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An Flegant and Simple Method to Test the Stability of 2-D Recursive
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Abstract: Several methods for testing stability of first quadrant quarter-plane two dimensional (2-D) recursive

digital filters have been suggested in 1970's and 80's. Though Jury's row and column algorithms, row and
column concatenation stability tests have been considered highly efficient they still fall short of accuracy if the
computational time 13 a major consideration. In this research we present a very simple method whuch requires
very little computation time particularly when applied to the second order 2-D filter.
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INTRODUCTION

There was a time when the problem of testing 2-D
recursive digital filters transfer function, devoid of non-
essential singularities of the second kind, for stability
received most attention of several researchers all over the
world. Even now some researchers are working in this area
(Bistritz, 2002; 2004). Many of the important methods
considered very efficient for testing the stability of 2-D
filters have been presented by Huang (1981). Recently the
researchers have suggested a method (Ramesh and
Reddy, 2006) based on evaluation of complex mtegrals.
Though this method requires as much, if not more,
computational time, the accuracy of the method is very
good since it requires finding whether a particular
parameter is positive or negative. In this study we further
simplify the computational part of the test and thus
perhaps is the best of all available methods when applied
to second order 2-D recursive digital filters. The method
presented 1n this research as applied to the second order
2-D filters gains importance since the second order digital
filters form the building blocks for the design of lugher
order filters in the cascade or parallel connections
reducing coefficient sensitivity and quantization errors.

REVIEW OF 2-D INTEGRAL EVALUATION

Here we review the method suggested by Hwang
(1978, 1981) to find out the complex integrals to evaluate
the variance both in 1-D and 2-D cases.

1-D case : Let
iai 7
Hiz)= 2 =A@ M
Sz B@

1=0

be a stable 1-D transfer function of a recursive digital
filters, where B(z) has zeros inside the unit circle. If h(n)
is the impulse response which is nothing but the inverse
Z-transform of H(z) given in (1) then

2y =
Eh(n)*znj

n=0 |Z|:1

H(z) H{z ") % (2

Hwang (1978) has given a decomposition method to
evaluate i hi(n) as follows: Let

n=0

-1 -1
H - ADBED _P@ P
B(z).B{(z™) B(z) B(z)

Where P(z) = p, 2" +p, 2" ... +Pu
By equating the like coefficients on both sides in (3) the
coefficients pg, pr, oo pycan be obtained and P(z)
will be known.
if

Plz) pZ'+pZ' ' . ... + Py (4)

B(z) b, 7+ b, 2 +b,
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Then

3 him) =2 E—D (5)

o

This method given by Hwang 1s the most efficient to
determine the variance in the case of 1-D recursive digital
filters. But the decomposition of the type (3) fails when we
try to extend it to evaluate the variance of 2-D recursive
digital filters (Agathoklis et af., 1980). This 13 because one
cannot solve the set of equations one gets in obtaining a
2-D decomposition of the type (3). So in the 2-D case
Hwang (1981) has suggested a modification which works
satisfactorily at least in evaluating the variance of lower
order 2-D recursive digital filters. Tt is as follows:

2-D case :
N N
2 Lwman A(z7,z;)

If H(z,z,) =2 RS %l (6)
S Su o BEn)

1=0 1=0

15 the transfer function of a stable 2-D recursive digital

filter, then the variance §' § h(m,n} 1s given by the

double integral

[ , B 1
2, > himn)= iy b8

. .dzd
H(z,.z,) H(z', 7, ) S22
Zl ZZ

(7

The integral above is known as Parseval's integral.
For this case also, Hwang (1981) has suggested the
decomposition which is slightly different from that of 1-D
case as follows:

_ Alz,z,).A(z 23
B(z,.2,).B(z,' 7,)

H(z,,z,) Hiz',z,")

HN-2

pl(zl) Z§71 + pZ(Zl) ZZ
b,(z) z? + bz z;H+ .......... +b,(z)

q,(ZH " +q,(z) T+ +q, 0z ®
b (z") " +b (™Y +by, (2

Tt has been found that the decomposition of (8) is
always possible and the unknown coefficient vector

READN N CAD s G (7 AP 7L P, (7 ) s Py ()]
can be obtained by solving a matrix equation
(Hwang, 1981). When once we solve the matrix equation
{net given here) for q, (z"), it has been shown that

