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Abstract: Recently, much attention has been paid on Multi-granulation Rough Set (MGRS) and MGRS has been
a promising topic m rough set theory. This study firstly proposes two kinds of covering multi-granulation
rough set, namely, optimistic covering multi-granulation rough set and pessimistic covering multi-granulation
rough set, on the basis of the maximal descriptors of elements in a given covering approximation space. And
then, a number of basic properties of the two kinds of rough sets are discussed. Finally, the relationships

among the models are disclosed.
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INTRODUCTION

Since the introduction of multi-granulation rough set,
much attention has been paid on it. For example,
Qian et al. (2010a) presented a multi-granulation rough set
model based on multiple tolerance relations in incomplete
information systems. Based on the results of the literatire
Qian et al. (2010b) and Yang et al. (2011a) further
discussed the properties of multi-granulation rough sets
m  incomplete information systems. Moreover,
Yang et al. (2011b) and Xu et al (2011) constructed
multi-granulation rough sets based on the fuzzy
approximation space. Yang et af. (2012) discussed the
hierarchical structures of multi-granulation rough sets
and She and He (2012) investigated the topological and
lattice-theoretic properties of multi-granulation rough
sets. Liu and Miao (2011) and Liu and Wang (2011)
mtroduced the concepts of multi-granulation covering
rough sets and multi-granulation covering fuzzy rough
sets in a covering approximation space. Lin et al (2011,
2012) discussed two kinds of neighbor-hood-based
multi-granulation rough sets. Xu et al. (2012) constructed
multi-granulation rough sets in ordered information
systems. In the literature Zhou (201 2) proposed a kind of
covering multi-granulation rough set based on the mimmal
descriptions of elements. As Yao and Yao (2012) have
pointed out that the utilization of the maximal descriptors
of objects is equally reasonable as the utilization of the
mimmal ones In a covering approximation space.
Therefore, in the study, two types of CMGRS
models are proposed by virtue of the maximal
descriptors of objects on U. And they are named as
optimistic multi-granulation covering rough sets and
pessimistic multi-granulation covering rough sets,
respectively.

PRELIMINARIES

This section will review some basic notions and
notations which are needed m the following of the work.

Let U be a nonempty and finite set and R an
equivalence relation on U. R partitions U mto disjoint
subsets, each subset i1s called equivalence class or
equivalence granule. For each Xc U, one may describe X
by a pair of lower and upper approximations defined as
follows:

R(X) = {xeU|[x]=X} (1
R(X) = {er|[x] X = @) (2)

where, R (X) is called the lower approximation of X and
R(xX)1s called the upper approximation of X, the pair
(R(X),R(X)) is called the rough set of X.

Let U be a universe of discowrse and C a family of
nonempty subsets of U. If LJC' =TI, C is called a covering
of U. There is no doubt that a partition of U is certainly a
covering of U.

Definition 1: (Liu and Miao, 2011 ; Yacand Yao, 2012) The
paur (U, C) 1s called a covering approximation space, where
17 is a universe of discowse and C a covering of UJ. For
any x€U, the sets md (x) and MD (%) are, respectively
called the mimmal description of x and the maximal
description of x where:

mdx)={KeC|xeKna(vSeCrxeh
/\SQK:>K=S)}MD(X)={KEC|XEK/\(VSEC/\XES

ASoK 2K =5)}
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Qian et al. (2010a) first proposed the rough set model
based on multi-granulation called MGRS in the
literature.

Definition 2: (Qian et al, 2010a) Let K = (U, R) be a
knowledge base, R a family of equivalence relations on U,
for any XU, P, QeR, the lower and upper approximations
of X can be defined by the following:

P+ QXz{er‘[x]ngor[x]ng} (3)

P+ QX =~P+Q(~X) (“4)

where, ~X 1s the complement of X in U.

