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Abstract: The traditional Newton method 1s a well-known and popular method for solving non-linear equation.
It has high efficient in the convergence speed. However, we always need to guess the imtial value n the
iteration process. Good initial guess value can solve the equation quickly. Bad initial guess value usually will
vield divergence. Homotopy continuation method is a kind of perturbation method. It can guarantee the answer
by a certain path if we choose the auxiliary homotopy functions, or call the start system, well. This study
presents some useful techniques for the choice of the auxiliary homotopy functions to avoid divergence and
time-consuming computation when solving the planar and spatial simultaneous non-linear equations.
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INTRODUCTION

Homotopy continuation method was known as early
as m the 1930°s. This method was used by kinematician in
the 1960°s at U.S. for solving mechamsm synthesis
problems. The latest development was done by
Morgan'"? at GM. We also have two important literatures:
Garcia™ and Allgower™. Continuation method gives a set
of certain answers and some simple iteration process to
obtain our scluticns more exactly. Wul® provided some
rules for the choice of the auxiliary homotopy functions to
avold divergence of traditional Newton method for one-
dimensional non-linear algebraic equation. Wul”! also
applied the homotopy continuation method to search all
the roots of verse kinematics problem of robot and
obtained more but not all convergence answers than the
traditional mumerical methods. Therefore, present research
attempts to study some robust rules and provide the
choice method of the auxiliary homotopy functions for
homotopy continuation method to avoid the problem of
divergence of traditional Newton method when solving
the non-linear equations.

NEWTON-HOMOTOPY CONTINUATION METHOD

Before the study of the auxiliary homotopy functions,
we consider the following simultaneous non-linear
equations

FO=0 (1)

To solve the equations system, we have many
different methods such as Newton-Raphson method, etc.

As we known, the numerical iteration formula of
Newton’s method for solving the equations system was

given as:

(o oF 0K |

9%, 0K, 0K,y
AX1 7F1(Xln’X2n’-“’Xnn)

aF, aF, o, | iy :
e — - XX, . X
axl axz axn : 2 — 2 1in= :2n’ 2 “*nn (2)
aFn aFn aFn AX'n _Fn(XIrH‘XZn’V”’Xnn)

L 9%, &, X, |

oF  OF oF,
1 2 8Xn
gF, @F, aF,
Det(F)zg1 gz gn:OOI -0 (3
oF  @F, aF,
o ax, ox,

The [Ax,, Ax,, ... Ax,]" values will become infinite.
Now, we will apply the homotopy continuation method
and develop some useful techniques for the choice of the
auxiliary homotopy functions to avoid divergence of
iteration results in Eq. 2.

Given a set of equations in n variables x,, x,, ..., X,.
We modify the equations by omitting some of the terms
and adding new ones until we have a new system
of equations, the solutions to which may be easily
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guessed/given/lnown. We then deform the coefficients
of the new system into the coefficients of the original
system by a series of small increments and we follow the
solution through the deformation, using methods such as
Newton-Raphson. This is called Newton-homotopy
continuation original system.

If we wish to find the solution vector in Eq. 1, we
choose a new simple start system or call the auxiliary
homotopy functions:

F/(X)=0 4

The auxiliary homotopy functions F'(X) must be
known or controllable and easy to solve. Then, we define
the homotopy continuation as:

HLH =tF(XH(1-)F (X)=0 (5)

Where t 1s an arbitrary parameter and varies from O to
1, 1e. te[0.1]. Therefore, we have the following two
boundary conditions

H{X,0)=F'(X) (6)
HX,D)=F'(X)

This is the famous homotopy continuation method.
It 15 also called Bootstrap method or Parameter-
Perturbation method, but these names did not become
popular.