I I S R o T A )
22 M= kFb(z) z,

0 n

For stable 2-D filters, the varance as given in (9) by a 1-D
complex integral is always positive. Tt may be noted that
when once we arrive at Hq. (9), the same 1-D method of
evaluating the variance as discussed earlier can be

followed. It is because that it can be shown that 9o (z)
b, (z)
will be such that it is a ratio of two self inversive
polynomials. So If
q,(z") A=) (10)
b(z') B (z)

B(Z,) can be decomposed mto a product of two
polynomials like

Bi(z) =By(z) Bz, ™) (1)

B,(z;) will be a polynomial having zeros mside the
unit circle and B,(z, ™) will have zeros outside the unit
circle.

ANELEGANT AND VERY SIMPLE TEST FOR THE
STABILITY OF 2-D FILTERS

Here we propose a very simple and computationally
less time consuming method for testing the stability of 2-
D recursive digital filters. Since we are not interested in

finding the variance V' hi(m,n), we consider 2-D

transfer functions of the form

1 zt zh
Hiz.z,) = N o :B(é, ‘.2 )
2 X bz T
1=0 =0
That 1s,
zhz!
Hiz,z))=40F——— (12)

> 2 bZiZ
i=N  j=N

Obvicusly, we are not considering 2-D transfer
functions which have non essential singularities of
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the second kind. Though the method we are now
suggesting is valid for any value of N, here we restrict
ourselves to only second order transfer functions where
N = 2. Thus the transfer function to be tested for stability
1s of the form.

33
Z Z
H{z,z, )= L
1> 23 72 2 2 2
b,z z,+b, z z,+b, 7z +b, 7 z;+ (13)
2
by, 2,2, tb,z + by, Z,+ bz, + by,
That 1s,
11
Z Z
H(z,z,)= L
> z 2 ]
(by, 7, + bz, +by,) z; + b,z + b, z,+by) z, a4

+(byy 2+ b2, +by)
If

aA(b,zZ +b,z +by)
dA (b, Z +b, 2z +b,)
gA (b, 7z by 7 +by)
al A (b,, 21_2 +b, zl_l +b,,)
d*' A b, 21’2 +b, Zfl +by,)
g_l A (by, 21_2 +by, 21_1 +byy)

Then we can decompose H (z,, z,) H(z, ™', z, ") as
H(z, z,) H(Zfl, Zzil) =

p{z)z,+p,(z) : q, (21_1) Zf +q1(21_1)2_1+(12 (21_1) (15)
azg +dz,+g a™ zf +d! z;l +g_1

like in Eq. (8). Equating the like coefficeints on both
sides of (15) we get the following matrix equation
(Agathoklis et al., 1980, Hwang, 1981).

a d g d' g’ |qz) 1
0adg' 0 |q@) 0
00 a 0 0 |qizh = |o| (10
d g 0 a* 47 Pz, 0
g 00 0 a'||piz) 0

Solving the matrix Eq.(16), we get q,(z, ). Then we form

M as (Ramesh and Reddy, 2006)
b,(z,")

(aa’ -gg")
aa'(aa” -gg’)-d(-dg'a’ +ad'a") a7
tg(-g'dd’ +ad®-aa'g’ +gg*)

4,(z')
b.(z')

= Al (Zl) (18)
B, {z,)

where A(z) and B (z ) are self inversive polynomials.
B,(z,) will be of degree 8 in positive powers of z. In
general it will be of degree N° in both negative and
positve powers of z, for any N. If the 2-D transfer function
H(z,,7,) is stable as mentioned in Section TI, B (z,) will be
decomposible as the product of B,(z,) B, (z,7") with By(z,)
having all its zeros inside the umt circle and B, (z, ™)
having its zeros all out side the unit circle. In this case the
integral

-1
1 (%) 97 can be evaluated and this gives
2w Yllb, (2 z,

i i h¥m.n) .

m=0

On the other hand if the transfer function H(z,, z,) 1s
not stable we will not be able to decompose B,(z,) as
B,(z,) Bjz,~") as discussed earlier though B,(z,) is a self-
inversive polynomial. What will happen 1s that B(z,),
though a self inversive polynomial, will have some zeros
on the umt circle and the decomposition will not yield
stable B,(z,). This makes it impossible to use the 1-D
method of Hwang (1978) and obtain the variance of the
2-D filter. It has been shown m (Ramesh and Reddy, 2006)
that if we evaluate the integral

Log oz dgy
2mj Jlal=b (2 z,

by the residue method we will endup with a negative
value for variance thus indicating that the given transfer
function H(z,,z,) 1s unstable. We do agree that evaluating
the integral by the residue method is very time
consuming. Though we programmed it using Matlab the
method is computationally very time consuming.

