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Abstract: In this study, fuzzy games with fuzzy payoffs that consider the player risk preferences are studied.
Based on the possibility and necessity expectations, the Shapley function for this kind of fuzzy games 1s
researched. An axiomatic system of the given Shapley function is defined. Meantime, some properties are also
discussed which coincide with the classical case. Finally, a numerical example is given to explamn the player
Shapley values for fuzzy games under possibility and necessity expectations.
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INTRODUCTION

With the social development, game theory 1s used in
many fields. Kalliny and Gentry (2010) introduced the
online games and applied it to advertising practices-
advergaming and product placement. Lo (2008) and
Akramizadeh et ol (2009) studied multi-agent model by
using Nash equilibrium. Cheheltam and Ebadzadeh (2010)
further researched the Nash equilibrium. Recently,
Ayanzadeh et al. (2011) discussed the mixed Nash
equilibrium of honey bees foraging optimization.
Daghistani  (2011) studied the thinking skills of
kindergarten children by using educational games.
Isin and Miran (2005) researched agriculture m Turkey by
using game theory.

Since there are many uncertain factors during the
cooperation of the players and they can only know the
possible payoffs for the cooperation For this problem,
Mares (2000) and Mares and Vlach (2001) studied games
with fuzzy payoffs, where the coalitions are crisp and the
coalition values are fuzzy numbers. Fuzzy games of which
the coalition and the characteristic function are both fuzzy
information are researched by Borkotokey (2008). But the
given Shapley function does not satisfy the efficiency.
Based on the Hukuhara difference on fuzzy numbers
(Banks and Jacobs, 1970). Yuand Zhang (2010) concerned
games with fuzzy payoffs, where the coalitions are crisp
and gave the so-called Hukuhara-Shapley value.
Furthermore, the authors researched a special kind of
fuzzy games with fuzzy payoffs which can be seen an
extension of fuzzy games given by Tsuwrumi ef al. (2005).
Furthermore, the Shapley function for fuzzy games with
Choquet integral and fuzzy payoffs is researched by
Meng and Zhang (2010). Meng et al. (2012) researched
the Banzhaf value for fuzzy games with fuzzy payofts.

Dhar et al. (2011) and Amiri et al. (2008) studied Utopian
transport scenario and multiple attribute decision making
problems by using fuzzy sets, respectively. Tan et al.
(2011) researched IP network traffic by introducing fuzzy
decision mechanism. Furthermore, Chao et al (2010)
researched type-2 interval fuzzy immune controller.

Possibility and necessity measures play a key role in
possibility theory. The necessity and possibility
constraints are introduced by Zadeh (1978) and
Dubois and Prade (1987, 1988) which are very relevant to
the real-life decision making problems and presented the
process of defuzzification for these constraints. Later,
Liuand Liu (2002, 2003) proposed the creditability theory
and gave the creditability measure. These three measures
respect the risk attitudes of the decision makers or the
players for uncertainty information. Based on above
analysis, we shall research the fuzzy games with fuzzy
pavotfs under possibility and necessity measures.

PRELIMINARIES

Here, we recall basic concepts for
possibility/necessity/credibility measures and give the
model of fuzzy games under possibility and necessity

measures.

some

Some concepts for possibility/necessity/credibility
measures: Let us start by recalling the most general
definition of a fuzzy number. Let R be (-, =), i.e., the set
of all real numbers.

Definition 1: A fuzzy number, denoted by 1., 1s a fuzzy
subset with membership function p;: R-[0, 1] satisfying
the following conditions:
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¢ | is upper semi-continuous

¢+  There exists an imterval number [a, d] such that
Uz (x) =0 for any x¢ [a, d]

*  There exist real numbers b, ¢ such that a<b<c<d and
(i) Yy (x) is nondecreasing on [a, b] and nonincreasing
on [c, d]; (11) p; (x) =1 for any ze[b, ¢]

Definition 2: Let X be a nonempty set and P(X) be the
power set of X Pos: P(X)-[0, 1] is called possibility
measure, 1f°

