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Abstract: Analysis of data with repeated measures 15 often accomplished through the use of Generalized
Estimating Equations (GEE) methodology. Although methods exist for assessing the adequacy of the fitted
models for uncorrelated data with likelihood methods, it is not appropriate to use these methods for models
fitted with GEE methodology. Bamhart and Williamson™ proposed model-based and robust (empirically
corrected) goodness-of-fit tests for GEE modeling with binary responses based on partitioming the space of
covariates into distinct regions and forming score statistics that are asymptotically distributed as chi-square
random variables with the appropriate degrees of freedom. In their suggested GEE approach the correlation
between two responses was not considered. We here proposed an alternative procedure based on GEE where
the correlation between two responses was considered. We extended their work using different correlation
structures exchangeable, autoregressive and pairwise correlation along with their suggested identity correlation

structure.
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INTRODUCTION

The use of Generalized Estimating Equations (GEE) to
analyze repeated binary data has become increasmngly
common in the health sciences. The analysis of correlated
binary responses is often accomplished through the use
of GEE methodology for parameter estimation.
Assessment of the adequacy of the fitted GEE model 15
problematic since no likelihood exists and the residuals
are correlated within a cluster. Tsiatis® proposed a
goodness-of-fit test for the logistic regression model
which 15 asymptotically chi-squared and 1s computed as
a quadratic form of observed counts minus the expected
counts. Stuart™ proposed a goodness-of-fit test statistic
for regression with heterogeneous variance, which is
asymptotically chi-square if the given model 1s correct.
The test statistic is computed as a quadratic form of
observed minus predicted responses. Cessie® discussed
a new global test statistic for models with continuous
covarlates and binary response is introduced. The test
statistic is based on nonparametric kernel methods.
Explicit expressions are given the mean and variance of
the test statistic. Asymptotic properties are considered
and approximate corrections due to parameter estimation
are presented. Also Cessie!” considered testing the
goodness-of-fit of regression models. Emphasis 1s on a
goodness-of-fit test for generalized linear models with
canonical link function and known dispersion parameter.

The test based on the score test for extra variation in a
random effect model. By choosing a suitable form for the
dispersion matrix, a goodness-of-fit test statistic is
obtained which 1s quite similar to test statistics based on
non-parametric kernel methods. The aim of present study
was to utilize the BIRDEM data to parameter estimate in
the main effect model and another model which includes
the same mam effects, the regions, time effects and
interaction effects and then to test the goodness-of-fit by
using various correlation structures.

Generalized Estimating Equation (GEE): The GEE
approach provides consistent estimators of the regression
parameters which needs only the correct specification of
the form of the mean function p, of the wvector of
responses for each mdividual.

Let us consider that each individual is observed for
T occasions. Thus we have a Y x 1 random vector of
responses for the ith individual where the response
variable 1s binary. Notationally,

Yi=[Yy Yp - Y]

Where, the binary random variable Y, = 1 if at time t,
the subject i has response 1, i.e., success and O otherwise.
Here the response variable 1s dichotomous. We took k
independent variables, so for ith individual we have a
T x k matrix of covarates.
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Notationally,
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Where, X; = (X Xip Xk )i =12 T

The usual GEE modeling for binary outcomes have
the following setting:

The mean vector 1s

i1 E(Y;;) Pit

1 E(Yj,) Pi

W= ol A el Rl g o

Mir Tx1 E(Y;T) PiT
Where
Wi =P Pr(yg=%<ij),rl,2, ......... Tii=1,2u N

1-p=1-p,.

So the variance of y; 15 Pjj (1'Pij) = K (1'Hij)

And the variance covariance matrix of y; is given by:

VY;) =
V(Yil) COV(Yil,Yiz) COV(Yi1=YiT)
Cov(Yjp, Yia) V(Y;) Cov(Yiz, Yir)
COV(Yil ,YiT ) COV(YiZ ,YiT ) V(YIT) TsT

Estimation of [ is obtained by solving the generalized

estimating equations®?,

D V(Y =0 pe L 2 . P+l

| 5B, (2
with V; :Ai/Lg RiAi}é, A; = diag(var(yi; ). var(yir ).

where, R, is the working correlation matrix for Y.

