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Abstract: The stochastic bounded consensus tracking problems of leader-follower multi-agent systems were
mvestigated, where the control mput of each agent can only use the mformation measured at the sampling
instants from its neighbors or the virtual leader with a time-varying reference state and the measurements are
corrupted by random noises. The probability limit theory and algebra graph theory were employed to derive
the sufficient conditions guaranteeing the mean square bounded consensus tracking. Simulations were
provided to demonstrate the effectiveness of the theoretical results.
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INTRODUCTION

In recent years, distributed coordinated control of
multi-agent systems has attracted a great deal of
attention. This is due to its broad applications in various
fields including physics, biology, robotics and control
engineering. The consensus problem plays an important
role in the distributed coordinated control of multi-agent
systems. Consensus means that each agent updates its
own state based on the states of its local neighbors such
that the states of all the agents converge to a common
value. For most of the existing consensus protocols, the
final common value to be achieved 15 a function of
initial states of all the agents and is inherently a prior
unknown constant. This is the so-called y-consensus
(Cortes, 2006), one of important forms of which is the
average consensus (Saber and Mwray, 2004). Saber and
Murray (2004) considered the average-consensus
problems of networks of first-order mntegrator agents with
fixed and switching topologies. They proved that if the
network 1s an instantaneous balanced and strongly
comnected digraph, then the average consensus can be
achieved. Saber et al. (2007) provided a theoretical
framework for the analysis of consensus protocols for
multi-agent systems, an overview of basic concepts of
information consensus in networks and the methods of
convergence and performance analysis for the protocols.
L1 and Zhang (2009a) designed the optimal weights for
guaranteeing the fast average consensus of networked
multi-agent systems. More results can be seen in the
survey papers (Murray, 2007; Ren et al., 2007) and the
references therein.

In real applications, it 1s often required that all the
agents converge to a desired common value evolving
over time. This 1s the so-called consensus tracking
problem, where all the agents exchange their own state
information with their neighbors with the common goeal of
tracking a time-varying reference state available to only a
portion of agents. Thus, the y-consensus protocols are
ineffective to directly deal with the consensus tracking of
a deswred time-varying reference state. To solve tlus
problem, consensus protocols of leader-follower
multi-agent systems have been proposed Up to now,
signficant attention has been focused on the consensus

tracking  of  leader-follower multi-agent systems
(JTadbabaie et al., 2003, Ren and Beard, 2005).
Jadbabaie et al. (2003) considered the nearest

neighborhood principle. They proved that if all the agents
are jointly connected with their leader, then their states
converge to the state of the leader as time goes on.
Ren and Beard (20035) extended the results of
Tadbabaie et al. (2003) to the directed topology case and
gave some more relaxed conditions.

