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Three Tests of General Relativity as Short-wavelength Diffraction Phenomena

B.H. Lavenda
Universita degli Studi, Camerino 62032 (MC), Ttaly

Abstract: Fermat’s principle applied to a flat metric in the plane yields the phase of a Bessel function in the
periodic domain for a constant index of refraction. Gravitational forces cause the index of refraction to vary and
lead to a modified phase of the Bessel function. A distinction 13 made between the forces that cause
acceleration: the gravitational force affects the optical properties of the medium whereas the centrifugal force
does not, the latter being built into the phase of oscillations of the Bessel function. The time delay in radar
echoes from planets is determined from Fermat’s principle where the velocity of light is the phase velocity and
the index of refraction varies on account of the gravitational potential. The deflection of light by a massive body
is shown to be produced by a quadruple interaction and the perihelion shift requires both the gravitational
potential, producing a closed orbit and the quadruple, causing the perihelion to rotate.
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INTRODUCTION

General relativity 1s based on the notion that gravity,
rather than being a force between masses, 1s the curvature
of spacetime. The source of curvature is mass itself, like
the souwrce of an electric field is charge. Just as free
particles follow straight lines in flat spacetime, free
particles follow geodesics in the curved spacetime of a
gravitational field. The calculations of the red shift, the
time delay in radar echoes from planets, the bending of
light, the perthelion shift and the geodesic effect all
support general relativity.

Sometimes new insight can be gained in looking at
old results from a new perspective. The old quantum
theory of multiply-periodic central motion was superseded
by wave mechanics. Old quantum theory attempted to
apply celestial mechanics to the world of atoms with the
addition of quantum restrictions to the motion". This
study will apply it to diffraction phenomena in the
short-wavelength limit that involve the relativistic effects
of time delay in radar sounding, the deflection of light and
the advance of the perihelion-three of the so called five
tests of general relativity. Moreover, these relativistic
effects are static so that they can be investigated by
studying only the spatial component of the metric. The
trajectory of a light ray in a static gravitational
field 153 determined m the same way as
inhemogeneous refractive medium'™. Fermat’s principle of
least time relates the length and orientation of a light ray

m an

to the time for light to propagate along the ray path. The
analogy between the index of refraction and the square

root of twice the difference between the total and
potential energies is also well known. Yet, this can
provide a way of distinguishing between the centrifugal
and gravitational fields which cause acceleration and the
form of the trajectory of the motion.

If we take a flat space time metric in the plane and
consider a constant index of refraction, we will show that
Fermat’s principle yields precisely the phase of the
oscillations of the Bessel function of the first kind in the
periodic domain in the asymptotic, short-wavelength,
limit. This 1s the same as the WKB result, and it allows us
to associate a wave phenomenon with a geodesic
trajectory. The only potential appearing is the repulsive
centrifugal potential and the trajectory is necessarily
open. In contrast to general relativity, where gravity is not
considered as a force m the conventional sense, but,
rather, built into the curvature of spacetime, the
centrifugal force is built into the phase of the Bessel
function in the periedic domain, where the trajectory
consists of straight line segments and arc lengths on a
caustic circle whose radius is determined by the
magnitude of the angular momentum. Whereas all forces
causing acceleration are on the same footing in general
relativity, the gravitational force and not centrifugal force,
has to be introduced through a space varying index of
refraction in an inhomogeneous refractive medium. The
effect of gravity 1s to make the medium optically more
dense mn the vicmity of a massive body, while the
centrifugal force has no effect on the optical properties of
the medium. Centrifugal, Coriolis and gravitational forces
are usually considered to be fictitious msofar as they can
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be transformed away by a change of frame. The
centrifugal and Coriolis forces can be transformed away
by changing to a nonrotating frame, while the fictitious
force of gravity is transformed away by changing from a
nonfreely falling to a freely falling frame. In Newtoman
theory one insists on a nonrotating frame, but not a freely
falling one. Here, we appreciate that the force of gravity
affects the optical properties of the medium whereas the
centrifugal force determines the radius of the caustic circle
and the diffraction pattern in its neighborhood.