Goodness-of-fit test: By first partiiomng the covariate
space X = (X;, Xp,wereeee , %) into M distinct region in
P-dimensional space. Let be an T, = (Tjy, Tyg,rweeeeeeeee L)’
be an M x 1 vector, where, I 1s the indicator variable that
equals one if the 1th subject 15 in the mth region at the tth

occasion and zero otherwise. They define the T x M
matrix I, as:

I; = [111, Ligsoreiiici, ,IiT] 3)

Let Z1 be the T x (T-1) matrix where the first row has
entries zero and the remaming (T-1) rows form a (T-1) x
(T-1) identity matrix. Consider the model :

logit (W) = XP+ZrHliySip 4)

Where, S, = [0, diag (L, Lz, Jo)TisaTx (T-1H)M
matrix and O 1s a (T-1) M x 1 vector of zeros. Note that T 18
the (T-1) x 1 vector of time effects (the first occasion is the
reference time point), ¥ 1s the M x 1 vector of region
effects and p 1s the (T-1) M x 1 vector of tune and region
interaction effects because each column of S, results from
component wise multiplication of two column vectors, one
column vector from Z; and the other from I;. A goodness-
of-fit statistic consists of testing Hy: 0 = 0, where, 0 = [T,
v, p'l"is aTx 1 vector with T = (T-1)+M+(T-1 M.

Let L. = P+1+] be the number of parameters in the
model presented m (4). Denote U be the L x 1 vector with
lth component:

N
LN Ly
U= ZDilvi (Y4 (5)
=

for 1 =1, 2, L, Where,f)il = au;/op forl<p+l,
Dy = 6{1;/80)_,_; forl>P+1,
fi; =log it (X;B+Zrt+1y+8p) and
1s obtained as the sclution to (2). Then under Hy: 6 = O,
the asymptotic distribution of U is multivariate normal

with mean zero and covariance matrix®:

N
Wy = > DIV} Cov(Y) ¥ 'D; (6)
=1

Where, f)i = [f)il, .............. ,f)iL] isa T x T matrix. Note
that cov (Y,) can be consistently estimated by
(Y304 (Y5 y VT8 If the correlation matrix R, 1s correctly
specified, then the asymptotic covariance matrix U
N
reduces to W = Zf){'\nfi_lf)i
i=1

U, Ay By A B
Let U= Wy = W=

U, Br Cg B C
be the partitioning for U, W, and W, where, U], is the
Tx 1 vectorand C; and C are T x I matrices. Under H,: 6=0,

both the proposed robust (empirically corrected)
goodness-of-fit test statistic:
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' St
Qp =Uz(Cgr-BpAp Br) U,

And the proposed model-based goodness-of-fit test
statistic:

Q=ULC-BATB U,

Are asymptotically distributed as chi-square random
variables with:

d.f=rank( (Cg -Bg AR!BR ) )= rank((C-BA 'B/y7),

Where, G~ 13 any generalized mverse of the matrix G.
The degree-of-freedom for chi-square random variables do
not equal the number of parameters in 6 because of linear
dependencies between the covariates
and the covarnates from the region partitioning, ie.,
(Cp -Br AR'Bp ) and (C-BA™'B"} are singular matrices.
LetH, and H, be the design matrices in models (1) and (4),
respectively.