¢« Pos(e)=0 Pos(X)=1
+  Pos (Uza) = 5 Pos (A), where, AeP (X) for all
1 <igteo

Definition 3: Let X be a nonempty set and P(X) be the
power set of X. Nec: P(X)-[0, 1] is called necessity
measure, 1f°

¢ Nec(e)=0Nec(X)=1
¢ Nec (N54,) = a5 Nec (A)), where AeP (X) for all
1<ig+ee

Let e R with membership function p;. In the setting
of creditability theory, the creditability measure for the
fuzzy event given as follows:

Crikelabh = (S0P s (1) 1 sup g (1) 0

= (Pos(R e[a bl Necti <a.bl)
Some concepts for fuzzy games with fuzzy payoffs: Let
N = {1, 2,....n} be the set of the players. By I, (N), we
denote the set of all fuzzy coalitions in N. The fuzzy
coalitions in L (N) are denoted by 5, T, .... Let SeL (N)
and player i, S (i) indicates the membership grade of i in 5,
1.e., the rate of the ith player m S. For any SeL(N), the
support is denoted by SuppS = {ieN | S (1)=0} and the
cardinality 1s written as |Supp3|. We use the notation ScT
ifand only if S(1))=T() or S({1)=0 for any ieN. Let
S, TeL(N), SVT denotes the umon of fuzzy coalitions
S and T, namely, ieSupp (SVT) if and only if
1€SuppSuSuppT and (3VT) (1) = S(OVT(1); SAT denotes
the intersection of fuzzy coalitions S and T, namely,
1€ Supp (SVT) if and only if 1€SuppSnSuppT and
(SAT) (1) = SAAT().

Inthe following, weuse S= {S(1,), S(1), ..., S(1)} to
denote Sel(N). A function ¥: LN} R ={aeR|a=0},
satisfying v (@) = 0, 15 called a fuzzy characteristic
function. All fuzzy games with fuzzy number payoffs on
L (N) are denoted by Ga. We will omit braces for
singletons, e.g., by writing 3, SV(A)T, S (1) instead of {S},
(SWVAXT), {50} forany {3}, {T}, {S(1)}eL(N).

Definition 4: Let ;< g and Uel. (N), E, (¥) is defined
by:

E,(¥(3)) = J':’Pos(\?(S) = x)dx — J._Dm(l— Pos@(S) 2 x)) dx vsc U (2)

If E, (¥ (3)) exists for any ScU, then Eq. 2 is called
Possibility Expectation (PE) for v in U.

Definition 5: Let ve gy and Uell (N), E,, (V) 15 defined
by:

E. (V@)= J'U‘”Nec(\':(S) 2x)dx - J.l(l— Nec(%(8) > x))ydx vsc ul3)

If By, (¥ () exists for any Sc1J, then Eq. 3 is called
Necessity Expectation (NE) for v in U.

Remark 1: In this study, without loss of generality, for
any veGN) and Uel (N), we always mean the Necessity
and Possibility Expectations (NPE) exist. Since NE and PE
reflect the player risk preferences for the approximate
values of fuzzy coalitions, we shall use w,[0, 1] to denote
the player 1’s NE weight for the approximmate value of
Uel. (N) and 1-w, to denote the player i’s PE weight for the
approximate value of Uel. (N). By:

Wi= 2> wl/\SUPpSI
icSupES

we denote the weight of ScUJ with respect to Ey, (v (S))
and W% = 1-W*¥ indicates the weight of Sc1J with respect
to Ep (v (3)).

Definition 6: Let 7= G and Uell (N), ¥ 1s said to be
weighted NPE superadditivity if we have:

WiEy, (VS ) + Wi By (V(T) S WETE (WS VT))
And:
Wi EL (V(8) + WoEo (WT) = Wo TE, (WS v T))
forany S, TeU with 8/T=2
Remark 2: If there is no special explanation, for any
¥eGN), we always mean Vv 15 weighted NPE

supperadditive.

