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Abstract: The diffusion approximation

solution with

one-point-source and two-point-source are

mvestigated. In this theoretical model, considering a pencil beam meident on a semi-infimty scattering

medium, the sowrce function is simplified as one-point-sowce satisfying the dipole moment and two-point-

source satisfymg both the dipole and the quadrupole moments. The spatially resolved diffuse reflectance for

the simplified sources are studied, which indicate that two-point-sowrce approximation can more describe

radiance close to the source and more depict the anisotropy radiance superior to one-point-source

approximation.
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INTRODUCTION

The light transport theory of random media has been
used to solve many physical problems, such as the
applications of atmospherical optics, oceamc biology and
biological optics (Ishumaru, 1986; Tuchin, 2000). The
optical properties of random media are described with
absorption coefficient p,, scattering coefficient p, and
scattering phase function p(B) in transport theory. The
diffusion approximation of transport theory 1s the
theoretical many measwemental
techniques but it is suitable only for far from source of

foundation for

medium with high scattering and low absorption tissue
(Kienle and Patterson, 1997).

When tissue with higher absorption or detected
in vivo (Thueler et al., 2003; Bevilacqua et al., 1999), we
should consider the amsotropy radiance close to sowurce.
For the scattering amsotropy, high-order approximation
theory (Hull and Foster, 2001) or phase function are
studied (Kienle et al., 2001; Venugopalan et al., 1998;).
For the source anisotropy, we would improve diffusion
with  considering  the
approximation of the source. In this study, we studied the
spatial-resolved diffuse reflectance for two-point-sowrce

approximation complexity

diffusion approximation and compared with one-pomt-
source diffusion approximation, the results revealed
that the source approximation 13 one of the key
factors for describing the radiance close to sowrce. This
study provides the important theoretical foundation for
spatial-resolved diffuse reflectance measurement close to
source.

DIFFUSION APPROXIMATION SOLUTION WITH
ONE-POINT-SOURCE APPROXTMATION

In diffusion theory, if the source does not change
with time, the fluence rate ¢,(r) satisfies the steady-state
diffusion approximation equation (Farrell et al., 1992):

DVy(r)-pdy(1) = -q(r) (1)

where, q(r) 13 the sowrce function. For an infinite uniform
medium, the Green function of Eq. 1 is:

Q)= ———expltgr) (2)

where, D(D = p/ps) is the diffusion constant, i is
effective attenmation coefficient.

Considering a pencil beam incident on a semi-infinity
scattering medium along z axis, the sowrce term can be
expressed as (Kienle and Patterson, 1997):

qir) = 1/4w.a’y’ exp(-n'z) (3

where p', = pu+p', p', = p(l-g), g is the first-order
Legendre moment of p(B), assuming umt initial beam
intensity, the total integrated source strength 1s equal to
a' (the transport albedo).

It 1s often desirable to represent incident beams in
terms of simpler source distributions. One-point-source
approximation is that have the same dipole moment with
respect to an origin at the am-tissue imterface as the
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distribution in Eq. 3. To satisfy the dipole moment, a one-
point-sowrce of magnitude a’ is required. To determine its
location, we solve the equation of depth z;

Tza’p{ exp(—|Liz)dz = Tza’S(z —zg)dz (4)
i i

The result of Eq. 4 1s &y(p, 2) = @(p, z)eq(p, z).

To obtamn solutions for the radiance emitted from a
semi-infinite medium, the extrapolated boundary condition
is often introduced. Which requires the fluence to
extrapolate to zero at z = z, = 240, A = (1+R_/(1-R_p), R
is relate to relative refractive index n,, namely
R, =-1440n]; +0.701n]} +0.668 +0.0636n Based on the
extrapolated boundary condition ¢o(p, z = -z), it is
required to introduce a mnegative mmage source at
boundary outside z = -(2z,+z;), the magnitude of it equate
to the real sowrce of z,. Figure 1 depicts the approximation
of one-point-source and boundary conditions.

On the basis of above, the source term q(r) of Eq. 1
can be expressed as follows:

®l -

qp, z) = a'd(p, z-z,)-a'd(p, zH(2z,12,)) ()
The fluence rate ¢y(p, z) = P:(p, z)oq(p, z), symbol
“@&” denoting convolution, employing Eq. 2 and 5, we can

obtain the solution of one-point-sowrce approximation,
the fluence rate 1s:

®p.2)= %{lexp(—uﬁn)—iexp(—uﬂrz)J (6)
D 5 r,

where, p is the radial distance from the source:

L :Jp%r(zfzu)z, L, :\/p2+(z +2, +2.Zb)2

In diffusion approximation theory, the radiance L(r, §)
is expressed as the sum of two terms one proportional to
the fluence rate and one proportional to the flux (Hull and
Foster, 2001):