Then intwmtively, the degrees-of-freedom of the above
chi-square random variables 1s equal to rank (H,)-(H,). Let
Hy; = {hitj} = [Xi: Zr. i, 8] be the T<(P+14T) design
matrix for the ith subject in model (4). Tt is easily shown
that the tjth element of Djis equal to Fit(1-fi ;.
Therefore, the goodness-of-fit test statistics Q) and Qy can
be readily calculated once B is obtained from the
estimating Eq. 2.

in the model

Data set and covariates: In our study we have used the
repeated measures data diabetes mellitus to carry out the
analysis. Here the follow up data on 995 patients
registered at BIRDEM (Bangladesh Institute of Research
and Rehabilitation m Diabetes, Endocrine and Metabolic
disorders) in 1984-94 is used to identify the risk factors
responsible for the transitions from controlled diabetic to
confirmed diabetic state as well as confirm diabetic to
controlled stage of diabetes. The response variable is
defined in terms of the observed glucose level two hours
of 75 g-glucose load follow-up visit. The cut-off point for
the bloed glucese level is 11.1 mmol L™, If the observed
response 18 less than 11.1, then the patient 15 define as
non diabetic (categorized as 0) if the response is greater
than or equal to 11.1 then the patient is said to be diabetic
(categorized as 1). We included two mdependent
variables in the study. They are age and sex. Out of these
variables, age represents the age responds at each visit.
The variable is a continuous variable and used directly in
the analysis. Sex 1s categorical variables. Here sex 1s a
dichotomous variable with two categories 0 and 1, O
stands for female and 1 stands for male. In order to assess
the performance of the proposed goodness-of-fit tests, we
used data simulated with known distributions from models
i the altemative hypothesis to test the goodness-of-fit.

To conduct the proposed goodness-of-fit tests, the
following regions were partitioned as regionl if age
greater than or equal to 50 and male, region 2 if age greater
than or equal to 50 and female, region 3 if age less than 50
and male and region 4 if age less than 50 and female. Tf
any individual occurs any of the four regions then
indicate 1 otherwise 0. Tine effect represents the two
consecutive visits. Time effect 1s a dichotomous variable
with two categories 0 and 1, 0 stands for first visit and 1
stands for second visit. Interaction 1, interaction 2,
interaction 3,
multiplication of region 1, region 2, region 3, region 4 and
time effect.

interaction 4 are component wise

RESULTS AND DISCUSSION

The logistic regression model is considered as one of
the most important and widely applicable techniques in
analyzing repeated outcome variables. To assess the fit of
amodel, it is necessary to identify the influential elements.
In the logistic regression analysis for repeated binary
measures we adjust for setting and the covariates. We
assumed independence, exchangeable, autoregressive
and pairwise working correlation structures and we
obtained standard errors. Table 1 lists the parameter
estimates and standard errors for the initial model having
only main effects.

According to likelihood test the null hypothesis 1s
rejected under all correlation structures in GEE. In this
case has an interpretation that at least one of the
coefficients 15 different from zero. According to Wald test
sex is significant at 5% level of significance under
independence, exchangeable, autoregressive and pairwise
correlation structures. There exits positive association
between the response variable and sex. The estimated
coefficient of the variable age is found to be insignificant
m all cases. Hence it may be conclude that these variables
has no significant effect on the transition from confirmed
diabetes state to controlled diabetes state. In terms of
odds ratio, we may comment that, male patients are
1.240775 times likely to develop diabetes as compared to
their counterparts. We considered additions to this main
effects model to provide a better fit to the data. Table 2
displays the results from a model that includes regions,
time effects and interactions.

In this case we see that several of the effects are
significant, indicating their importance in modeling.
Reject the null hypothesis by likelihood test under
independence, exchangeable autoregressive and pairwise
correlation structures. So rejection of null hypotheses in
this case has an interpretation that at least one of the
coefficients 1s different from zero. We also found that
under all assumptions region 1 and time effect show
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Table 1: Fstimates obtained by GEE assuming various correlation structures within repeated outcomes with associated Wald test

Tndependence Exchangeable Autoregressive Pairwise

Parameter Estimate Wald statistic Estimate Wald statistic Estimate Wald statistic Estimate Wald statistic
Intercept -0.05133 -0.23399 -0.05301 -0.23151 -0.06136 -0.26059 -0.06429 -0.25944
Age -0.00429 -1.07549 -0.00467 -1.09089 -0.00448 -1.08699 -0.00499 1.11437
Sex 0.21574 2.57915% 0.24637 2.75163* 0.23101 2.40203* 0.25094 2.37358*