Definition 7: et 7=Gan and Uel, (N), ¥ is said to be
weighted NPE convex if we have:

Wi Ey (V(8) + WiEy (H(T)) <
Wi B, (V8 v T+ Wi By, (VS AT))
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And:

WO E (¥(8)) + WO E, (%(T)) <
Wy TEp (WS v T)) + W T Ep(W(SAT))

forany S, TcU.

Definition 8: Let ;g and Uell (N), T=U 1s said to be
a weighted NPE carrier for v in U, if it satisfies
Wi By, (V (8AT))= WLE,, (v 8) and Wo"B, (VS A T)= Wi B, (V(8))
for any ScUU.

Definition 9: Let <G and Uel (N), C (Eyp (V), U) is
said to be the weighted NPE fuzzy core of ¥ in U which is
defined by:

C(Eg(v),U)= {x g S K= WiE, (WU +
ieSugpl]

WPER(V(UY), % %, 2 Wi Ey (W(8))+ WiE, (¥(S)), ¥SC U}
ieSupgS

Definition 10: Let =G and Uel (N), the vector
¥ = (Viicsappu 15 said to be a weighted NPE participation
monotonic allocation schemes for v in U if it satisfies:

. T ¥ = W By (V) + WiE(W(S) ¥Sc U
iESupS

o v (S)<y (T) vV ieSuppsS, vS, TcUst. ScT
Definition 11: Let v=G) and UeL (N), the function 1s
£:G(N) > B said to a weighted NPE Shapley function for

v 1n 1 it satisfies the following axioms:

Axiom 1 (weighted NPE efficiency): If TcU is a weighted
NPE carrier for v in U, then we have:

> £ (D) =Wy, By, (7(1). 3 LU =W E (¥ ()

ieSuppT ieSuppT

where, W, and W, are the weights of U with respect to
E,, ¥ (U)) and E, (v (U)), respectively.

Axiom 2 (weighted NPE symmetry): For any 1, jeSuppU
and any given weight W",,, if we have:

Wil B (VS VU (D) = WiV E, (WS v U ()
And:
W TR (WS v U (i) = WV, (HS VU ()

for any ScU with i, j&#SuppS . Then, we have:

£ (By. (), U) = £ (By, (v), U), £ (B (¥), U) = £ (B (¥), T)

Axiom 3 (weighted NPE additivity): Letv, &g if we
have:

Wi, By, (7 4+ W)(8)) = Wi By, (W(8)) + Wi, E e, (W(8))
And:
WiE; ((V+ Wi(8)) = Wi Eo(W{(8)) + WEEL(W(S))

for any ScU.
Then we have:

f(Ey (¥ + W) U) =f (B, (V) U) +£(Ey, (W), U)
And:
f{Ep (v+ w3 U= £ (E; (¥),U)+ f(E; (w),U)

THE WEIGHTED NPE SHAPLEY FUNCTION
FORFUZZY GAMES WITH FUZZY PAYOFFS

Let v=Gn and Uel (N), we give the weighted NPE
Shapley function for ¥ in U as follows:

¢, (B (¥), U) = @ (B (V), UH9", (B (¥), U) ¥ i€SuppU
h

Where:

@ (B (9,0 = 3 ag(We OBy (VS VUGN - WiEL(FED) (5)
3cU,
igSupgS

And:

@EGMU)= 3 GWTEFE VIO - WEES)  (6)

S,
g upps
for any 1€ SuppU and:

|SuppS|!( SuppU| —|SuppS|-1)!
|SuppU !

o =

Theorem 1: Let e GNy, UeL(N) and any given weight
WY, then the function G0 - B, given in Eq. 4, is the
umque weighted NPE Shapley fimetion for ¥ in UL

Proof
=Axiom 1: Since TcU 1s a weighted NPE carrier, we have:

Wi VB, (WS v U3))

=We TR, (S VUGN AT))

= Wi THUIDE LGS ATV (U AT
=W TE, (F(8ATY)