Our goal in this study is to solve H(3,t) = 0 instead
of F(X) = 0 by varying parameter t from O to 1 and avoid
the situation of divergence. So we rewrite Eq. 2 as:

oH, ¢H,  H, |
0% 0%, x,
AX1 7H1(Xln’x2n’-"’xnn)
aH, oM, &H,
— a0 A Ax —H, (X%, 5 X,)
e, ax, ||| = _
A o : 7
aHn aHn aHn AX'n _Hn (X‘ln ? XZn a 7’Xnn)
o 0x, ax, |

8H, &H, oH,
axl GXZ ax'n
OH, 0&H, oH,
Det(H) = | &%, gz o, |=00r >0 (&)
oH, OJH, OH,
axl axZ a}(n

To avoid divergence, we have to let Det(H) # 0 or
not - 0. In this study, we develop a new technique for this

purpose.

Planar problem: Firstly, consider the planar problem
f(x,x,)=0 H=tf+{(1-tf"=0
{ (Xl XZ) — { 1 ( ) . (9)
g(x.%,)=0 H,=tg+{1-t)g =0

The determinant Det(H) therefore 1s
a,

1
Det(H) = ox, Y= %x oH, oH, % o,
H, oH, &, &, &, &
o dx, (10)
= (tf, +{1- Of(tg, + 1-t)g’) -
(tf, + (1- O )(tg, + (1-t)g})
=t"(A-B+O)+t(B-20)+C

Where,

A=fig,fg,
B=fig'+1 g -Lg"-1g (11)
C=t"g'~t':g",

If we let A-B+C = Oand B-2C = 0, we can avoid many
situations of divergence and economize the computation
time. This technique yields

B=2C
A=C
=B=A+C

= flgrz + ffgz - fzg; - fzrg1 =fg,-fg+ flrgrz - fzgrl
- (fl - flr)(grz - gz) = (fz - fzr)(g; - gl)

(12)

To satisfy this equation, we have four cases. They are

Case 1: f,-{' =0/ £,-f',=0

Case2: g',-g=0n g’ -g=0 (13)
Case3: f,-f' =0/ g’ ,-g,=0

Case 4: g',-g,=0 A £-{',=0

But case 1 or case 2 will yield useless result, i.e. f' =
f, g’ = g. Since the auxiliary homotopy functions f" and g’
must be different from the original functions f and g.
Hence we just can apply case 3 or case 4. If we choose
case 3, then we have

{fll—fl 3{fr—f+p (14)
2,78 g=8+q
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Substituting this equation into A = C, we obtain the
following formula for the choice of the auxiliary homotopy
functions " and g’

A=C
=fg,-fg = fllgrz - ;g;
= fg, -f,g =fg, -fig
=f(g,—g,) =g, 1)
3f1(7q2):g1(7p2) (15)
{pz =1 P= jfldxz
4; = & q= jgldx2
fr="f+ [fdx,

=
g =g+ fgdx,

So we conclude that
H=tf+(1-tf =tf +(1-t)
(f + [fidx,) = f + (1-Dffdx,
H,=tg+(1-t)g' =tg+{(1-1t)
@+ [gdx,)=g+(1-)gdx,

(16)

By this way, the determinant Det(H) becomes only
f'g", - f'.g",. Therefore, we only need to judge and avoid
this form not equal to zero or not approach to mfimte to
guarantee the convergence.

Spatial problem: Secondly, consider the spatial problem

f(x,,x,,%,)=0 H=tf+1-tf'=0
g(x,%,X,)=0=¢H, =g+ (1-t)g'=0 (17)
hix,x,.x,)=0 H,=th+(1-t)h'=0
The determinant Det(H) 1s
&H, &H, @&H,
6)(1 6X‘2 aX'B
Det(H) = cH, oH, o, (18)
axl a}(Z a}(E
6)(1 6X‘2 aX'B

We would like to apply the character developed in
planar problem, so we must expand the Det(H) as the
combmation of three two-order forms.

