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Abstract: In the study, a general case of fuzzy games with fuzzy payoffs 1s studied, where the player

participation levels are real numbers m [0, 1] and their payoffs are fuzzy numbers. The Banzhaf value for this
kind of fuzzy games is researched. Two axiomatic systems for the given Banzhaf value are introduced which

are obtained by extending the crisp case. As we can see, the given Banzhaf value can be used in all kinds of
fuzzy games with fuzzy payoffs when the researching scope is limited in the given domain. Some properties are

discussed which coincide with the traditional games.
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INTRODUCTION

The Banzhaf value (Banzhaf, 1965) 1s one of the most
appealing solution concepts in cooperative game theory
which represents a vector whose elements are agents’
shares derived from several reasonable bases. Dragan
(1996) researched the axiomatic characterization of the
Banzhaf value by using a new potential function.
Nowak (1997) studied the Banzhaf value by using
2-efficiency, dummy property, equal treatment and
marginal contributions which 1s inspired by Young (1985)
and Lehrer (1988). Nowak (1997) discussed the weighted
Banzhaf value. Later, Nowak and Radzik (2000) gave an
alternative characterization of the weighted Banzhaf value.
Furthermore, Owen (1978) researched the Banzhaf-Owen
value for games with a coalition structure. Bilbao et al.
(1998) discussed the Banzhaf value for games on convex
geometries. Tsuwrumi et al. (2005) studied the Banzhaf
value for bicooperative games. Recently, 11 et al. (2008)
discussed the Banzhaf interaction index for game with a
coalition structure. Marichal and Mathonet (2011) studied
the weighted Banzhaf power and interaction indexes for
cooperative games. More researches, reference to
Radzik et al. (1997), Albizuri (2001}, Alonso-Meijide and
Fiestras-Taneiro (2006) and Yakuba (2008).

There are some situations where some players do not
fully participate in a coalition but to a certain degree, this
kind of games is called fuzzy games which is introduced
by Aubin (1974). The researches for this kind of fuzzy
games can be seen in Butriariu (1980), Tswumi et al.
(2001), Hwang (2007), Hwang and Liac (2008),
Butrariu and Kroupa (2008, 2009), Li and Zhang (2009)
and Meng and Zhang (2010).

In our real life, there are many uncertain factors
during the process of negotiation and coalition forming,
s0 players can only know imprecise information regarding
the real outcome of cooperation. Mares (2000) and
Mares and Vlach (2001) concerned the uncertainty n the
value of the characteristic function associated with a
game. In ther game model, the domain of the
characteristic function of a game 1s still the class of crisp
coali-tions but the coalition values allocated to players are
fuzzy numbers. Basis on the extension principle on fuzzy
sets (Zadeh, 1973), Borkotokey (2008) discussed fuzzy
games with fuzzy characteristic functions and studied the
Shapley value on the given fuzzy games. Later, Yu and
Zhang (2010) pointed the Shapley value given by
Borkotokey (2008) dissatisfies efficiency. Basis on the
Huku-hara difference (Banks and Jacobs, 1970).
Yu and Zhang (2010) researched games with fuzzy
charac-teristic functions and a special kind of fuzzy games
with Choquet integral (Tsurumni et @l., 2001) and fuzzy
characteristic functions.

At present, the researches for (fuzzy) games with
fuzzy payoffs mainly concentrate on the Shap-ley value.
The purpose of this paper is to research the Banzhaf value
for fuzzy games with fuzzy payoffs and research the axiom
systems of the given Banzhaf value. Based on the
Hukuhara difference between fuzzy sets and the
calculating formula of the Banzhaf value, we research the
so called Banzhaf-Hukuhara (BH) difference games which
contain the researching scope introduced by Yu and
Zhang (2010).

PRELIMINARIES

Some concepts for fuzzy numbers: Let R be (-, <), i.e.,
the set of all real numbers.
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Definition 1: A fuzzy number, denoted by 1, is a fuzzy
subset of R with membership function M;:R—[0.1]
satisfying the following conditions:

Wy is upper semi-continuous

There exists an interval number [a, d] such that
1, () =0 for any xe[b, ¢]

There exist real numbers b, ¢ such that a<b<cx<d
and (T) M,(%) is nondecreasing on [a, b] and
non-increasing on [c, dJ; (i ) %) =1 for any xc[b, c]

By @, we denote the set of all fuzzy numbers. As
Dubois et al. (2000) pointed, an important type of fuzzy
numbers in common use is the trapezoidal fuzzy number,
whose membership function has the form:

Xx-a
=L a<x<a,
2, — a4
1 1, SX=a,
Mlx)=1
" 1. <xX<a,
au_ac
0 otherwise

where, a,, a, a, a, £ R with a, <a,<a <a, and denoted by
a=(a,3,3,3,)

For any =%, the A-level set is defined as
§,={fc Rl X =22} where A € [0, 1]. From Definition 1,
we get 4 13 an mnterval number which 13 expressed by
4, =[a),2]], where, 2, and 2, are the biggest lower and
smallest upper bounds of 4, | respectively.

