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Further Results on Order Statistics from the Generalized L.og Logistic Distribution
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Abstract: Further to our earlier results, we derive exact explicit expressions for the triple and quadruple moments
of order statistics from the generalized log-logistic distribution.
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INTRODUCTION and

Recently Adeyemi!, Adeyemi and Ojo initiated the 5?’5}’;,1’ P pS XD XC], ler<s<t<ucn (1.4
study into the recurrence relations for moments of order
statistics from the generalized log logistic distributon. We  Also
have obtamed recurrence relations for Singl.e and produ.ct £ (wxy)=C . [F(w)]"[F(x)- F(w)]
moments of order statistics from a symmetric, Adeyemi™ : iF(y) SR ;’,lx[ 1= F () P 0w F(x0) (v (1.5)
and the, generalized log logistic distribution Adeyemi and
Ojot, where

In this paper, we present further results on our earlier c _ n!
studies by presenting recurrence relations for triple and AR oD s-T- D I(t-s- 1) I{n-1)!
quadruple moments of order statistics from the and
generalized log logistic distribution. £ oenlw.xy.z)=C [FOw)[~ 1

The probability density function (pdf) of the GLL (m,, [F(x)-F(w)]" " [F(y)-F(x) 5" (1.6)

m,) distribution is given by

XF'() = y[FROI™ [1-FRI™; y=e—— (11
Blm, my OV
1 —H 1
Letting o=— andB =—— In| —| Tt can be easily shown
o o] m,
that the pdf of GLL (m,, m,) becomes
_pmy m_
1 e 7 (m/m)"tx°*

f(x)= (1.2)

oB{m,, m, 1
[1+(m/m,) (e *x)" """

Note that if m,=m =1, GLL(m,, m,) becomes the log-logistic

i

distribution. It is symmetric arcund In(t)= " = if

m, =m,, positive skewed if m, > m, and negative skewed
ifm, > m,.

Let ¥, ,<¥,,<...<X  denote the order statistics
obtamed when the n X;’s are arranged in mereasing order
of magnitude. We denote

(a, b, e) _

[N [X° X" X.°], ler<s<te<n

(1.3)

X[F(z)-F(y)[1-Fy) " w) () f(y ) f(z)

where
- n!

“sten T O s s D)ot L) (n_u!

Adeyemi™ and Adeyemi and Ojo™ have obtained
recurrence relations for “5131 and expressions for ., in
both symmetric and general cases respectively.

In this paper, we obtain recurrence relations for

(a, b, ) (a, b, c, d) e
b s e and oo for positive integers m, and m,.

Recurrence relations for triple moments: Theorem 2.1 for
l<r<sg<t<n-m,-ianda, b,c=1

A “(a,b, ) _aylr-DIn-t)! b, e
1 r+m, +1,5+my +1,t+m;+1n r, s, tin
mZ
- os-1-1 oy (e, b, Q)
T AZ(I) Mr+m1+1,s+m1+171,t+m1+171.n
2
oty (i) po e . .
mz 3 tamy +i-1,54my +i- 1 temy +i-1m (21)
where

Al(i):mi_: (mziIJ(—1)‘(r+m1+i—1)!(n—t—m1—i)!

=0
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Az(i)=§j [Hilz](—1)1(r+m1+i—1)!(n—t—m1—i+1)!
and .
A3(i):f21 (Hilz](l)i(r+m1+12)!(ntmli+l)!
Proof
=G [ fyvxhy S[F(y)-FOOI 1-Fly) It L0 f(y ydxdy
having used (1.1), (1.3) and (1.5) where
LG = [ [FOOT™™ [T =F(w) ™ [FO0 - FOw)l s dw

Integrating by parts, we have
L{x)=(s-1- 1)fw WA [F(w)]T ™ 1= F(w)™[F(x)- F(w)]* " 2F(w)dw
o, [ w o [FOo) ™ L -Fw) ™ [FO)-F(w) 7 TP (w)dw
~(r+m, - ”fw“’ EwW)IT™™ ' [1-F(w) ™ [F(x)-F(w)]" " 'F(w)dw

by putting (2.4) 1 (2.3) and after simplification, we have the relation (2.1)
Theorem 2.2Forl csr<s<n-landab,c<1

_ -1
. (a,b, e _ayl{r-1)! b ey T .
Bl(l) Mr+ml+i,r+l,s+l [ — Mr,r+1,s+1'n m Bz(l) Mf+m1+i‘1,f+1,5+1'n

where 1, y

B, (i) - i (mzil) (rem, +i-1)!
o]