Most researches on the consensus tracking of
leader-follower multi-agent systems in the above literature
assumed that each agent measures the states of its
neighbors and the leader accurately. Obviously, thus
assumption is only an ideal approximation for real
commuication channels, since real networks are often in
uncertain communication enviromments with various
source noises, channel noises and sink noises. Thus, it is
necessary to study the effects of measurement noises on
the consensus tracking of leader-follower multi-agent
systems (Kingston et al, 2005, Ren et al, 2005;
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Huang and Manton, 2007a, b, 2009, 201 0; Xiaoc et al., 2007,
Ma et al., 2008; Liand Zhang, 2009a, 2010; Hu and Feng,
2010). Recently, consensus of leaderless multi-agent
systems with measurement noises has been widely
studied (Kingston et al, 2005, Ren et al, 2005;
Huang and Manton, 2007a, b, 2010; Xiao et al, 2007,
Li and Zhang, 2009a, 2010). Kingston et «l. (2005) and
Ren et al. (2005) introduced the time-varying consensus
gains and designed the consensus protocols based on a
Kalman filter structure. They proved that when there is no
noise, the protocols designed can ensure consensus to be
achieved asymptotically. Xiao et al. (2007) considered the
first-order discrete-time average consensus of multi-agent
systems with additive mput noises. They designed the
optimal weighted adjacency matrix to minimize the static
mean square error. Since the consensus gain and the
adjacency matrix are time-invariant, the average state
diverges with probability one as time goes on, even if the
noises are bounded. The stochastic approximation type
protocols with the decreasing consensus gains were
employed to guarantee the mean square or almost swre
consensus of the first-order discrete-time multi-agent
systems with measurement noises (Huang and Manton,
2007a, b, 2010; Li and Zhang, 2010). Li and Zhang (2009a)
investigated the average consensus of the first-order
continuous-time multi-agent systems with measwement
noises and obtained the convergence conditions
guaranteeing the mean square consensus. However,
compared with consensus of leaderless multi-agent
systems with measwement noises, the consensus
tracking of leader-follower multi-agent systems with
measurement noises has attracted only a little attention
(Ma et al., 2008; Huang and Manton, 2009, Hu and Feng,
2010). Huang and Manton (2009) considered the
consensus of discrete-time leader-follower multi-agent
systems with measuwrement noises. By using the
stochastic Lyapunov analysis, they derived the sufficient
conditions guaranteeing the stochastic approximation
type protocols with the decreasing consensus gains to
reach the mean square consensus. Ma et al. (2008)
investigated the consensus of continuous-time leader-
follower multi-agent systems with measurement noises.
By employing the stochastic analysis and algebra graph
theory, they obtained the sufficient conditions for the
mean square consensus. Hu and Feng (2010) developed
a distributed tracking control scheme with distributed
estimators based on a novel velocity decomposition
technology for a continuous-time leader-follower
multi-agent system with measurement noises. They
proved that the closed loop tracking control system is
stochastically stable in mean square and the estimation
errors converge to zero in mean square as well.

For most of the work in the above literature,
continuous-time protocols were used for continuous-time
agent dynamics and discrete-time protocols were used for
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discrete-time agent dynamics. However, due to the
application of digital sensors and controllers, in many
cases, though the system itself is a continuous process,
only sampled-data at discrete sampling instants is
available for the synthesis of control laws. Compared with
full-state information transmission, which might result in
high communication traffic, the transmission of the state
information at the sampling instants can effectively save
the bandwidth of networks and communication cost.
Considering the broad applications of digital
communication and control in distributed systems, it is of
great significance to study the consensus of multi-agent
systems based on sampled-data control (Hayakawat et al.,
2006; Hu and Hong, 2007; Mohanarajah and Hayakawa,
2008; Ren and Cao, 2008; Cao and Ren, 2009, Gao et af.,
2009; Ti and Zhang, 2009b; Cao and Ren, 2010a, b;
Gao and Wang, 2010a-¢). Up to now, considerable efforts
have been focused on the sampled-data consensus of
leaderless multi-agent systems without measurement
noises (Hayakawat et al., 2006, Mohanarajah and
Hayakawa, 2008; Ren and Cao, 2008; Cao and Ren, 2009,
Gao et al., 2009; Cao and Ren, 201 0a, b; Gao and Wang,
201 0a-c¢). Till now, only a little attention has been paid to
the sampled-data consensus of the leaderless multi-agent
systems with measurement noises (Ii and Zhang, 2009a,by)
band the sampled-data consensus of the leader-follower
multi-agent systems without measurement noises
(Hu and Hong, 2007). To the best of our knowledge, there
is no open report on the consensus tracking of the
leader-follower multi-agent systems with measurement
noises based on sampled-data.

Based on the above consideration, this study was
concerned with the stochastic bounded consensus
tracking problems of leader-follower multi-agent systems.
Here, the control input of each agent can only use the
information measwured at the sampling instants from its
neighbors or the virtual leader with a time-varying
reference state and the measurements are corrupted by
random noises. The probability limit theory and algebra
graph theory were employed to derive the sufficient
conditions guaranteeing the mean square bounded
consensus tracking.