Let 4,be® and * be a binary operation on R. From
the extension principle on fuzzy sets proposed by
Zadeh (1973), we have:

M (2) = sup min{p, (x), 1, (¥)} ze R

nty=z

(1)

where, a*b is a fuzzy number with the membership
function Hys.

From Eq. 1, we get the operation of the A-level
set (A € [0, 1]) for fuzzy number i*b as follows:

e  {i+b), =4, +b, =[al +bl,a’ +b]

(@-by, =4, —b, =[a} b}, a} -b}]

{mi), = mi, =[maj,ma}]vYme R,m>0

In generally, we can not have ,-8 =0
4,+b, -b,=4,. When we use the above operation to
calculate the player Banzhaf values for games with fuzzy

number payoffs, then the 2-efficiency of the Banzhaf
value is no longer hold.

ar
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Definition 2: For any 4,be %, we write:

» d2b if and only if a,>b;, and aj=b} for any
Ael0,1]

» d=b if and only if a,=b;, and a,=b; for any
Ael0,1]

Definition 3: Let i,b=%t, if there exists ¢ 9t such that
d=b+¢, then € is called the Hukuhara difference between
4 and b, denoted by 4, 6.

From Definition 3, we know the Hukuhara difference
between two fuzzy numbers does not always exist.

Some concepts for games with fuzzy payoffs: Let the set
of players N = {1, 2, ....,n}. The crisp coalitions on N are
denoted by S;, T,...... The power set of all crisp subsets on
N is denoted by P (N). A function %: P (N) -
K, =f@ed;i=0, satisfying %(9) =0 is called a fuzzy
character-ristic function. The set of all games with fuzzy
characteristic functions on P (N} 1s denoted by &, (N) .

The set of all fuzzy coalitions on N is denoted by 1.
(N). The fuzzy coalitions in T, (N) are denoted by S, T,....
For any 3 € L (N) and player 1, S (1) mdicates the
membership grade of 11n S, 1.e., the rate of the ith player in
3. For any S ¢ L (N), the support 15 denoted by
Supp S={i e N | S(i) > 0} and the cardinality is written as
|Supp S|. We use the notation S = T if and only if
S =T or S{)=0forallieN. Forall 5, TeL (N),
SVT denotes the umon of fuzzy coalittons S and T,
namely, 1 € Supp (SVT) if and only if 1 € Supp Su Supp T
and (SVT) (1) = S (VT (1); SAT denotes the inter-section
of fuzzy coalitions S and T, namely, i € Supp (SAT) if and
only if i € Supp SnSuppT and (SAT) (1) = S OAT (i).

Inthe following, weuse S= {S(1,), S ({1,), ..., 3 ()} to
denote S € I, (N). A function W :T. (N)~ $, = {d= Ri=0}
satislying ®(@)=0, is called a lfuzzy characteristic
function. All fuzzy games with fuzzy characteristic
functions on . (N} are denoted by G(N). We will omit
braces for singletons, e.g., by writing S, SV(SAT), S (i)
instead of {8}, {S}V{SAT?, {S ()} forany {S}, {T}, {S@)}
L (N).

In order to guarantee the existence of the Hukuhara
difference, Yu and Zhang (2010 required:

Va8~ Vi(T) S v (8) - vi(T)
<VE(S) - V(T <V (S~ Vi(Ty) (2)
for any 0<A<P<l, where, ¥,eG,(N) and T, §; € P (N)
with T,c S,.

From Eq. 2, we get:

VT~ VTV (§) -V, (%) VAE[0.1]
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Namely, the lengths of the cut sets of fuzzy numbers
are increasing with respect to the coalition cardinalities.
Although the authors give some explanation, that seems
a little far-fetched. Since uncertain factors are not only
related to the coalition cardinalities but also related to the
players themselves. Furthermore, this requirement for the
coalition values largely restricts the using scope of games
with fuzzy number payoffs.