Bz(i):fj (HIIZ] (r+m, +i-2)!
1=0

YU e oo [ [ VXY SU-FOI! LOITCOM(y)dxdy
having used (1.1), (1.3) and (1.5) where
L= [ [ [1-F(w)]™ w i dw
Integrating by parts, we have
I,(x) =m, fwwﬂ[F(w)]“’“l’l[1—F(w)]mf1 fiw)dw

~(r+m,-1) f w A [F (W)™ [ -F(w)]™ f(w)dw

substracting (2.8) mto (2.6) and simplyfying the resulting expression yields the relation (2.5).
Theorem 2.3Forl sr<s<t<nandab,cz1

2o a, b, ¢ b a, b, c
C,Gip n ! o

r4+m,-i-1,5+42m - i t+m, +2m, —i- 1in+2m, +2m,—i-j-1 = r,5,tin
1 ; 1~ b 2 1 1 2 g 25,
Cr,s,tn(t+nlz s-1)

84

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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(s+m -1-1) S b o)
c 2 : !——ls+2m —i,=1,t+m, +2m, —i-lin+2m, +2m,-i-j-1
(t+H12 ) 2( J) “r+ml1 s 1~ 1, 3 1 1 2 ]
where
m; m, ) (rrmy-i- 1) s +my-1- 1)!
Ci.0= IZ%JZ%( J(J] (n+2m, +2m,-i-j-1)!
x(t+m,-s-2)!{n+m,-t-j)!
and
m 1, m,) (r+m -i-1)!{s+m -1-2)!
(L)) = ZOJZ%( ]( j) (n+2m +2m,-i-j- 1) (2.9)
X(t+m,-s-1)!{n+m,-t-j)!
Proof
YU 0 7C i ffwaxbyC[F(W)]r’l[l—F(W)]”’t K(w, v f(w)f(y)dwdy 210)
where
I‘i(VV=Y)=fWY [F(x)-F(w)" " [F(y)-F()]177 [F)I™ [1-FOO)I™ =P hdx @211)

having used (1.1), (1.3) and (1.5). Upon writing F(x) = F(x) - F(w) + F(w) and 1-F(x) = F(y) - F(x) + 1 - F(y) and using
bimomial expansion, we have

m

K(w.y)-%"

1=

Z[ )( ]fy [FGO-F(w) '™ [F(y)-FG ™) e12)
o)
X[F(w)™ " [1-F(y) ™ x* tdx
Integrating (2.12) by parts, we have
I & - +1my —r=1
Kw, Y)* > Z[ J( ny [F(w)I™ ™' [F(x)-F(w)]"™™

=0 1=0
[F(y SFCOTT™ T [1-Fy) ™ f(xdx

T _ 1m1 m, s

- ZZ[ ]( )[y [F ()™ [F(0-Fw) ™"
1=0 ] )
X [F(y)-FI"™ 7 [1-F(y)]™ f(x)dx

By putting the above expression into (2.10) and after simplification, we have the relation (2.9).

Corollary 2.1 Setting s=r+1, t= r+2 we have

(a, b, ) _Y¥b o
c (I’J) Mralm C1 1r+2my =i+ 1, r+my+2m, - i+ 1+ 2m +2my~i-j- I_F r,ar+1,:+2'n
2
(a, b, e}
- c4(1’-])“r+mlf1f1,r+2m171,r+m2+2m1*1+1 n+2my +2my-1-7-1
where 2
. my o, m) (r+m-i+1)Im !{m,- 1)}/ {n+m,-r-j-2)!n!
-3 3 () (%] S )
; ] (-1 (n-r-2)!(n+2m, +2m,-i-j-1)!
and m, m, . .
r+m -1+1)H{m -1)!tm, ! (n+m,-r-3-2)!n!
SRS 95 31 (8] [ R e e P B e e13)
=0 j-0 J {r-1)Hn-1-2)1{n+2m, +2m,-i-j-1)!
Corollary 2.2 Fors-r > 2 and t=s+1
(2,0, ) _¥b @b
Cﬁ(l’J) Mrejrrﬂl—cr1,s+2ml—i,serz+2m1—i'n+2m1+2mz—i—j—1 7; Mr,as,sﬂc'n
2
s+m, -r-1 R N
* TZ CS(I’J)“riml—ci—1,s+2ml—i—1,s+m2+2m1—i'n+2m1+2m2—1—J—1
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where
R m,|{m, (r+m,-i-1)!(s+m -1~ 1)!
Cﬁ(l’J)_§§( 1]( j] (r-1)!s-r-1)!(n-s-1)I{n+2m, +2m -i-j-1)!
x(m,- 1) (n+m,-s-j-1)!n!
and
o 7”‘1 i) m,|{m, (r+m,-i-1)!(s +m -1-2)!
CJLJ);)J_O[ 1)( i J (r-1)!1(s-r-1)!{n-s-1)!{n+2m, +2m,-i-j-1}! 214)

xm,!(n+m,-s-j-1)!n!