PRELIMINARIES AND PROBLEM STATEMENT

Algebra graph theory: Let G = (V, E, A) be a weighted
undirected graph with the set of nodes V = {v, v, ..., vy},
the set of edges EcVxV and the weighted adjacency
matrix A = [a;] with nonnegative adjacency elements a.
The node indexes of G belong to a finite index set
I=141,2,...,N}. Anedge of G is denoted by e; = (v,, v;).
The adjacency elements associated with the edges are
positive, i.e., g;eBE=a;>0. Moreover, it is assunied that
a; = 0 for all iel. For the undirected graph G, the adjacency
matrix A is symmetric, i.ea; = a;. The set of neighbors of
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node v; is denoted by N, = {v,eV:e,cE}. The degree of
node v, is defined as:

=23
EN;

The Laplacian matrix of G is defined as . = D-A, where
D = Diag(d,, d,, ..., dyp 1s the degree matrix of G with
diagonal elements d, and zero off-diagonal elements. An
umportant fact of L 1s that all the row swms are zero and
thus . has a right eigenvector 1,; associated with the zero
eigenvalue, where 1,; denotes the N-dimensional column
vector with all ones. A path between two distinct nodes
v, and v; means a sequence of distinct edges of the form
vovy b (v i hea(vy, v) - A graph is called connected if
there is a path between any two distinct nodes of the
graph. An important property of the Laplacian matrix,
which 13 mstrumental in the convergence analysis of
consensus protocols, 1s that the graph G is connected if
and only if rank(T.) = N-1. Thus, for a connected graph G,
I. has one and only one zero eigenvalue and all the other
eigenvalues of I, are positive.

Some notations: The following notations are used
throughout this paper. 0, denotes the N-dimensional
column vector with all zeros. T, and 0O, denote the
N-dimensional identity matrix and the N-dimensional
matrix with all zeros, respectively. For a given vector or
matrix M, M" and ||M]|, denote its transpose and 2-norm,
respectively. Let R denote the set of real numbers. For a
given matrix MeR™", dettM) and A(M) denote its
determinant and N eigenvalues. For a given random
variable X, EX denotes its mathematical expectation.

Problem statement: In a multi-agent system with N
agents, an agent and an available information flow
between two agents are considered as a node and an edge
in an undirected graph, respectively. Consider the system
of dynamic agents described by:

A0 =u(t), 1€l (1)
where, x ()eR and u(t)eR represent, respectively, the state
of the ith agent and the associated control input.

The ith agent can receive the information
yi(D) = x(ttoyw;(t), jeN; from its neighbors, where y,(t)
denotes the measurement of the jth agent’s state x(t) by
the ith agent, {w,(t}jeN, ieN} are the independent
standard Gaussian white noises and ¢,>0 represents the
intensity of the measurement noise w;(t). If the ith agent
has the access to the virtual leader with a time-varying
reference state x*(t), then it can receive the information
from the virtual leader: y*(t) = x*(t)+pn,(t), where v *(t)
denotes the measurement of the virtual leader’s state x*(t)
by the ith agent, {n,(t): 1€} are the independent standard
Gaussian white noises and p>0 represents the intensity
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of the measurement noise 1);(t). In this study, it is assumed
that the measurement ncises {w(t)jeN, iel} and
{m(t)iel} are mutually independent.

In Ma et al. (2008), the following continuous-time
consensus tracking protocol was introduced:

u; (D =aO-o(x O -, ")+ 3 3, (v (0 —x (1], i1 (2)
JE;

where, al(.):[0, +eo)=[0, +e°) is a piecewise continuous
function, called a time-varying consensus gain and the
constant feedback gain «, 1s defined as:

{> 0, if the i th agent has the access to the virtual leader (3)
% =0, otherwise

The protocol Eq. 2 15 called a mean square consensus
tracking protocol, if the system Eq. 1 using Eq. 2 has the
following property: Lim,_ E(x,(t)-x*(t))* = 0, Vi€l