THE BANZHATF VALUE FOR
FUZZY GAMES WITH FUZZY PAYOFFS

In this section, we shall research fuzzy games with
fuzzy number payoffs, where the subtraction between
fuzzy numbers adopts the Hukuhara difference and the
player Banzhaf values got by Eq. 3 are fuzzy numbers. Tf
a fuzzy game with fuzzy payoffs satisfies the above
mentioned conditions, then we call this fuzzy game as a
Banzhaf-Hukuhara difference game, or sumply called a BH
difference game. By &_.(N), we denote the set of all BH
difference games.

Let ve Ggy(™) and U e L (N), the Banzhaf value for ¥
mn U s given by:

v Ll wrvuiy -, Wy

JiSuppli-1
Tl igSuppT

o, U)=

vieSuppU (3

From Eq. 3, we know when each player participation
level in U 1s 1 and the coalition values are real numbers,
then Eq. 3 degenerates to be the Banzhaf value
(Banzhaf, 1965).

Definition 4: Tet v= G (N}, ¥ is said to be super-additive
if:

UK v T) 2 ¥(K) +7(T)

forany K, T £ L. (N) with SuppK n SuppT = .
If there is no special explanation, for any ve G, (N),
we always mean ¥ is superadditive.

Definition 5: Tet v G, (™) and U ¢ I (N), the fuzzy
coalition TcU 1s said to be an f-carrier for ¥ m U if we
have:

HK ATI=F(K) VKU

Similar to Lehrer (1988), we give the concept of the
“reduced” fuzzy game for ¥ inU. For any different indices
1, ] € SupplU, put g = {U(1), U()} and consider the

“reduced” game ¥, (with ((\g)V {g} as the set of players)
defined by ¥, (R)=%(R) and ¥v,Rv{gh=¥Rvg) for any
Relhg.

From above, we know the “reduced” fuzzy game ¥,
has index |SuppU|-1.

Let f be a solution for ve G, (N) in U. Similar to the
crisp case, we give the following properties:

s 2-Efficiency (2-EFF)Let ve G, (N} and Ue L (N), we
have: LE U+ U=L,(F,U) where, i, j € SuppU
andg = {UGLUGY

¢ Null Property (NP) Let ¥= G,,(N) and U e L. (N), if we
have ¥WSvU@E)=%S) for any ScUJ with i € SuppS,
then £ U)=0 where, icSuppU

s Symmetry (S) Let ¥ G (N) and U= L. (N), if we have
VK UGN =¥K UG for any KU with i, j&, then
LEW =% U) where 1, j € SuppU

s Additivity (ADD) Let %,,%,& G, (N), if we have
FAE=%E)+7,(K)  for any KU, then
£ +v,, =1, U+, U)

Definition 6: Let ¥e G, (N} and UeL(N). The function
£: G, () — (R, )P is called a Banzhaf value for ¥ in U,
if it satisfies 2-EFF, NP, § and ADD.

Theorem 1: A value f satisfies 2-EFF, NP, S and ADD if
and only if it is equal to Eq. 3, i.e., fTU)=0F)

Proof: From Eq. 3 and Decomposition Theorem, we have:

oF U= U apFEU),= U ap@,U)
well,1] ael0,1]

¥ie SuppU (4
where:
9. (V.. Uy =[q(v,.U), o{v,.IN]>
O00)= T o (T UG - (1)
B ek
and:

1
Fwpl-1

eviU= 3 (v (T v U@) - vi(Th

g
For 2-EFF, since we have:
OV, U+ 0, (v, U = 0,V ) . U
and:

o v+ o, (v, Ul =0, ((v,),, 1D
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where, (v;), and (v}), are the “reduced” fuzzy games for
v, and v, respectively.
From Eq. 4, we get:

CICAEICICAS))

U o000, 00U+ U oo (v U0 U
e D+ v, U e e, U)

002 W1= U oo, (v, 1).0,,.U)]

- U

el

0 (¥, U), =9,F,.U)

For NP, from ¥3v U} =%(3)  we get:

F(Sv U = ¥,(9) Yas[0.1]

From Eq. 4, we obtain:

o (v, Uy=0(vI,U)=0 Yae [01]

Thus, we have ¢,(¥v,U)=0
For S, from %K vU{)j=%K v U(j)) , we obtain

9, (K v UG = ¥, (K v U({) Yo [0,1]
From Eq 4, we get ¢, U)=¢(v,. U} and
o, (v, Ul = o/ (v,U) forany oe[0.1],
Thus, we have ¢.(%.U)=g,(¥.U)
From Eq. 3, we easily get ADD.
Uniqueness. For any ve G, (N), it 1s not difficult to
show ¥ restricted in U can be expressed by:

V= E €rur (5)
DTl
where,
&= 2 (,I)EUPPTHS“WKJW(K)
KeT

and:

1 TcKcU

u(K)= )
0 otherwise

Thus, we obtain:

U =£( Y, &u,U) ¥ieSuppU

S=Tcl
From ADD, we get:

£@W= Y f(Eu,,U) Vie SuppU

=Tl
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In the following, we shall show Eq. 3 holds for any
é'l'u'l' .