Remark 2.1 In theorems 2.1, 2.2 and 2.3 if m, = m; = m we obtain relations for triple moments of order statistics from a
symmetric generalized log-logistic distribution studied by Adeyemil™.

Remark 2.2 Tn theorems 2.1, 2.2 and 2.3 if m, = m, =1 we obtain relations fro triple moments of order statistics from the
ordinary log-logistics distribution studied by Ali and Khant*.

Recurrence relations for quadruple moments
Theorem 3.1.Forl <r<s <t<u<nandab,c.dz=>1

HL G Rou

r+my-i-j-lks+2my - 2(i+]) -k t+3m - 3i-2) - ku+dm, - 3i-2j k- Tmn+dm +my- 2(i+j) -k =

n+m,-u H ( i k)
[ R— 1,]
u-t-1 277
(a,b,c,d-13
remy-i-j-k- 1 s+2my - k- 200+ + 1,04 3m - k-2 - 3013 udm - k- 200+ +2) nvdm +mg - k- 214733

N A
—— H,(0,

(a,b,c,d-1)
'J'r+m1—i—j—k—1,s+2m1—2(1+J)—k—2,t+3m1—31—2J k-3 u+dm - 3i-2j-k-4mn+dm; +my-3i-2j-k-3

_oy(d-1)  @pbed-n
u-t-1 r,s,t,un

where

my my-i-1 my-i-j o .
a5 () ()
i=0  j=0 k=0 1 J k
(r+m -i-j-k-1)!{(s+m -1-i-j-1)!
X

(n+m, +4m, -k-3i-2j)!
x{(t-s+m-j-1){u-t+m -2)!{(n+m,-u)!

my my—1my-i-1 s s
o £ ()7
=0 j=0 k=0 1 ] k
(r+m -i-j-k-2)t{(s+m -1-i-j-2)!
X

(n+m, +4m -k-2i-2j+1)!
X (t-s+m —j-2)!{u-t+m -2} {n+m,-u)!

. ottt o 1Y fm-i- 1Y (m, -i-j- 1
CHCRROED SEND DENED DH B L 1
i=0  j-o =0 1 ] k
(r+m -i-j-k-2)!
X
{n+m, +4m, - 3i-2j-k-3)!
X(s+m -r-i-j-k-2)1(t-s+m,-j-2)!
X (u-t+m -2)!(n+m,-u)! (3.1)
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Proof
=G e [ Y E OO RGO - PO PR (y) - FO9T
XJ Sy () (y Jdwdxdy

where

T (y)= f FIF(2)-F()] 7 [1-F(@)]" ™ " [F(2)]™ dz

having used (1.1), (1.4) and (1.6). Upon integrating (3.3) by parts writing F(z) = F(z) - F(y)+ F(y), Fiy)=F(y) -F(x) -

and F(x) = F(x) - F(w) + F(w) and using binomial expansion, we have

_1'1+IT12—L1 my my -1 m-i-1 m] m171 m17i71
- B8 ()0 )
x [24HF ™ T RO -Fn) [ RO =R
X [F(z)-F()]""™ " [1-F@)""™ " f(z)dz
m, G S T (m -1 (m —i- 1) {m, -i-j-1
ey (V)
x [z [Fow)™ T R G0-Fw 7 e -G P
X [F(z)-F()]" ™ P [1-F()]" ™ " f(z)dz
_bot-d S SR m, | {m, -1 fm,-i-]
S e
x 28 Fn T EE-F ] U [F(y) - Fo™
X [F(z)-F(y)]""™ T [1-F(z)]"™ “f(z)dz

Upon substituting (3.4) mto (3.2) and simplifying, we have the relation (3.1).
Theorem 3.2.Forl <r<s<t<u<nandab,c,d=1

H (1 ) (a,b,c,d)
4 -] 'J'r+m1*1,5+2m17171,t+2m1+m2717_|,u+2m1+2m2711.n+2m1+3m2*172J
t+m,-s-j-1 ..
= —— H,G.p
s$-m,-r-1
(a,b,c,d)
X'J'r+m1*1,5+2m1*1,t+2m1+m2711*1,u+2m1+2m2717_|*1.n+2m1+3m271*2_|*1
_ yb p(ebesd)
r,s,t,un
Cr,s,t,u n(s +I1'11*I'* 1)

where

o ()

i=0 =0
« (r+m, -i- 1)!(s+m —1-2)!(t+m,-s-j-1)!