Definition 3: (Zhou, 2012) Let U be a umverse of
discourse, C,, C,,...,C; are coverings of . For any
XU, 1its lower and upper approximations can be defined
by the following:

2C(0={xeU:(3C, emd, (x),C, S X)v )

w(3C, e md, (x),C, < X)}

Y= 20X (6)
When k = 2:
1s denoted as:

ZC1+C; (x)

and:

2,500

das:

ZC1+C; (X)

OPTIMISTIC AND PESSIMISTIC COVERING
MULTI-GRANULATION ROUGH SETS AND
PROPERTIES

This section first introduces the concepts of
optimistic and pessimistic covering multi-granulation
rough sets. Andthen some basic properties of the two
models are discussed. Finally, the relationships among the

models are disclosed. In the following, for the simplicity
only the case of two covermgs 1s taken into
consideration.

Definition 4: Let (U, C) be a covering approximation
space, C a family of coverings on U and C,, C,eC. For any
XU, the lower approximation and the upper
approximation of X with respect to C,, C, can be defined
as follows:

O e, (0 ={X€ U|(3C1] €MD (x)),C,, € X) ™

V3G, MD, x0,Cy = Xy

O, 0, (%) = {xe U|3C, e MD, (x)),C, nX
# v (3C,; e MD (x)),C, m Xz D)

(8

If:

Oc,»fc2 (X)= Oclafc2 (X)

then X 15 said to be definable m the approximation
space. Otherwise X 15 called optimistic Covering
Multi-granulation Rough Sets (OCMGRS) with respect to
C,, C,. The pair:

(Og 5, (X0, Ogy, )

1s called a OCMGRS of X.

Definition 5: Let (U, C) be a covering approximation
space, C a family of coverings on U and C,, C,eC. For any
XU, the lower approxunation and the upper
approximation of X with respect to C,, C, can be defined
as follows:

P, o (0 ={xe U|EC, e MD, (x)),C,, € X) ©

A, € MDD (xD),Cyy € X}

P.,., ) =xeU|(¥C eMD, (x)),C,nX (10)
# @) (VC,; e MD (x)),C; m X = D)

If:

Pcl»,c2 (X)= Pcl»,c2 (X)

then X is said to be definable in the approximation
pace. Otherwise, X 1s called Pessimistic Covering
Multi-granulation Rough Sets (PCMGRS) with respect to
C, C;. The pair:

1397



Inform. Technol J., 13 (7): 1396-1400, 2014

(B, (0, By, (00

is called a PCMGRS of X.
Next, an example 1s employed to show the differences
of the two models defined above.

Example 1: Tet <UJ, C> bhe a  covering
approximation space, where U = {a, b, ¢, d}, C,
C,eCand C, = {{a, b}, {b, ¢, d}, {c, d}}, C, = {{a, ¢},
ib, d}, {a, b, d}i. Given a subset X = {b, ¢, d} of
U, according to the definitions,
following results:

one can obtain the

0o, (0= thed), Oy, () ={ab.c.d}

PC,+C2(X): cl+cz(x)—{ﬂeb c,d}

From example 1, one can find that for a given subset,
the two types of approximations are different with each
other, that is, the above two types of CMGRS are
different.

In the following, if there is no extra explanation, T
stands for O or P.

Proposition 1: Let (1J, C) be a covering approximation
space, C,, C,eC. For any XcU, the following properties
hold:

¢ (L) TooW=U AU T, 0)=U
© QL) Ty, @ =9 QU T @)=
¢ (L) T, (0EX BU) XcT, . (X)
o (L) Ty e, (Te o, (XN =T ¢, (XD
v DT, (0=T, o, (T, (O

Theorem 1: Tet (1, C) be a covering approximation space,
C,, C,eC. For any XU

(=X =~T, ., (0

Cl +Cy
holds but:
Tcl»fc2 (~ )=~ Tc,+(:2 (2

may not be satisfied.

Example 2 (Continued from example 1): One can calculate

that ~X = {a}, then the following results could be
obtained:

Og e, X=8, O o (~X) = {ab,c.d}

Pcl»,c2 ~Xy=09 Pc,+02 (~X)={a}

Therefore, one can conclude that:

(~X)=F=~fab,e,di =0, (X)

C1+C2

(-X)=T={ab,cd} =~ P, (X)

C1+C32
Qg (> X)=1a.b,0,dp # {2y =~ Oy o (X)

Py o, (~X) = {a} # {a,b.c,d} =~ Poe, (XD

C1+C2

Proposition 2: Let (U, C) be a covering approximation
space and C,, C,eC. Then, for any X, YU, the following
properties hold:

. q+c (XmY)CTC ., (X)mTC+C (YD)
* Te e, (XUY)QTCﬁCJ (X)UTCﬁ»C] (Y)
. XY, thenT, . ()T, (Y)

* IEXcY.then T, 0cT, . (Y)
. an: (XuY)DTC ., (X)uTC+C (Y)

* To (XMY)CTC +C (X)mTcw](Y)
Example 3 (Continued from example 1): Suppose

= (b, d), we have that XnY = {b, d} = 7Y,
XY = {b,c, d} =X and YcX. And the following results
could be calculated or inferred:

* Og.e, (V) ={d} Og c (¥) = {ab.d}>

]?(314.(:2 (Y) = @s ]~:)c:1+(:2 (Y) = {b>d}

* 04, (XNY)=0g, (V)= (@c,

O, (MO, (V) ={bye.dy midy = {d},

PC,+C3 (XmY) C+C (Y) ®C B
P o ()P, (V=0 =0

* Oge, (X0Y)=0g, (3 ={a,b,e.d} 2
Oge, (X Oq g, (Y)={a,bc,d}{a,bd} = {a.bcd}

Poie, (XoY)= Poc, () ={a,be.d}o-
B, X)wP, . (Y)={a,b,cd}{bd}={abecd}

¢+ Obviously, Y = {b, d}cX = {b, ¢, d} we have the
following results:
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Oc e, (V) ={d} 2 O o (X) ={b.c.d}

Po o (Y)=DCP (=0

O. .. (V) ={abdcO, _ (X)=(abecd

C1+Cg Ci 45y

P. . (Y)y={bdl cP. _ (X)={ab,cd

C1+C2 C+Cq

(XUY)=0, . (X)={bed}>

C,+C2 C,+C2

Og e, (X w0 o (Y)={b,c,d} ~{d} = {b,c.d}
(XuY)= PC1+C2 (X)=Co

C1+Cg

C+C(X)uPC L (Y)=0ud=0

O, (XM Y)=0g o, (Y)={a,b.d} =

Oge, (XM Oq g, (Y)={a,b.c,d} {a,b,d} = {a,b.d}

P e, XwY)=F, o (Y)={bd}C

Bepoo, (P, (Y)={a,b,c.d} n{b,d} = {b,d}

Theorem 2: Let (u, C) be a covering approximation space,
C,, C,eC. For any XclJ, the followmg equations are
satisfied:

. By o, )€ 0p 0, XD

* PclJrc2 (X)c Oc,+c2 x)

Example 4 (continued from example 1): From Example 1,
we have that:

050,00 = (6.8 Op o (X) = {abic.d}

CI+CZ(X) c1+c2(x)—{ﬂeb c,d}

So:

P o, () =B <O o (X)={bc,d}

P oo, 00 ={a.b.e.dyc Op ¢ (3) = {a,b,c,d}

Theorem 3: Let (U, C) be a covering approximation space,
C,, C,eC. For any XcU, the following equations are
satisfied:

. LN e = ch+c2 x)
* Pc,+c2 X c chJrc2 )

. Zebe, € 0g 40, (X

* ch+c1 X c OclJrc1 x)

From Theorem 3, we can see that for any XcU, the
approximations of X of pessimistic multi-granulation
rough sets 1s a subset of the approximations of
X of Zhou's in Defimtion 3. While for optimistic
multi-granulation rough sets, one may get the inverse

conclusions.

Example 5 (continued from example 1): According to
Definition 3, we have that:

Ze o, (0= {bc.d}, Zg o (X} ={a,b,c.d}

Thus:

P o, (X) =@ CZe o (0= {be,d}

Poo, ) =tabedic 2 . (0 ={abcd}

Zg, 1, (0 = bedh© O, (X) = (bc.d)

Zchz (X)={a,b,c,d} c Oc1+c, (X) = {a,b,c,d}

CONCLUSION

This study has proposed two kinds of covering
multi-granulation rough set by employing the maximal
descriptors of elements in the umverses of discourse.
Some basic properties of the models have been discussed
and the relationships among the models have been
explored.
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