Instead, we now suggest that after getting B,(z,) of
(18) to test the stability of H(z,,z,), simply find out the root
distribution of B,(z,). If H(z,,z,) is unstable some zeros of
the self inversive polynomial B (z,) will be on the unit
circle or else Bi(z)) will have negative sign prefixed .
Finding the root distribution by any method 1s very simple
and least time consuming. Thus this method is more
accurate and less time consuming when compared to all
the existing methods of testing H(z,,z;) for stability.
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SOME EXAMPLES
Here we give four examples Three transfer functions
belong to unstable 2-D filters and the other belongs to a
stable filter.
Example 1:

Consider

42

H(z,z,)=
05zz, +02z, +0.5z +1

— Z1 ZZ
{05z, +0.2)z, +(0.52,+1)

The matrix equation to be sclved for g, (z,7') is

[ (0.52,+0.2) (0.5z,+1) (0.5z,'+1)
0 (0.52,40.2) 0
| (0.5z+1) 0 0.5z +02)
a4,z 1
q(z” |=|0

| plz) 0
Solving for q, (z,7"), we get

q,(z" _ -2.5z,

b,(z") (z, t1.8633) (z,+0.5367)

This 1s the case where B (z), though does not have
zeros on the unit circle, it 1s prefixed with negative sign.
So H(z,,z,) is unstable.

Example 2 : Consider [Huang, 1981, 1, p. 129, b,]

2 2
Pl
H(z.z,) = 1
(#,2,) 7z -127 7,+057 157 22 +18 77z,
~0.75z, +0.62> — 0.722, + 0.2718
We identify
= 7 -157+06
d = -127 +18z-072
g = 057 -075z +02718

and a™', d”, g~' are obtained by replacing z, by (z,7") in
a,d and g, respectively. Using a Matlab program for (17)

qZ” 04647 18217 +27237 18217 +0464 27
b(Z") 007372 —058057 +2.0487 —4.0003z, +5.106-4.05032"
+204877 058057 +007377

So

B,(z)=007372 -05805 2 +2048 2 -4.0903 2 +5.106 '
-40903 7 +20487 -05805 7 +0.0737.

It has be found that B,(z,) has four zeros on the unit
circle. These are

0.662502595508764) 0.74905961 775027
and
0.922458651 784304 0.3860958893180
So the transfer function H{z,, z,) 1s unstable.
Example 3:
Consider [Huang, 1981, p.124]

2 2
Hiz,z,)= z & 222 2
zyzy; — 122z 2,+052 —-15z 2z, +182z7z,

~-0.75z, +0.62, —0.722, +0.29

The B,(z,) for is found to have no zeros on the unit
circle. So the filter is stable.

Example 4 :

Consider [Huang, 1981, p. 129 b,]

Hizz) - A
z z, 0752 2,+092z 152z z, -12zz,
+13z +1.22. + 0.9z, + 0.5

It has been found by using the matlab program

developed by as that

_ Alz)

B,(z) 2.74287° +8.55497’ +9.81732
+1.51592" - 5.40422" +1.51592
+9.81737° + 8.5549z + 2.7428

Lz Alz)
b, (7"
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The root distribution of B(z,) shows that it has two
zeros on the unit circle. They are

0.844967389985114j 0.53481782 866855
So the filter transfer function 1s unstable.

CONCLUSIONS

In this research we have followed the double mntegral
evaluation (Parseval's Integral) approach suggested by
Hwang (1981) and presented a simple method which is
computationally very efficient to test the stability of
second order 2-D recursive digital filter transfer functions.
The methed boils down to finding zeros of an 8th degree
polynomial. Tt is very accurate unlike the algebraic and
mapping methods existing in the literature (Huang, 1981).
This method can be used to higher order filters provided
we give a simple method to evaluate the determinant of a
matrix of symbols.
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