OH, ©H, oH,
%, g2 ax, ¢H, %
Detchry - (ke M OO, % O
ox, ox, oOx,| ox, |0H, OH,
oH, &H, oH, ax, %,
ox, ox, 0Ox, (19)
8H, &H, 8H, &H,
_% aX—z 3)(3 +6H3 6X2 3)(.3
&, |6H, @H,| éx, 8H, &H,
&, ox ax,

2

By the same manner, the three two-order forms can be
expressed as:

aH, oM,
ax, 0%, ;
M, o, =1(A -B,+C)+t(B -2C)+C
ox, ax,
aH,  oH,
o, ox ==t’(A,-B,+C,)+t(B, - 2C)+C,
oH, OH, (20)
aXZ a}(E
8H, aH,
. t' (A, - B, +C,)+ t(B, - 2C,)+ C,
cH, &H,
ax, ox,
Where:
A, =gh,—gh,
B = gzh; + g'zha - gah'z - g;hz
C, =gih; —gih;
A,=fh,—fh,
B, = ;1) + fih, - £,) - fih, 1)
C, =fh; - fih,
A, =lg,-Lg,
B, =fg;+fg,—fg, —fg,
C, =fig; —fig,

Sinilarly, we let A-B+C,= 0and B-2C, =0,1=1,2,3.
We can also obtam the following formula for the choice of
the auxiliary homotopy functions ', g" and h’

['=f+[fdx,

g =g+ [a.dx, 22)
h'=h+ [h,dx,

And
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H, = tf + (1- Of = tf + (1 1)

(F+ [fdx) =1+ (1- Dff.dx,
Ho=tg+(1-tg' =tg+{1-t)

(g+ [g,dx,) =g+ (1- )] g,dx, (23)
H, = th+(1—-0h' = th+{1-t)

(h+ [hydx,)=h + (- t)[hdx,

Also the determinant Det(H) will become

¢H, &H, &,
aX‘l aXZ 6}(3
OH, 0H, 0&H,| ¢&H
Det(H)=|—- —& —2{=—L(g}h}—g}h!
(H) ax,  ox, ox,| ox, (gzhs —gsh3) o0
8H, ¢&H, JH,
6X'1 6}P(Z 6X'3
aH . f i F 6H L Fof
- axlz (f3h; — f3hy )+ gj(fzga -fig;)
Above are the techniques for choosing the

appropriate auxiliary homotopy functions F'(X). In the
following section, we will run two examples to compare
the improved Newton-homotopy method and traditional
Newton method.

Example 1: Consider a planar robot defined by Wu'™:

£(0,,0,)=L,CO, +L,C0, - Px=0
g(6,.6,)= 1,86, + LS80, - Py =0 (25)

Where, C = Cos, S=8m. L,, L,, Px and Py are givens
and assuming that L, =2,L,=1,Px=-1,Py=15.08, and
0, are unknowns. By the formula, we have

H, =f+(1-1)[f,do, = 1,6, + 1.,CH, -
Px + (1- t)(~L,86,)8, = 0

H, =g+ (1-t)[g,d8, = 1,56, + L,56, - (26)
Py + (1 )(L.,C6,)8, = 0

The divergence conditon f'.g’, - f',g’, m tlus example
18!
fig; - g, = -L,.L,(5in(6, - 0,) -
Cos(8, -6,)8,) - L8, 27)

Since the domain 0,,0,2[0°,360°], we have the
singular points (6,,8,)= (0°,0%), (180°,0°) or (360°,0°) in the
above equation.

Table 1: The number of divergence of the traditional Newton and the
improved Newton-homotopy method
Planar problem Spatial problem

Newton Homotopy Newton Homotopy
dé=10° 77 0 2035 0
de=1° 725 0 136819 0

Solving Eq. 26 by the Newton-homotopy iteration
formula, Eq. 7 and avoiding the three singular points, we
obtain the number of divergence of the traditional
Newton and the improved Newton-homotopy method,
respectively in Table 1.

Observing Table 1, we find that the number of
divergence will increase with the initial guesses increasing
in the traditional Newton method. Whereas, we can
guarantee the convergence whatever how many imtial
guesses we have in the improved Newton-homotopy
method just only the singular points being eliminated.