Using the period sampling technology and zero-order
hold circuit, the following consensus tracking protocol
with sampled data is induced from the continuous-time
consensus tracking protocol (2):

u, (8= alk)[-a, (x;(kh) — y; * (kb)) + 3 o, (v (kh) — x, (kh))]
EN;

(4

te[khkh+h}k=012, il

The discrete-time model with zero-order holder of the
system Eq. 1 is:

x,(kh + b= x, (kb + hu, (kh),k = 01,2, il &)
which can be rewritten m the vector form:
x(kh + h) = x(kh) + hu(kh),k=0,1,2,- - (6)

where, x(kh) = (x,(kh), x,(kh)..., x,(kh))".

Definition 1: The protocol (4) 1s called a mean square
bounded consensus tracking protocol, if the system (5)
using (4) has the following property:

Lim,_E(x(kh)-x*(khy = C<eo, Viel

where, C i3 a bounded positive constant independent
of k.

In the following sections, the sufficient conditions
guaranteeing the system (5) using the protocol (4) to
achieve the mean square bounded consensus tracking will
be derived. Before moving on, the following lemma is
needed:
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Lemma 1 (Hu and Hong, 2007): If the network topology
composed of N agents 1s fixed, undirected and commected
and at least one agent has the access to the virtual leader,
then the matrix Diag{a,, o, ..., ¢, L must be positive
definite, 1.e.:
Ming, {A(Diag(e,, @, ..., g L) =0

In order to better focus on the effects of the sampled-
data and measurement noises on the consensus tracking,
throughout this paper it assumed that the
communication network topology composed of N agents
1s fixed, undirected and connected and at least one agent

is

has the access to the virtual leader.
CONVERGENCE ANALYSIS

In this section, the probability limit theory and
algebra graph theory were employed to derive the
sufficient conditions that guarantee the multi-agent
system (5) applying the consensus tracking protocol
(4) to reach the mean square bounded consensus
tracking.

Theorem 1: Assume that the time-varying reference state
of the virtual leader satisfies:

M<g*<w vh=0 k=012 -
0 < ) . .12,

Then the multi-agent system (5), applying the consensus
tracking protocol (4), achieves the mean square bounded
consensus tracking, provided that the following two
conditions are satisfied:

(C1: O=<inf,,alk) <alk) <supypgak) <=

C2: h« . !
max,_ {A (Diag(a, , o, -, o )+ L) }sup,. ak)

Moreover, if the time-varying reference state of the
virtual leader further satisfies, then the system (5) under
(4) has the following property:

Lim,_, E(x,(kh) - x* (k) =o(1), h >0, ¥iel (7)
Proof: Substituting the protocol (4) into (5) leads to:
x(kh + h) = x{kh) — ha(k)[Diag(c, , oty -, 0ty ) )

(x(kh)— x* (khil, )+ Lx(kh)] + ha(kin{kh), k =0,1,2, -,

Where:
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n(kh) = (n,(kh), n,(kh), ..., ny(kh))’

n; (k) = cupym; (k) + 2 a0y kb, i€l
JeH;

Set %,(kh) = x,(kh)-x*(kh). iel and %(kh) = (&(kh),
%(kh). .., %,(kh))". Note that L1, = 0, thus:
9)

%(kh +h) = P(k)¥{kh) — Ax* (kh)L, + ha(k)n(kh)k=0,1,2, -

where, P(k) = T-ha(k) (Diag(ct,, o4, ..
= x*(khth)-x*(kh).

