 1967):

oo, =se( S, )+ Ip k2, )

B(Q)
and in the space H(Q,) the norm:

{h. =sup|hl.

H(Q,) k H(dy 1)

these norms are equivalent to norms:

[wl. ,|h]|

B(Q) H(Q)
Where:
dk,l = Bk,zx x(0,1), Vit ={ Bk,zxﬂ R} x(0,1)

We establish a priori estimate of the solution (Ladyzhenskaya et al., 1967). On the basis of the
estimates (16), (17) and (22), we obtain:

|umk |22;k| <C IC.akfmlg)Z,dk‘, fOf kEM,le,Z

|u1k |52(;;|3<C ([ |&2dk‘ +|Z, Qkplsz,il‘) for kel

241 241) 4 |
| U, |ng;2 +] Uy EJM +1px |§+2,1k| C13(|§kf |(&)2dk,

(1+) = 2+| (23)
+1G,f, szdk‘ +1Z, Ck(Pl S +|Zk gk(\[)Z Vi ) forkeN

Ladyzhenskaya et al. (1967) is proved that:
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{W}(2+I)) <C gJp|W|2+I)

Using the estimates (23), we obtain the inequality:

{mh}é(gl) = C15{ h}. (24)

H(,)

on the basis of which follows the estimate (5) and uniqueness of the solution of the problem (1).
Inequality (24) means that the regularizer ® is a bounded operator from H(Q,) to B(Q,) -
Problem (1) can be written in the operator form:
Aw =h (25)
We prove that for any he IiI(QI) 1s fulfilled the identity:

ARh=h+Th (26)

where, Th={T;h,T,h,0,0,T;h,T,h} is a bounded operator in the space H(Q,) (Ladyzhenskaya et al.,
1967), satisfying the estimate:

(Th} <elhh  WH<T<T @7

and ¢ is a small positive number.
Substituting:

Rh:R h=> nu,. m=12 Rh=>np,
k k

in conditions of the problem (1), or (25), we obtain the representation (26), where:

n

= _Z,Zn:a‘u) (X’t)ajzk Uy = zznkai(l) (X,t)%—a‘”(xyt)ZmULk -
DR 3 (T T ANCICRE CY

S e o Za‘?( DR pk)+27L(x t)ZZq( t)a”k apk
X, t)zzan x, t) e t)ZZ%@(X 02" nk +X1(X,t)Zima-‘”(x,t)%+

ok, o%u; 0°F, ou
+2,(x, t)a® (x, t y 2(x ' e 0ROtk
D )Zk:nkpk keLank 2 )(;a"k(ék ol2 0z, 02,02, 07,02, 0z,

_9F, 0F, 0°U;, 200 6Fk CHUTAY
oz, 0z, 0z I+ lel x(5:0) oz, azﬁ)
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T,h= qu(z)(x t)—qu Zimaﬁ(a (X’t)%_a(z) (X,I)anuz,k -

222a32> t 22a<f>< DIy zznk[aaa(x D-42 (5.0 >]

DREME t)( %, 2 P ()~ pk )+2x (x, t)ZZauz) H2L Zpk
s (X, t)ZZe\‘f)(x t) pk+x (x, t)ZZaZ)(x H* ”k Pl + o X t)zzma@(x I pk

ok, o°u; 0°F, ou,
+h, (X, 1)a® (x,t + ZM(x @ (g, | 2k Oh Mo _
0603 DXl + 2, ()(”Z_la,k(&k ol23 7 s 2

@ Eaz
1+ Z (ak,>82 aﬁ),

oF, oF, 0°Uy,

0z; 0z, oz’