Example 2: Consider a spatial robot defined by Wu®:

£(6,.6,.8)=(0,86,8—$B,L—Px=0
2(6,,6,,8)=56,89,8+ COL — Py =0 (28)
h(6,.8,.8)=C8,S—Pz=0

Where, L, Px, Py and Py are givens and their values
are assumed that L =2, Px =-2, Py =15, Pz=1.0,, 0, and
S are unknowns, their domains in this example are
6,,0.,6[0°,360°] and Se[-3,3], respectively.
formula (23), we have

Using

H, =f+(1-0)[f,dS=C6,50,8-S6L -
Px + (1—t)(%C81CBZSZ): 0

H, =g +(1- )] g,dS=50,80,8+ COL - (29)
Py+(1— t)(%SBICBZSZ): 0

Hy=h+(1-0)[h,dS=Co,8-

Pz+(1- t)(—%SBZSZ) =0
According to Eq. 24, the determinant Det(H) is
Det(H) = S(1+ %Sz)(%(t —1XC0,58")-80,8) (30)

By means of the domains of 8,0, and S, we obtain
the smgular points occur at imtial condition t = 0, 1.e.
initial singular point guesses, are $ = 0 or S = -2tanf,.
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Similarly, solving Eq. 29 by the Newton-homotopy

iteration formula, Eq. 7, and avoiding these initial singular
point guesses, we obtain the number of divergence of the
traditional Newton and the improved Newton-homotopy
method respectively in Table 1 (dS =1).

Clearly, we also find the use of traditional Newton
method will easily become divergence when the bad initial
guesses been chosen. However, this situation can be
avoided in the improved Newton-homotopy continuation
method.

CONCLUSIONS

Typically, it is usually a big trouble and disadvantage
for us to do the algebraic operation, for example, solving
the non-linear equations. Fortunately, by the aid of
computer science, the non-linear equations will be solved
no more difficulty. With the computer improved and the
numerical technique developed, the solutions of non-
linear equations become easier. We can use current high-
speed processor to determine the solutions quickly.

Although, we already have many different numerical
methods can help us to treat these non-linear equations.
The traditional Newton-Raphson method 1s a popular
numerical method. However, it still has some well-known
critical defects. By means of the development of numerical
continuation techmque, the defects
numerical methods such as the acquirement of a good
initial guess, the problems of convergence and the

m traditicnal

computing time will be avoided. Homotopy continuation
method 1s one of the famous improved numerical
continuation methods. Its convergence speed 1s fast, also
the algorithm is clear and easy.

This study combines Newton’s and homotopy
continuation method and proposes some robust rules for
the choice of the auxiliary homotopy function for the
Newton-homotopy continuation method to avoid the
problem of divergence of many traditional numerical
methods when solving the non-linear equations. We can
get well outcome by this new method. The new mteresting
method will provide another numerical approach. It 1s
hoped that the study presented here will contribute
towards progress in the numerical techniques and other
relative fields for scientists or engineers.

REFERENCES

1. Morgan, AP, 1981. A Method for Computing all
Solutions to Systems of Polynomial Equations. GM
Research Publication, GMR 3651.

2. Morgan, AP., 1987. Sclving Polynomial Systems
Using Continuation for Engineering and Scientific
Problems. Prentice-Hall Book Company, Inc
Englewood Cliffs, New Jersey.

3. Garcia, C.B. and W.I. Zangwill, 1981. Pathways to
Solutions, Fixed Pomts and Equilibria. Prentice-Hall
Book Company, Inc., Englewood Cliffs, New Jersey.

4. Allgower, EL. and K. Georg, 1990. Numerical
Continuation Methods, An Introduction. Springer-
Verlag, New York.

5. Wu, T.M,, 2005. Searching all the roots of mverse
kinematics problem of robot by homotopy
continuation method. T. Applied Sci., 5: 666-673.

6. Wu, TM, 2005 A study of convergence on the
Newton-homotopy continuation method. Applied
Mathematics and Computation (Tn Press).

2

1040



	JAS.pdf
	Page 1