., o)LL) and Ax*(kh)
Denote:

@®(n, k-1)=P(n)P(n-1)---P(k), vn=0,1,-; k=0,1,---, n,(l 0)
@(n, n)=I,, ¥n=0,1,--

From Eq. 9, it gives:

%(h + )= O, —DR0) + SO0, k)[-Ax * kbl +haon(kh)]
(11)

Tt follows from Hq. 11 and the conditions (C1) and
(C2) that:

E[&(nb + b} <2|@(n, - [} [%(0)[;
2

+2E Z @(n, k)[-Ax* (kh)l, + ha(k)n(kh)]
k=0

2
2

<2 @, U RO+ 4|3 Ba, ks kbl
k=0

2

2

+E kz:ém(n, k)ha(k)nikh)

2

Zn: @(n, k)Ax* (kh)l,
k=D

(12)

2
<2fet, - %O +4

2

+4h7 supyz ()3 | @(n, k)| E kb
%=0
<2[®(n, ~ 1 [R(O)f; + 4NNE S @, k),
k=0

+4h* sup,,, a* (3 (w'p] + ¥ aﬁ
Py o

sHY, Jow. b
k=0
Employing the conditions (C1) and (C2) yields:

[0, — 1 <TT [Pl
=11, o[ —hmin {4 (Diag(oy, o, 0t ) + Lya(k)F
<IT, g exp{-2hmin, {%{Diag(ey, 0y, -, 0y ) + L)Ya(k) }
= exp{-Zhmin,, {2, (Diag(c,,ct, -, ety ) +L)}Zn: a(k)}
=)
<exp{—2(n + Dhmin, {4 (Diag{oy,a,, -, 0ty )+ L) inf, a(k) }

(13)
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> |, o, <2 T [P,
k=0 k=0

3 a(m)}

m=k+l

< Zn: exp{-hmin, {# (Diagla,a,, o)+ L)}
=0

< Zn: exp{-h(n- kymin,, {3, (Diag(c, &, o) + L) Hnkyq alk) }
k=0

= exp{~hkmin,, {} (Diag(e,0,-, o) + L)}nf,, a(k) }
=0

_1- exp{-hin + \min,, {% (Diag(ch, ttp, 0ty ) + L) Jinf. a(k)}
1 exp{~hmin,, {3, (Diag(c, @Gy ) + L) }infyz alk)}

(14)

Which leads to:

1~ exp{h(n + Dmin, {#, (Ding(ey, ;. 05) + Ly}inf. afk)}F
Tl exp{-hmin,, {%, (Diag(oy, o, +,05,) + D) }Hnf,, a(k)}T

(15)

O, k)Y

and

1 exp(~Zh(n + min {2, (Diag(gy, 0y, ,0) + L) Yinfp a(k)}
1 exp{~2h min,., {2, (Diag(¢ .-ty ) + L) Hinyos a(k)}

(16)

>|om k), <
=0

Which can be easily proved by using the analysis
similar to one in Eq .14
Combining Eq. 12,13, 15 and 16 leads to:

Limsup, ., E||%@h + k]

22O} Lim,_,, [P, -1} +4N0%" MiLim, (ﬁ”@(n, IS'B%
Ll
+4h% sup,,, ag(k)z (alpl + z a;o;)mm“_mi"‘b(n, k)Hj
iel e, k=0

= ZHi(O)Hj Lim, ., exp{—2hin + Dmin, (A, (Diagloy o, -, o )+ L Hnfl, alk)}
[1- exp{=h(n + Dmin, {}, (Diagloy @, , -+, a5, ) + Lydn,, ag}

[1- exp{-hmin, {A (Diaglon, ey, -, o )+ LyYing,, atk)
+ 407 spy 8 () Gl + 3 agop)
1- exp{-2h(n + Dmin, {}, Diagloy, o, , -, o)+ L)k, atk)}

1- exp{-2hmin_ {A (Diagley, o, -, o) + Lk, a0k}

1
1— exp{~hmin,{},(Diag(a, o, -, a0 )+ Lydnk, alk)} P
4’ sup,y, ' (0N (efpf + 3 ajod)

+ I <
1-exp{-2Zhmn, {A, (Dragla,, oy, -, ) + Lo nk,, adk)}

+ 4R Lim,_,,

<lam

= 4nn’e” [

(an

Therefore, under the given conditions (C1) and (C2),
the multi-agent system (5), applying the consensus
tracking protocol (4), achieves the mean square bounded
consensus tracking.