From NP, we get:

f,{¢;u;, Uy=0 ¥ie SuppU*'SuppT

When i € SuppT and |SuppT| =1, 2, it is obvious
that we have Eq. 3. Hypothesis, we have:

£(Zu,, Uy=& /2" Vie SuppT

where, |SuppT| = m<|SuppU].

When |SuppT| = m+1, for anyi, j € SuppT, let
g = {U(@1), U(j)} and consider the “reduced” game (&),
which has index m. From assumption, we get
£, Uy =8 /2"

From S and 2-EFF, we obtain:

£ (&rup, U) = —2 =

o= Yie SuppT

CT
STl

Thus, we have:

g -
E W};ﬂ—l =9,(%.U)

L= Tl iesugeT 2
for any 1 € SuppU.
In the following, we give another axiom system of
Eq. 3 which 1s mspired by Y oung (1985), Lehrer (1988) and
Nowak (1997).
Marginal Contributions (MQ). Let %%e G, (N and
i € Suupll, if we have:

S v U(D) — V)= WE v U — #(S)
for all ScM with iF SuppS, then LEF W =1;®,U)

Theorem 2: A value f satisfies 2-EFF, NP, 8 and MQ if
and only if it is equal to Eq. 3, i.e., f¥.Uy=0U)

Proof: From Theorem 1 and Eq. 3, we know the existence
holds.

In the following, we show the uniqueness. Define the
index I of ¥ to be the mmimum number of non-zero terms
in some expression for ¥ of Eq. 5.

When Eq. 5 has only one fuzzy coalitione # TU such
that € #0

From Theorem 1, we get:

&
f;(ETuTsU): W i< SuppT

0 otherwise
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Thus, the result holds.

Hypothesis, when I = m, we have the conclusion.

In the following, we shall show the result holds
when I = m+1. Without loss of generality, suppose:

Let T=~T,, for any i ¢ SuppU\SuppT, construct

a=l Tq>
the game:
W= E Uy
qieT,
The index of ¥ is at most I = m. since
VE v UD) — WS =wEB v U(D) -y WS) for all ScU with ¢

Suups.
From MQ and hypothesis, it follows that:

CTq
Ty

f@U)={@U) =Y,

oHeT,

When i € SuupT, amalgamate i with any other
coalition j € SuppT, put g = {U(1), U()} and consider the
“reduced” fuzzy game ¥,.

From hypothesis, we get:

[
Tq

0= Y e

q:geTy 2

From 2-FF and SQ, we have:

C.
T —

LU= Y =

gicSuppTy 2

C
Ty

e

>

Ty M lsgsm 4
Thus, we get f(¥,U)=o(%.U)

Let veG,M and U £ L (N). When the fuzzy
coalition values and their associated crisp coalition values
have the relationship given by Owen (1972), then we get
the Banzhaf value for fuzzy games with multilinear
extension form and fuzzy payoffs. When the fuzzy
coalition values and their associated crisp coalition values
have the relationship given by Tsurumi et af. (2001), then
we obtain the Banzhaf value for fuzzy games with
Choquet integral form and fuzzy payoffs.

Property 1: Let v G, (N) and U € L(N), if the fuzzy
coalition T<U is an f-carrier for ¥
9.(%U) =0 T) for any i € SuppU.

in U, then we have
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Proof: Since T is an f-carrier for ¥ in U, we get:
@, (%.U)=¢,(¥,T)=0 ¥e SuppU\SuppT

When i € SuppT and |SuppT| = |SuppU|-1, without
loss of generality, suppose SuppTuk= SuppU.
From Eq. 3, we have:

9.(wU)

- P e VU, TS
BT S uppt

- Y (VUG ¥
ST kg SupS

HE VU@L v U)— WSy U

Y TSV UG), ()

ST ighupgs

>

BT ieSup)

>

SCT,igSup)

¢, (%.T)

L

Bl
52

(WS U(i) — ¥(S)

b

St (S VU@~ ¥(S)
=5

When 1 € SuppT and |SuppT| = |SuppU|-q, without
loss of generality, suppose SuppTuik, k... k;}
= SuppU. LetT,= TVU(k),, T,=T,,..., T=T,,. From above,
we get 4T D =@ T == T)=¢{EU) .