= WiEy (V(8))
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where, i€ SuppT.
From Eq 3, we get ¢ (Ey(¥),U)=0 for any
1€SuppU\SuppT. Thus, we have:

Wi By, (H(T)) = W VB, (W(T A T))
=WLE, (%(U))
= 2 @ ELTU)

ieSuppll

= 3 @ (Ey L)

ieSupgT
Similarly, we obtain:

Wl;rEP ({J(T)): Z q{(EP(‘?)lD

i=SuppT
From Eq. 4, we get:

¥ @Ee®),)

ieSugpT

=3 @dELNDU+ T @ E)
SappT

ieSuppT Sy
= WiE, (V(T))+ Wy E5 (W(T))

Axiom 2: From Eq. 5, we obtam:

@ (B (3).U)= T oy (WRPVEL (F(8 v UG - Wi By, (W(S))
S,

1¢S_upp'S
= 3 af (We VB, (¥(S v U - Wi Ey, (W(S))
i,jfs%gﬁs
+ 2wy WEPUUE, (WS v UG v UG
i s

~W MR, FE VUGN
= 2 o] (W B, (W8 v U()) - Wi, Ey, (VW8))
g
+ 2 o (WRTIUE, (WS v U@ v UG
1;3%;‘1‘5
-WiME,, Gs v U(@)
= 3w (Wi PR, (W8 v UG- Wi, By, (F(8)) = ¢ (B, (9),0)

Scll,
JESupED

where:

s _ (SuppS|+D!(|SuppU| —|SuppS|-2)!
Oy =
| SupplI|!

Similarly, we have ¢ (B (¥), U). Thus, ¢; (Eyp (V),

U) =@, (Bye (v), U).
From Eq. 3-5, we can easily get Axiom 3.

Uniqueness: Let 3Gy and Uel, (N), it is not difficult to

show Hy, = (V) can be expressed by:

By, (V)= Z By, (as)ug

=

where:

8 =3 (-1 ERNE, G(S))

T=
and v, is a weighted NE unammity game defined by:

wE ScT
0 otherwise

Ey, (us (T) ={

and E; (¥) can be expressed by:

B (V)= 3. bsEp(ug)

= i)

where:

by = 3 (-IF=HEHTE, (V(8)

and H; (u,) is a weighted PE unanimity game given as:

ScT
otherwise

=)
F, (u,(T)) = {‘g’

From Axiom 3 and Eq. 3, we only need to show the
uniqueness of @" and ¢° on unanimity games, respective.

For any ur with 2 #TcU, since T is a weighted NPE
carrier for u,, from Axiom 1, we have:

> @ By (un) =1

ieSugpT

And:

> Epup) =1

i=5uppl

From Axiom 2, we get:

T
Wi

i€ SuppT

(P;N(ENe (u),U) =< [SuppT]|
0 otherwise

And:
T

W i€ SuppT

@ (Ep(ur), U= |SuppT|
0 otherwise

Namely, ¢" and ¢ are unique in the unammity games
and the proof 1s fimished.
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Theorem 2: Let 7= Gy and Uel. (N), if v is NPE convex,
then we have @ (B (v), WNeC (B (7), U

Proof: From Theorem 1, we only need to show:

2 AEg)U) 2 Wi By, (V(8)) + Wy B (V(S))

ieSups

for any ScU.
From the NPE convexity of v, we get:

Wi B (W8 v U))) - Wi, Ey, (8D <
Wi "V (%(T v U(E)) - Wi, Ey, (W(T))

And:

WETE L (S v U))) - WEE(W(S)) <
WIUOE (T v UI)) - WTE, (W(T))

for any 8, TcU with ScT, where i#SuppT.
From Eq. 5, 6, we obtain:

@ By, (F1LU) 2 @ (B, (7),8)
And:
@ (E:(N),U) 2 ¢F (B, (¥).8)

for any i€ Supps.
Thus:

@ (B (V), U)2@p; (Byp (V), 3) VieSupp3

From Theorem 1, we obtain:

Y @ERE. U2 Y @EpF),8) = Wi Ey, )+ WL H(S)

i=SuppS ieSupgS

Property 1: Let ;=Gaw and UeL(N), 1f ¥ 1s NPE convex,
then @ (Ey (¥), U) is a NPE participation monotonic
allocation schemes.