In addition, if the time-varying reference state further
satisfies £* = o(1), h~0, then from Eq. 17 it follows:

(18)

Lim,_Lim sup, _ E|£(nh+h)[; =0

Here, the following two equations have been used:
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h2
[1- exp{-hmin,  { (Diag(o;, 0y, - 0ty ) + L) }infig alk)} T
1
* [ming, {4 (Diag(ay,y, -, ay) + L)}inf, alk)} T

Lim,_,

(19)
and
h2

I exp( 2hmin, (1, (Ding{t iy ) F L Ey o))
(20)

Lim,_,

Remark 1: If the reference state of the virtual leader is
constant, i.e., x*(t)=x*(0), t=0, then:

x*(kh+h)—x*kh)
h

=0, vh>0 k=012,
Thus, under the conditions (C1) and (C2), the results of
Theorem 1 naturally hold.

Remark 2: Tt is obvious that a(t)=1 satisfies the condition
(C1), which implies that the consensus tracking protocol
(4) has the inner robustness to measurement noises.
Different from most of the existing work about consensus
of multi-agent systems with measurement noises, where
the conditions:

I:a(t)dt =, j:af* (Bt <

Sal=w, Sadk) < 2D
k=0

k=0

are used for the continuous-time system and the discrete-
time system, respectively, the condition (Cl) used in
Theorem 1 can yield:

Salky=o, ;Z.;az(k):oo

k=0

Notice that the condition (21) means Lim,_a(k) = 0 and
thus INF, a(k) = 0. Using the convergence method in
Theorem 1 cannot derive the results of Theorem 1 if the
condition (C1) 1s replaced with the condition (Eq. 21).
However, the following results can be obtained:

Corollary 1: Assume that the time-varying reference state
of the virtual leader satisfies:

i‘Ax *(kh)| = &* < o0
p]
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:.e O—0

Fig. 1: Network topology composed of four agents and a
virtual leader
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Fig. 2: The sates of the system (5) using Eq. 4 with
h=0.2,alk)=a,(k)and x* (kh)=+1+kh

151
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0l
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Fig. 3: The sates of the system (5) using Eq. 4 with
h=02,ak)=a,(k) and x* (kh)=+1+kh

Then the multi-agent system (5), applying the consensus
tracking protocol (4), square
consensus tracking, provided that the conditions (21) and
(C2) are satisfied.

achieves the mean

SIMULATIONS

Numerical simulations were to illustrate the
effectiveness of the above theoretical results. Consider a
multi-agent system composed of four agents with the
network topelogy shown in Fig. 1, where the agent O
represents the virtual leader and all the weights of edges
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are 1. The measuwrement noises are independent white
Gaussian sequences with the intensity equal to 0.5. The
initial states of the four agents are x,(0) = -3, x,(0) = -4,
x,(0) =3, x,(0)= 4. sequences of
time-varying consensus gains are a,(k) = (k+1)/(k+2) and
a,(k) = (1+k)*. The numerical results are shown in
Fig. 2 and 3, respectively.

From Fig. 2 and 3, it can be seen that the system (5)
using (4) with h = 0.2, a(k) = a,(k) and x* &h)=+i+kh can
achieve the mean square bounded consensus tracking,
whereas the system (5) using (4) with h = 0.2, a(k) = a,(k)
and x*(kh)=+1+kh cannot achieve the mean square
bounded consensus tracking. Thus, the results of

Two candidate

Theorem 1 are numerically testified.
CONCLUSIONS

In this study, the stochastic bounded consensus
tracking problems of leader-follower multi-agent systems
with sampling-data, measwement noises and a time-
varying reference state were investigated. The probability
limit theory and algebra graph theory were employed for
deriving the sufficient conditions guaranteeing the mean
square bounded consensus tracking. Tt turned out that
the sufficient conditions for guaranteeing the mean
square bounded consensus tracking quite depend on the
sampling period and the time-varying consensus gains. A
future work 1s to extend the results in this paper to the
second-order multi-agent systems with switching directed
network topology and the sampling delay.
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