The time delay m radar sounding, the bending of light
in the vicinity of a massive body and the advance of the
perihelion will be treated from this view point. The
introduction of the Newtonian potential will cause a
modification of the phase of the Bessel function and yield
both periodic and aperiodic orbits depending upon
whether the total energy 1s negative or positive,
respectively. The time delay in radar sounding is a double
relativistic effect that is caused by the slowing down of
clocks in the vicimty of a massive body, accounted for by
the fact that light travels at the phase velocity and the
shrinking of measuring rods, accounted for by a line
element that 1s magmfied by the index of refraction. Since
an index of refraction that takes into account the
Newtonian gravitational potential only gives one half the
relativistic value it cammot be the cause, or at least the
entire cause, of the bending of light. Rather, if we take the
next higher interaction into account that causes mass to
accelerate we do find the actual general relativistic value
without the Newtonian gravitational potential. This
implies that, like gravitational radiation, the interaction
between a light ray and a massive body 1s predommantly
quadruple.

In contrast, the advance of the perihelion requires
both gravitational potential and the quadruple interaction.
In general relativity, the quadruple appears as a relativistic
correction to the square of the transverse velocity in the
conservation of energy. The gravitational potential is
responsible for the closed elliptical orbit, while the
quadruple causes the perihelion to slowly rotate
producing a rosette orbit. A dipole moment would have
been sufficient to cause the advance of the perihelion!,
but, since there is conservation of momentum, the center
of mass of the system cannot accelerate and so the mass
dipole moment cannot accelerate.

METRIC AND PHASE

Fermat’s principle states that the ray path
comecting two arbitrary points makes the optical
path length stationary

I=[my2T dt 1)
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where, 1 is the index of refraction and T is the kinetic
energy per unit mass. As a first application of Fermat's
principle we calculate the time delay in radar sounding. Tn
general relativity, this time delay is predicted by the
Schwarzschild metric evaluated on the null geodesic when
all angular dependencies are ignored. If a light signal is
sent from the earth, located along the x-axis at -xg, to
Venus, which 1s located behind the sun at x, the light ray
will be bent as it passes the gravitational field of the sun.
Clocks will be slowed down and the time it takes the ray
to bounce off Venus® surface and return to earth will be
longer than if the sun were not present.

The simplest mechanical analog of the index of
refractionis 7 = 1} 1-2U/¢? , where, U is the potential
energy per unit mass and ¢ is the speed of light in a
vacuum. Since the gravitational field of the sun makes the
medium optically more dense, U 13 1dentified as the
gravitational potential -GM/r, where, G is the
Newtonian gravitational constant, M

is the sun’s mass, r =4R%*+x* is the distance from the
center of the sun to Venus and R is the radius of the sun.

Now, according to Fermat’s principle, the
propagation time t along a ray connecting the two
endpoints - x; and %, is given by:

t=[" nir) dx =™ ~1+R/rdx

= u(r) FEoulr)

where, R: = 2GM/c? is the Schwarzschild radius. The
slowing down of clocks in a gravitational field will result
1n an apparent reduction mn the speed of Light.

Light will therefore travel at the phase velocity u(r) =
¢/M(1), rather than ¢, as it would in vacuum. Consequently,
the travel time will be:

dx
yRZ+x"

where, t, = (X, + xz)/c 18 the Newtonian travel time. The
second term 1s half the time delay for a signal to bounce
off Venus and return to the earth. Fermat’s principle thus
predicts a time dilatation of

E

B R = dx _ R =
t+At’tN+?j—xET’tN+?J’—xE

2 2
At(ﬂ) | VR |
¢ % +yR7
4
(EJ 1n(_xﬁ ]2_4x104s,
¢ R?Z

where, the square roots have been expanded to lowest
order using the fact that R « x, x;.
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This simple application of Fermat’s principle gives
the same result as general relativity. In a simplified
demonstration of the time delay of radar sounding caused
by a massive body', t = dx/c., where, ¢,p= (1-R/2r)
c= (1-Rir)e, is an ‘effective speed’ that supposedly
accounts for both time dilatation and the shrinking of
measwring rods in a gravitational field. The final
expression for t 1s valid to first order in R/r. Rather, in our
presentation, the expression for t is exact and it is a result
of factors: the slowing down of clocks, as
expressed by the fact that light rays propagate at the
phase velocity, o/m(r) and the warping of measuring
sticks, as accounted for by the stretching of the line
element, n(r)dx. If the effective velocity c,; were to be
identified as the phase velocity, then this would account
for only half of the effect and which 1s to within 3 % of
experimental uncertainty’”. In the following, we will use