Likelihood ratio=71.99052 Likelihood ratio=72.6174 Likelihood ratio=73.4638 Likelihood ratio=85.395
*Significant at p<0.05
Table 2: Estimates obtained Barnhart and Williamson’s model by GEE assuming various correlation structures within repeated outcomes with associated

Wald test

Tndependence Exchangeable Autoregressive Pairwise
Parameter Estimate Wald statistic Estimate Wald statistic Estimate Wald statistic Estimate Wald statistic
Region 1 0.31925 2.9088* 031925 2.9087* 033101 2.4309% 0.34263 23565%
Region 2 -0.00239 -0.6853 -0.00239 -0.6853 -0.00236 -0.6271 -0.00249 -0.6387
Region 3 -0.00449 -1.0464 -0.00449 -1.0464 -0.00460 -0.9850 -0.00473 -0.9875
Region 4 -0.00449 -1.0973 -0.00449 -1.0973 -0.00466 -1.0909 -0.00478 -1.0887
Time effect 0.21989 2.3146% 0.21989 2.3146% 0.24595 2.3105% 0.23863 2.0659%
Interaction 1 -0.53979 -2.1587% -0.53979 -2.1587* -0.55632 -2.0853* -0.56792 -2.1148%
Interaction 2 -0.00090 -0.5304 -0.00089 -0.5304 -0.00094 -0.5423 -0.00104 -0.5973
Interaction 3 0.00699 0.1749 0.00699 0.1749 0.00758 0.1626 0.00814 0.1588
Interaction4  -0.00599 -0.1927 -0.00599 -0.1927 -0.00629 -0.1647 -0.00716 -0.1711

Likelihood ratio=264.58 Likelihood ratio=268.81 Likelihood ratio=271.14 Likelihood ratio=275.57
Table 3: Goodness-of-fit by using various correlation struchires

Tndependence Exchangeable Autoregressive Pairwise

Test Statistic p-value Statistic p-value Statistic p-value Statistic p-value
Model based (Q) 28.56 0.00077 27.87 0.00100 27.42 0.00119 25.53 0.00244
Empirically comrected (Qz)  25.34 0.00262 24.69 0.00333 24.31 0.00384 21.86 0.00933

positive association and interactionl shows negative
assoclation. Among these variation regionl, time effect
and interaction! are significant at 5% level of significance
mn all cases. The other coefficients of the variables are
found to be msigmficant in all cases. Hence it may be
conclude that these variables has no significant effect on
the transition from confirmed diabetes state to controlled
diabetes state.

From the Table 3, the model suggested by Barnhart
and Williamson™ is highly significant by model based
test. In this case has an interpretation that at least one
of the coefficients is different from zero. Also we see
that the null hypothesis 13 rejected by the empirically
corrected test and the model (4) 1s highly sigmficant.
In this case has an mnterpretation that the covariates
have significant effect. The both goodness-of-fit test
provided no evidence for lack of fit by adding regions,
time effect and interaction effects.

CONCLUSIONS

We fit two models to the data. The first model only
includes the main effects of age and sex and the second
model includes the same maimn effects and the treatment
and time interaction. Because all the covariates are

discrete, the covanate categories were used to form four
regions with frequencies. Both the goodness-of-fit tests
suggest that the model with only main effects did not fit
the data well. There is a sigmficant time and treatment
interaction effect indicating that patients with new
treatment improved significantly faster than the patients
with the standard treatment. The model with this
interaction term included has a good fit to the data. The
parameter and the goodness-of-fit tests
obtained here are very similar to the results obtained by
using a weighted least squares approach. Thus, the
goodness-of-fit successfully  detected  the
interpretation departure and the efficiencies of the
estimates of the Bamhart and Wilhamson’s suggested
model for identity correlation 1s higher than that of our

estimates

tests

suggested exchangeable cormrelation, autoregressive
correlation and pairwise correlation
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