Proof: From Theorem 1 and 2, we can easily get the result.
Property 2: Let =G and Uel (N), if TcU 15 a weighted
NPE carrier for ¥ in U, then we have ¢, (B (V), U) = @ (Eyp
(v), T) for any 1€ SuppU.

Proof: From Theorem 1, we get:

QE), U =@ E:;F),T)=0

for any 1€ SuppU\SuppT.

When ieSuppT. The property is proved by induction
on [SuppT].

Case 1: When |SuppU| = |SuppT|+1, without loss of
generality, suppose SupplU = SuppTuk. From Eq. 5, we
get:

@ By (U)= 3 (W™ By, (9(8 v UG - Wi By, ((S))
o
= 3 (W, (W8 v U) - Wi, Ey, (F(8))
keaggs
e (WP TR, (V8 v UG VU kD)
~WETE R, (WS v UKD))

= 3 (e o )W B (W8 v U(D)) - Wi, By, (F(8))
— 3 Swlii) - : _ 5 - — N -
3 (WEUOE,, (9(S v UGN - Wi E, (¥(8)) = @ (B, (9).T)

5cT,

St

where, a,® and «,*'' as given in Theorem 1 and:

|SuppS|!(| SuppT |—|SuppS|-1)!
| SuppT|!

o =

When, |SuppU] = |Suppl|+g, without loss of
generality, suppose SuppU = SuppTu ik, k,,..., k. Let
SuppT, = SuppTu {k,}, SuppT,= SuppT U {k;},..., SuppT,
= SuppT, uik}.

From above, we have:

@ By, (1)) = ¢ (B, (¥).T)

= @' (B ()T,
= @ (B ().

for any 1€SuppT.
Similarly, we get:

@ (B, (¥),T) = ¢ (E, (¥),U) Vie SuppT
Thus, we obtain:
QB (V) U)= @ {Eyp (¥),T) Vi< Suppl
Property 3: Let ;=G and Uel (N), if we have:
WHIOE (F(S vU(D)) - Wi E (¥(8) = WaPE, (W(U()))
And:
W THE V(8 v UIN) - Wi B, (¥(8)) = WWE(WU(D))

for any ScU with 1¢SuppS.
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Then:
@ (Eyp(¥), U) = Wy By, (F(U(D) + Wy “Ep (F(U(i)
Proof: I'rom Eq. 5, we get:

@ (B, (¥),0)

= 3 oG (WRTVE (WS v UGR) - Wi Ey, (¥W(8))
Scl,
ieSuppt

= Y Wi E (WU()) = W R, (W(U())
Scl S ups

Similarly, we have:
@ (E(¥),0) = W B (H(U (i)
Thus:
QEL (7). U)= W B, (HUE)+ W OB, (WU )
Corollary 1: Let e Gy and Uell (N), if we have:
Wit VEy, (V(3 v U()) = Wy, By, (¥(8))
And:
We "B, (F(8 v U(i)) = W E,(¥(8))
for any ScU with igSuppS. Then:
@ (B (), U)=0

From Eq. 1-3, we know the Credibility Expectation
(CE) is equal to:

B (7) = 3 (B (91 E(7) (M

When each player’s weight for the approximate value
of UelL. (N} is 0.5, then we have W*, = W*, = 0.5 for any
ScU with respect to By, (v (3)) and E; (¥ (3)). From Eq. 4,
we get the weighted CE Shapley function for v m U as
follows:

B0 (U=l (B (DU + 4 B, 010 Vi suppy (8)

where:

@' (B, (LU)= 3 ap(B, GEVUON-Eg (6D (9)

=18
igSuppS

And:

GEFLUY= 3 o (Ep (V(S v UEN) —Ep(¥(SH)) (10)

Scl,
igSuppS

for any ieSuppU and ¥ as givenin Eq. 5, 6.
Equation 9 and 10 are called the NE Shapley function
and the PE Shapley function for v 1 U, respectively.
Similar to the above given definitions, we can get
their concepts with respect to credibility expectation.
Furthermore, all above given theorems and properties still
hold for the weighted CE Shapley function.