two

gravitational units where ¢ = G = 1 and the more general
expression for the mdex of refraction:

n =y A I0,

where, the dimensionless constant-A represents the

(2

negative of twice the total energy, allowing for both
positive and negative values.
Tn a rotating coordinate system in the Fuclidean plane

(0 = 1/2):

2T =12 +r2d? (3)

Fermat’s principle will determine the phase of the
wave function | that 1s a solution of Helmholtz’s
equation:

(A+) =0,

in the short-wavelength, or high-wave number k, limit,
where A stands for the Laplacian. The solution to
Helmholtz’s equation can be written as

A sgmn () Lo
W) ok (1-oam). @
where, A is a constant term i the amplitude, = (kS-) are
phases of the incoming and outgoing waves, and ¥ is an
integration constant that will be determined by matching
conditions between the periodic and exponential domains
[vid. (15) below]. The prime denotes differentiation with
respect to r. The function S is referred to as the eikonal
and it is the object of our study.

Introducing (3) mto (1) wmplies that the ray path
connecting two arbitrary pomts makes the optical length

301

. (5)
I=f'n f2+r2¢)2dt=l=fn 1+r2¢p2dr

stationary. Observing that ¢ 1s a cyclic coordinate and

calling A the integrand of (5), we immediately obtain a first
integral of the motion

SA __nriel

1+r2¢"

=1, =constant,

regardless of whether the medium 1s homogeneous or not.
In an mhomogeneous medium 1) will be a function r. For
the moment we shall assume that it is a constant. Solving
for ¢, we obtain the equation of the orbit as:

do r,dr
) (6)
r“(nr)2 frj
Integration of (6) gives the trajectory:
r
d)d)ocosl(—aJ, (7
nr

where, &, is a constant of integration. Squaring both sides
of (6) and using (2) give the conservation of energy

P2+r2¢7+2U(r) = -A,

provided the radius of the caustic™ is given by:

(8)

1242 =
r,=1°0" =const

This is Kepler’s law of equal areas in equal times,
or the conservation of angular momentum, where,
1°¢% is the angular momentum (relative to unit mass).

Introducing (6) into (5) results in:

I= nf =0t =1f(nr)2—raz.

The eikonal 1s the integral over r of the Legendre
transform of the integrand of Fermat’s principle:

sf(Aq)’%]drf—Wdr

_rdr (9)

ra
H:

=I-1,(b-0,)=y(nr)¥ -1’ -1, cos{

:raftanztbdd):ra(tan(b—d))zo (10)
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The second line of (10) expresses the eikonal as the
difference between (9) and the arc length along the
caustic®. The third line of (10) shows that the product of
r, and (10) 1s the area of a circular cap whose base
is a circular arc of radius r, and whose peak is a distance
r from the center of the circle!™. In other words, the
addition of a circular cap to a body increases its area by
r,3(r), while its perimeter is increased by 25(r), which 1s
strictly increasing and strictly convex on r,<r<oo,

The second line of (10) is Debye’s asymptotic
expression for the phase of the Bessel function i the
periodic region r>1,”. In a homogeneous refractive body
of a constant index of refraction, a light source is situated
a distance r from the center of a circle of radius r,
which is the caustic. The eikonal (10) consists of two
rays: a half-lime v‘rz - ra2 from the source to the point of
tangency to the circumference of a circle of radius r =r,
and a ray along the arc length, r, cos™ (r,/r). This quantity
1s subtracted from the straight line segment because the
ray 18 taken from the caustic to the source. For the reverse
path, the signs of the two terms are exchanged. Apart
from a term -Y4m, expression (10), when multiplied by k,
represents the phase going away from the caustic, whule
the ray going toward the caustic has the signs reversed in
addition to a phase factor of +'4m. Hence, the phase
changes abruptly by an amount -Y4m upon passing
through the caustic. A phase jump of this magmtude 1s
observed for a focal line due to the convergence of rays
of a cylindrical wave®.