{(n+2m +3m,-i-2j)!
Xx(u+m,-t-1)!(n+m,-u-j)!

oS8 (7))

i=0 j=0
« (r+m171 Ds+m —r-1)I{t+m,-s-j-2)!
(n+2m +3m,-i-2j-1)!
x (u+m,—~t-1)!{n+m,-u-j)!
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Proof
VTG [ f [IFOOT R - RO
x [1-F(2) K (w,y ) f(w) £y ) £(z) dwdy dz (36

where

Kiw,y)= f x® F(X)] [I,F(X)]mg [F{x)-F(w) "™ [F{y)-F(x)]"= ! dx
having used (1.1), (1.4) and (1.6). Expressing 1-F(x)as 1 - Fy)+ F(y) - F(x) and 1 - F(y) as F(z) -~ F(y) + 1 - F(2), we have

oS5

i=0 j=0

(3.7)
x[Xxb*[F(w)]”“’1[F<x)—F(w>]“’“1 THEG)-FGITT - F(y) ™ dx

By mtegrating (3.7) by parts, we obtain
t —5-71-1m M
Kiw,y)— 2 2 17 3yt (ml] (H}ZJ
. b 1=0 =0 1 ]
Xfxxb[1:("")]ml_1[1:(><)*F(W)]Mnl_r_][F(y)fF(x)]“mfs'J'2

" [F(z)- F(Y)]mz[l F(z)]™ 7 f(x)dx

=l

i=0 j=0
x® fxxb[F(wn’“l [EG)-F(w)] ™ [F(y) - F)] 7™

x [F(z)-F(y)I™[1-F(2)]™ ' f(x)dx (3.8)

By substituting (3.8) mto (3.6) and simplyfying the resulting expression, we obtain the relation (3.5)
Corollary 3.1. Setting s= r+1, t= r+2 and u= r+3, we have
{a,b,c,d) _
HS(I’J) Mr+m1— Lr+2m —i,r+2m; +my=i-j+2,r+2m, +2m, - i-j+3m+2m +3my-i-2j ~

) (a,b,c.d)
- MI‘+m1’l,r+2m1*1+1,I‘+2ml+m2*l*_|+1,I‘+2m1+2m2*1*_|+2 n+2m;+3my-1-21-1

_ ybn! ¢a,b,c,d)
rr+lr+2,r+3n
{r-1)I(n-1-3)!m,

w58 (7))

i=0 j=0

(r+mlfifl)!(m171)'m Hm, - (n+m,-1-j-3)!
X

Where

{(n+2m, +3m,-i-2j)!

H(u)Z‘fﬁ( ][ )
1=0 o]
(r+m1—i—1)!m1!(mj_]2)! H(n+m,-r-j-3)!

(n+2m, +3m,-i-2j-13! (3.9

Corollary 3.2. For s>r+2, t= s+1 and u=s+2, we have
;o (ab,e,d)
H.G,pp

ramy-i s+ 2my - i- 1,542y +my - i- 1 a+2my +2my - i- +2n+2my +3my - -2 -
L H (1 J)“(a b,e,d) . . .
g +IT1 -1 2 r+my - L s+2my -1, 5+ 2my +my—i- L r+2my +2my—i-§ + 1+ 2my +3my-1-2j -1
ybn! (ab,e,d)

(1’ D s-r=-1)1{n-s-2)!(s+m -1-1) R seisezn
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where

o £5()(
1=01=0
< (r+m -i-1)!(s +m1—r—1)!J(mz—j—l)lmzl(n+mz—s—j—2)!
(n+2m, +3m,-i-2j-1)!
-5 5 (7)(7)
1=0 =0
« {r+m-i-DI(s+m-r- )I{m,~-j- 1)!m,! {n+m,-5s-j-2)! (310)
(n+2m, +3m,-i-2j-1)!

Remark 3.1 In theorems 3.1 and 3.2 1f we set m,=m,=m we 2. Adeyemi, 5. and M.O. Ojo, 2002. Some recurrence

obtain relations for quadruple moments of order statistics relations for moments of order statistics from the
from a symmetric generalized log-logistic distribution generalized log-logistic distribution (submitted).
studied by Adeyemi”. 3. Adeyemi, S., 2002. Some recurrence relations for
single and product moments of order statistics from
Remark 3.1 In theorems 3.1 and 3.2 if we set m,=m,=1 we the generalized pareto distribution. I. Stastistical
obtain relations for quadruple moments of order statistics Res., 2: 168-179.
from the ordinary log-logistic distribution studied by Ali 4. Ali, MM and A H. Khan, 1987. On order statistics
and Khan™!. from the log-logistic distribution. I. Statist. Plann.

Infer., 17: 103-108.
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