L(r, &) = 1/4m.¢y(r)+3/4mj(r).8 (7

On the basis of Fick’s law, j(r) = -DVy(r). In case of
incidence = 1, the integral for the steady-state reflectance
can be written as (Hull and Foster, 2001; Kienle and
Patterson, 1997):

Rp(p)= [[1- Ry ()]
n (8)

A Gip,z=0)+ 3DMCDSG cos08dQ
4 oz
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Fig. 1: Sketch map of one-point-source approximation and
extrapolated boundary

where, R;,. (0) is the Fresnel reflection coefficient for a
photon with an incident angle B relative to the normal to
the boundary. For a refractive index n,, = 1.4, the Eq. 8
gives:

Rox(p) = 0.118¢,y(p)+0.306(p) %)

where, ¢,(p) 1s same with Eq. 6 but z = O

T =Jp2 +Z§> 1} =\IP2+(ZU +22b)2

1 ) exp(—L, i
2, [p‘eff +_J p( i-'-err 1)
. a’ I il
i) = an 1 ¢ )
exp{—|L st
Hzp+ Zzb)[uaﬂ" +_J T
n r

DIFFUSION APPROXIMATION SOLUTION WITH
TWO-POINT-SOURCE APPROXTMATION

For two-point-source approximation, that have the
same dipole and quadrupole moments with respect to an
origin at the air-tissue interface as the distribution in
Eq. 3. To satisfy both the dipole and the quadrupole
moments, the source of magmtude «'/2 for two sowrces
are required, the locations are respective z, and z,,, we
solve the equations:

@

. : !
J'za I exp(—pz)dz = jza E[fs(z — 2 )+ (2 — 2,)]dz
[i} [i}

]222(1'111' exp(—p,'(z)d.z (1 0)
i

= Tzza'%[ﬁ(z — 2y +8(z— zy,)]dz
1)

The results of Eq. 10 are z,, = 2/p’,, z,; = 0. Figure 2 depicts
the two-point-source approximation and boundary
conditions. And, based on the extrapolated boundary
condition ¢y(p, z = -z,) = 0, the source term q(r) of Eq. 1 at
two-point-source approximation can be expressed as
follows:
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Fig. 2: Sketch map of two-point-source approximation and
extrapolated boundary

9(p.2) = [3(p.2 2~ Blp.z + (22, +20)]

(11)

a’
JrE[S(P:Z —zy)—8(p,z+(2z, +zu2)]

Employmg the same method as one-point-source
approximation, we obtain the solutions of spatially
resolved diffuse
approximation as follows:

reflectance for two-point-source

Riza (P = 0.118Gn,(p) +0.306],(p) (12)

where:

1 1
7exp(_l‘l‘gffr|][) - exp(_p“gffrﬂg)
ly=—| o
gD 1 1
+—exp{—IlgTy;) — — exp(—gTy,)
T Tha

25 l‘l‘eﬂ'+L exP(*ng-arfrm)
Ty Iy

1 Jexp(—, gy
, +(Zﬂl+22h)[u'eff+r_JM

. a’ b2
hip)= P

Tog

1 |exp(—I,gTy)
+2; [Heﬂ' +r_]%

b3 Tz

1 jexp(—.zx
Hzy +27,) [J"Leﬂ' + *JM
Tog Tog

where:

I :JF’2+Z§1’ rU2=Jp2+ (ZUI+2ZB)2’ rU3=Jp2+ZU22, runt:\/szr (Zuz+zzb)2

and z,, = 2/p", =2/p '), 7, =0, 7, = 2AD. For formula of
Jo(p), 1o namely 1, 1y, namely 1, 1 namely 1, 1y, namely r,
m Fig. 2.

RESULTS AND DISCUSSION

The mfluences of source approximation on spatial-
resolved diffuse reflectance are presented m Fig. 3. R, 1s
the calculated result of Eq. 9 for one-point-source

Reflectance (mm )

l 0_6 T T T T 1
0 2 4 6 8 10
Source-detector distance (mm)

Fig. 3: Comparisen of reflectance with one-point- source
approximation and two-point-source approximation
at same conditions
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Fig. 4. Comparison of reflectance with two-point-
source approximation at different absorption
conditions

approximation, R, is of Eq. 12 for two-point-sowrce
approximation. They are calculated with p,=0.1 mm™—,
1, =10.0mm™, g, = 0.90, Henyey-Greenstein (HG, g, = g°)
phase function modeling the radiance. From Fig. 3, we can
see that R, is distinct with R, in the region of close to the
source and R, 13 higher than R at the same distance in the
whole region. Tt is shown that two-point-sowrce
approximation considering the amsotropy of sowce
distribution and can model the radiance close to the
source superior to one-point-solurce approxumation.
Figure 4 characterized the radiance distribution for
different p/p, with two-point-source approximation, the
reflectance decreased with the absorption increasing at
the same distance. All these conclude that considering
solrce approximation is one of the key factors for
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describing the radiance close to the source. Tt is important
for spatial-resolved diffuse reflectance measwement close
to the source.
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