Namely, ¢, (%,U)=0,(%,T) ¥ie SmpT.

Corollary 1: Tet ve G,(N) and U € L), if the fuzzy
coalition TcU is an f-carrier for v in U, then we have
0,(%U)=0 for any i € SuppU\SuppT.

Corollary 2: Let ve &, (N) and U € L(N), if we have
W3 =vEvUIN for anyScU with i ¢ SuppS, then
9,(w.U)=0.

Property 2: Let e G, (N) and U € L(N), if ¥ is
superadditive, then @,(%.T)2 WUy for any i € SuppU.

Proof: From the superadditivity of ¥V, we obtain:

VS v Ui =y ¥(8)= w(U(D)
for any ScU with1 € SuppS. From Eq. 3, we get:

@ @U)

P s (S UG - 95
g

B igs

>

S igs

=%WU@)

|
WWVCU(I))
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NUMERICAL EXAMPLE

There are three compames, named 1, 2 and 3, decide
to cooperate with their resowrces. Each company has
300 units of resowrces. They can cooperate freely. For
example, 5,= {2,3} denotes the cooperation of the player
2 and 3. Since there are many uncertain factors during the
process of cooperation, it 1s unpossible for the player to
know the accurate payoffs of the coalitions. Here, we use
the trapezoidal fuzzy nurmbers to denote the possible
payoffs (thousands of dollars) of the crisp coalitions
which are given by Table 1.

From Table 1, we know when the company 2 and 3
cooperates with all their resources, their fuzzy payoft is
(4,11, 12, 20) thousands of dollars.

In the real life, every company 1s not willing to offer
all its resources to a particular cooperation. Thus, we have
to consider a fuzzy game. For example, when the company
1 supplies only 120 units to the cooperation, then we
thurik the 1th player's participation level 1s 0.4 = 120/300. In
such a way, a fuzzy coalition is explained. Consider a
fuzzy coalition U defed by U(1) = 0.4, U(2) = 0.7 and

U@B)=029.

When the fuzzy coalition values and therr
associated  crisp  coalition  values  have the
relationship:

W= Y T U e, (1= UG (T,

Ty SSupps

vScU. 6)

Namely, this is a fuzzy game with multilinear
extension form and fuzzy payoffs.
From Eq. 3 and 6, we get the player Banzhaf values
@7 (%,U) = (2.741,3.404,3.955 4 655)
@O0V, U) = (2.996,4.914,5.255,6.58)

@2 (%,U) = (2.916,6.354,7.195,10.98)

When the fuzzy coalition values and their associated
crisp coalition values have the relation-ship:

WS :i(Yjvn([S]hlxm ~h,,)¥SCU (7

where, Q(S) = {U(i)| 1 € SuppS} and q(S) = |Q(S)|. The
elements in Q(S) are written in the increasing order as
0= hyhy<.. <h g and [S},= {ilU@=h, 1€ SuppS, =1,
2, ..., q(S).

267

Table 1: The fuzzy pay ofts of the crisp coalitions

8 ¥, (S0 Sy v, (S0

{13 (1,3,5,8) (1,3} (5,12,15,22)
2 (14,67 2.3} (4,11,12,20)
{33 (2,5,7,10) {1,2,3} (25,33,36,40)
1.2 {13,14,16,18)

Namely, this 1s a fuzzy game with Choquet integral
form and fuzzy payoffs.
From Eq. 3 and 7, we have the player Banzhaf values

¢ (@, U) = (3.7,42,4.7,5.1)
¢S{%, Uy =(3.95,5.7,5.95,7.05)
0° (%,U)=(3.25,6.8,7.65,11.35)
CONCLUSION

We have researched the Banzhaf value for a general
form of cooperative games with fuzzy payoffs. Two
axiomatic systems for the given Banzhaf value are
proposed by extending the crisp case. Similar to other
pavoft indices, there are other characterizations can show
the existence and uniqueness of the given Banzhaf value.

The research extends the studying of the payoff indices
for fuzzy games with fuzzy payoffs. From the text, we
know the researching scope is larger than that given by
Yuand Zhang (2010).
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