In the shadow region r<r, where the rays do
not penetrate, the eikonal (10) becomes completely

lmaginary:
T o ra B 2 2
8. (1) 1{racosh[T] 1/1"3 T }

Since the ‘shadow’ intensities vanish rapidly as k, or
the distance from the caustic increases, they are usually
ignored”™. However, the matching conditions between the
periodic and expenential regions are of fundamental
importance in quantum mechanics because they furnish
the quantum conditions!”. Hence we must give credence
to the type of motion that occurs in the shadow zone.
Interestingly enough, contradictions will arise with the
laws of physics that govern the illuminated, or periodic,
zohe.

For instance, by reinstating the velocity of light ¢, we
have the inequality r $>c  in the shadow zone. This is
in contradiction with special relativity. However, in the
spectrum of a medium of anomalous dispersion there can
exist a region near the absorption line where the group
velocity can be greater than ¢!'"!. In this region, the group

(1D
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velocity no longer represents the velocity of the signal.
Anomalous dispersion that results from strong absorption
destroys the characteristic wavelength of propagation so
that light can only be defined statistically. For
electrodynamic guided waves"? and in quantum
mechanics, the phase velocity is greater than c. The
concept of a phase velocity in quantum mechamcs was
discarded when Schrodinger'™ proved that the group
velocity of the wave represented the particle velocity of
the electrons. But this meant that individual waves could
not be used for signal transmission. Even 1if they could be,
there would still be a detection problem since no optical
effect could propagate with a velocity greater than c.

Boundary conditions in general relativity are usually
stated by requiring spacetime to be asymptotically flat, as
in the case of the Schwarzschild metric. But, in
rotating systems a cutoff must be introduced for
otherwise 1>c/d  would make the time
component of the metric tensor negative!™. Such a
restriction would limit the phase of the Bessel function to
the periodic region, but it would not be in the form of an
asymptotic boundary condition. Larger distances where
the angular velocity becomes greater than the velocity of
light would bring us within the caustic region and does
not lead to the conclusion that such a system cannot be
made up of real bodies™.

The eikonal (11) can also be derived from Fermat’s
principle, which now reads:

distances

[=myr2d>-i2dt = [nyr2e?-r2dr =extremum. (12)

Following the same procedure as before, we find the
trajectory

ra

E E

for a constant index of refraction, where we can always
arrange for ¢, = O by suitably fixing the initial point for the
measurement of the arc length. The extremum (12) is just

the distance 1= *ﬁ/rf*(nr ?= -1 tanhd.

Using the canonical parameterization for whichr, =1,
the arc length s = sinh ¢ enables the profile curve to be
written as:

d)d)ocoshl[ (13)

S 1

Yles? ¢fl+s?

sinh~'s -

P(s) = (g(s).his) =

E
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where, g(s) measures the distance along the axis of
revolution and h(s) measures the distance from the axis of
revolution. The parameterization of the surface of
revolution 1s:

cosB  sin®

\/1+52:\/1+52:1/1+s3 ,

S

x(s,0) =| sinh's -

where, 8 is the angle through which the profile curve has
been rotated. The element of arc length on the surface of
revolution 1s:

do? = dri+r? sech’ ¢ (tanh? ¢ dp*+dB?).
The eikonal (11) is just the distance along the ¢ axis,

5

yl+s®

Sg(s) =sinh~'s-

which in terms of ¢,

Si(s) =1, [tanh?od¢ =1, (b -tanhd). (14
is a tractrix, having a constant negative curvature,
K = -1/, The tangent to the tractrix which intersects the
x-ax1s always has the constant value r,, The distance from
the origin to the point of tangency is . The point on the
tractrix which has a tangent intercepting the x-axis is
located a distance r, (¢p-tanh ) along the x-axis. This is
precisely the eikonal (14). Hence, in the periodic domain
the etkonal 1s half the increase i the perimeter due to the
addition of a spherical cap to a body, while in the
exponential domain, the eikonal is a tractrix, which 1s the
involute of a catenary unwinding from its lowest point.