NUMERICAL EXAMPLE

With  the increasing  competition  among
manufacturers, there are three electrical appliances
enterprises, named 1, 2 and 3, decide to cooperate with
their resources. They can cooperate freely. For example,
S.= {2, 3} denotes the cooperation of the enterprises
2 and 3. Since there are many uncertain factors during the
process of cooperation, it is impossible for the player to
know the accurate payoffs of the coalitions. Here, we use
the trapezoidal fuzzy numbers to denote the possible
payoffs (millions RMB) of the crisp coalitions which are
given by Table 1.

From Table 1, we know when the comparnies 1 and 2
cooperates with all their resources, their fuzzy payoff is
(6,9, 13, 18) millions RMB.

As above pointed, since there are many uncertain
factors during the process of cooperation, each company
is not willing to offer all its resources to a particular
cooperation. Thus, we have to consider a fuzzy game. For
example, the company 1 has 1000 unit resources and it
supplies only 100 units to cooperate, then we think the
1th player's participation level is 0.1 = 100/1000. In such
a way, a fuzzy coalition 13 explamed. Consider a
fuzzy coalition U defined by U (1) = 0.6, U(2) = 0.8 and
Ug3)=10.3.

When the fuzzy coalition values and that of their
associated crisp coalitions have the relationship:

VS = D g, U, (- VOB Y (1) vscU (11)

ToSSupeS

Namely, this is a fuzzy game with multilinear
extension form and fuzzy payoffs.

Table 1: The fuzzy pay offs of the crisp coalitions

Sy Vo, (80 Sa Vo (80
{1} (2,3,6,8) {1,3} (5,12,15,20)
{2} (24,57 {2,3} (4,11,16,18)
13} (2,5,6,7) {1,2,3) {15,25,36,42)
{12} (6,9,13,18)
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Table 2: The possibility expectations of the fuzzy coalitions

8 Er (W (8N 8 B (W (8N
{1} 4.20 {1,3} 6.87
{2} 4.80 {2,3} 7.83
{3} 1.95 {1,2,3} 15.174
{1,2} 10.20

Table 3: The necessity expectations of the fiuzzy coalitions

8 By (V8N 8 By (¥ (8)
{1} 1.50 {1,3} 2.4
{2} 2.40 {2,3} 3.69
{3} 1.05 {1,2,3} 7.392
{1,2} 4.86

From Eq. 2 and 11, we get the possibility expectations
of the fuzzy coalitions as given in Table 2.

From Eq. 3 and 11, we get the necessity expectations
of the fuzzy coalitions as given in table 3.

Let:

Wi= 2 Wi/ISUPpSI
i

for any ScU, where w, denotes the weight of the 1’s with
respect to NE. If the players 1, 2 and 3 are risk averse, risk
pursuit and risk neutral, respectively. Namely, w, =1,
w, =0and w, = 0.5. From Eq. 4, we get the player weighted
NPE Shapley values are:

o @ (B (¥), U) = 2.85
o @, (B (¥), U) = 5.94
* @ (Byp (¥), U) = 2.49

CONCLUSIONS

We have researched a general case of fuzzy games
with fuzzy payoffs under possibility and necessity
measures which can be used in all kinds of games with
fuzzy payoffs, where the possibility and necessity
expectations exist. Since the possibility and necessity
measures reflect the players’ risk attitudes, we give the
weighted NPE Shapley function for fuzzy games with
fuzzy payoffs. Some properties are also discussed.

However, we only research the weighted NPE
Shapley function for fuzzy games with fuzzy payoffs and
1t will be interesting to study other payoff indices for this
kind of fuzzy games under possibility and necessity
measures.
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