T,h= Zn Z([b(l)(x t) - b<1>(§k,0)] [b<2>(x t) - b<2>(gk,0)] 2k) ZZ[b‘”(x t)u,, -

—b?(x, t)u2k] M S 02z (x)z(b@(gk,

i keN

0
(ak,o) uzk)aF z kapk

+ZZmC (x, t) +ZZC (%, t)ipk +Co(Xat)lekPk + bgl) (X,I)anul,k +

+b02) (X, t)z M Uy
k

Th=-2a33d,(x, DI a”k apk —aznzld” (X, t) —aZEnk[Cij (x,t) -

k i,j=1 k i,j=1

—ci,r(e,k,0>]a +an[h(x t) - h<ak,0)]u1k+zznkd (x,1) pk+zzd(x t)ﬂpk

+d, (X, t)ZmPk
K

Taking into account (27), we obtain:

(T, =sm(m L, I TAEY, +ITAE

Using the estimates of product functions of the space C.(Q;), proved in Bizhanova (1994), the
interpolation inequalities:

k 1-2k— | —2k— |- | —
| DEDTU |y < 6 MUY + ce M [uly, (W9 < (U + e [ul,

where, 2k+|m[£[l],g<l, ¢ is a small positive number and inequalities:
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|
A +t2, 0<I<1

! 2]
18" (x,8) - ™ (&,,0) |< Cg {1 +12, 1<1<2 <C, (A +t2)
A+t 1>2

aal 1101}

6™ ()b (&, 0) K Cp P 170 O<l<lcc (st 2 ) m=12,
A+t 1>1

¢ (X, 1) =€ (&4, 0) [€ Coo (A + 1) , [ (X, 1) = (&, 0) [< Cpy (A + 1)

We have:
1111 1 _s
| -1 (2+!
IT,h 0, <Cp TR Ut ) U I #Coas(E, M SUPT 2 Uy g, , +
s+2 ;
+C24W Il pi ”glez,kt +C25(32’7\')t5‘ﬂPT 2 |px |Bk,2an (28)

1+1-{1]

1 S
1+l 2+ 2+ 2 2
IThED, < CoGaimenrt 2 ) (s I+l 1950) + Con (o, 22 supr 2l b, +

1 s+2
€ N = ==
+]U,, |Bk,2;\ ) +Cyp ;LT?[II Il Pi "éizl,im +Cyp(e,, M)t sUpt 2 |p, |BmﬂR (29)

<t

ITED < Cot Dl 16 +Co (o +241) 52

SO s,dy ¢ IS+2,7) 1
1 S+2
+Cq(es, )2 sUpt 2 |py |Bk 2R (30)
1<t e

Fixing the number A then €,-¢, and t and combining the resulting estimates (28-30), we will have:
: (2+1) [0
(T, = 2osp(Xhn, )+l k), ) ts T,

Applying the inequality (24), we obtain an (27).

DISCUSSION )

The unique solvability of the problem Aw =h, where A is linear operator in the space B(Q,),
that assigns to each element W={u,U,,p} of this space element h={f,,f,,¢,,0,,p} of the space
H(Q,), means the existence of a bounded inverse operator A~! to A. In the conditions of the
theorem the operator A is bounded from é(Qt) to Ii|(Qt).

From estimate (27) is seen that the norm of operator T is small for small t. This means that the
operator T is contracting operator and the equation h+Th = h has a unique solution in the space
HQ,) -
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Thus, from the estimate (27) follows the existence of a bounded inverse operator (I1+T)* Vt<T,
in the space |i|(Qt), where I is the unit operator, i.e., h=(1+T)*h, 0<t<T, Then equality
AR(1+T)*h, =h,, vh, e H(Q,) holds, it means that the operator A has a right inverse operator
A =R(I+T)* for t<T, and problem (25) or (1) is solvable in the space é(Q,), t<T,

Continuing the solution over the entire interval (0, T), for example, by the methods described
in Bizhanova and Solonnikov (2000), to obtain theorem for t<T,,

We proved the existence of solution of the linear problem in space é(Qt).

The problem is linear, therefore from estimate solution (5) will follow the uniqueness of the
solution of the problem.
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