The solutions to Helmholtz’s equation are now
exponentials:

yrr) - B s (1 ok ),

4‘/@
The general solution has two free constants, B" and
B~, associated with the + signs in the exponent. The
exponential growing solution 1s unphysical and
consequently, it must vanish. The matching condition
between the constants A and © in (4) and B is!'";

B*==Acos(l —%TE)

o] —

and if it 1s to vanish,

1
0=-_—_ntkm,
1 (15)
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where, k is an arbitrary integer. This gives rise to the
phase jump €™ as the system passes through the caustic.

THE MECHANICS OF DIFFRACTION PHENOMENA

Formulas (8) and (9) are familiar from Kepler’s theory,
but depend on the form of the index of refraction. In a
repulsive field U is positive, or in no field at all, the
realness of the index of refraction (2) requires A<0 so that
the trajectory is open, extending between r = « and a
mimmum value of r, where the velocity vamshes.

In an attractive field of force, A can be of either sign
The unperturbed motion will be the result of some playoff
between the gravitational potential, U = R/2r and the
centrifugal potential, r*,/2r". Introducing the former into
the expression for the index of refraction (2), the eikonal
(10) becomes:

deerrerr2
8(r,r,) =f—adr
T
\,iAr2+Rrrazracosl(

g/r-1
£

)

Lcosl( L r/aJ (1e)
A €
+lR_ J_
2 cosh‘l(—1 +r/a)
A e
where, the eccentricity
L 4A1] )
€= T
the semi-latus rectum
21° (18)
q-=t=a(l ),

and a = R/2|A|, which 1s the semi-major axis if €<1. The
equation for the orbit is:

4
l+ecosd

(19)

T =

which is an ellipse for £<1 (A>0), or a hyperbola for £>1
(A<0). In the periodic case, ¢ 18 known as the ‘true
anomaly’ and u s the ‘eccentric anomaly’. The latter
satisfies the equation:

r=afl-ecos u)

1n the periodic case, A0, while it satisfies
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r=alecoshu-1)

in the hyperbolic case A<0.
The velocity
Y ~Ar?+Rr-1°
t=x¥ 0 G (20)
r
will vamish at
r, = a(l+e) (21)

r undergoes a libration, where, the turning points are the

aphelion (r,) and the perihelion (r.). In the hyperbolic case,

there will be only one point where the velocity (20)

vanishes and that 1s at the closest distance of approach:

T = a(e-1). (22)

A Hankel function of type j, with argument ker and
order k(g-r) has the integral representation:

i 1
ij(q,r)(ker) -—

i=1,2.

ik(ersind - (q-r)d)do,
fc e (23)

i

The contours C, are the paths from -m+e to -ie and
-100 to m+iee. We seek an asymptotic expansion of (23) as
k=ee. On the basis of the definitions of the contours C;, the
only critical points of:

Wi(d) = er sind-(qr)dp (24)
are simple saddle points. The necessary condition for
simple saddle points, W'(d,) = 0, gives equation (19),
where, ¢, = -¢_ with O0<¢,<7 and -1<P=0. These saddle

points will be simple because W(d,) = -er sin ¢+ # 0.
Evaluating (24) at the saddle points leads to

Wi(,) =i{i —Ar2+Rr—raz—(q—r) cos_l(g]} (23)
I, €T

As €-co, 1mplying that A<O and the path is an
hyperbola, (25) becomes proportional to the free eikonal
(10). The derivative of (25) with respect tor is proportional
to the velocity (20) in this limit. We will have need of this
limit m the next section when dealing with the bending of
light by a massive body.

If g-r=er, the order of the Hankel function (23) is
greater than its argument. The saddle points ¢, now lie on
the imaginary axis:
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q-r

o, =+icosh™
er

J

and the phase becomes completely imaginary:

a-r
€T
This corresponds to the shadow region where the
rays do not penetrate. Since the contributions from ¢ = ¢.

are exponentially smaller than those from ¢ = ¢., the
former can be neglected; hence, to leading order

ij(u-r) (ker) ~j% X

LWACHE ﬂ:i{s'/(qfr)2 -e’r? coshl[

. (g-1) cosh ' ((g/r)-1/9
(gt )AP-Ret,

exp +H-1y i%n

YAr-Rrrd

for j = 1, 2. The change of signs under the square root
sign 1mply that the gravitational potential i1s now
repulsive, while the centrifugal potential is attractive. In
the periodic case, the shadow region lies beyond the
limits of libration (21), whereas in the aperiodic case, it is
a circle whose radius 1s smaller than (22). Mechamcally,
these regions are classically inaccessible while optically,
they can be penetrated, like quantum mechanical
tunneling and the breakdown of structural stability in
catastrophe theory. Near a caustic of the free phase
Bessel fimction, it would be approximated by a cubic
resulting in an Airy function. The catastrophe is known as
a fold catastrophe®.

Finally, in the case A = 0, corresponding to a parabolic
orbit (¢ = 1), the eikonal 1s:

s

ﬂ/Rr—rz Z
S(r,r,) :f—adr =2yRr-r -2r, cos™!
r YR
(26)

=r, (tan¢ -9)= 0,

where, b= Cosil(ra/m)'The eikonal (26) 1s similar to
the unbounded, periodic motion of (10), with the
exception that the caustic radius r, is magnified by a factor

r/R.
DEFLECTION OF LIGHT

If U 15 the gravitational potential, the mteraction is
attractive and the orbit curves towards the center of force.
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Gravity makes the medium optically more dense in the
vicimty of the sun than far away from it. As a result, light
waves will be bent around the sun rather than being
straight. The effect was origmally predicted by Soldner in
1801 and rederived by Einstein in 1911 on the basis of the
Doppler effect and Newtoman theory. Specifically,
Einstein considered the slowing down of light n a
gravitational field"!. General relativity predicts a value
twice as great, as Einstein showed in 1915™. It is
therefore concluded that Newtonian theory is only an
approximation, valid at speeds small compared to that of
light and the full theory must be used to calculate the
actual deflection of a light beam traveling through the
sun’s gravitational field. The value obtained from
Newtonian theory is only half that predicted from general
relativity. If mstead the interaction were quadrupole in
nature, the phase of the Bessel function would belong to
the periodic domain and thus correspond to a diffraction
phenomenon.

The directions of the asymptotes of the hyperbola
(19) are determined from the condition r = = which gives:

Ad 0051( %] ncosl( %] :%n +5 inl( %J 27

Since only the rest energy is mvolved, A = -1 and
€ =2r/R forr, »R, the total de ection will be twice (27) or:

2A¢ = E+25in‘1[ i]
21,

A straight ray corresponds to 2Ad¢ = w. This is
comparable to Coulomb scattering, except that the
trajectory is concave toward the origin where the massive
body 18 located. For small angles of de ection the angle
between the two asymptotes differs from © by 8 = Rir,,
which is the Newtonian result, but differs from the actual
gravitational value by a factor of two. This 13 used to
highlight the shortcomings of Newtonian theory and the
need of general relativity!”,

Moller'?  splits the deflection of light into two
effects: a velocity of light that varies as  1//1-R/t and
the non-Euclidean character of the spatial geometry. The
first effect gives the radial velocity

Bopa

N
TR 2 20, (28)

to first order in R/r, while the second effect has a radial
velocity:
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(29)

Both give a contribution that is half the general
relativistic value. Equation (29), which arises from the
Schwarzschild exterior metric tensor, has the wrong sign
of gravitational field. Tt appears repulsive like that of the
centrifugal potential. Rather, we shall now show that the
de ection of light by a massive body is accountable by the
last term m (29), which 1s a quadrupole interaction,
without the incorrect gravitational potential.

When the light ray enters the scattering potential, it
enters a region of changing index of refraction, where 1t 1s
both refracted and diffracted This is determined by the
phase of the wave function Since the gravitational
potential is not responsible for the bending of light, we
have to look to a higher order mnteraction. Expanding the
gravitational energy of the central field of force in inverse
powers of r we have:

iy r\?
2U5[1+01—a+02{—a] +....],
T T T

where, the ¢ are coupling constants and r ,is the

(30)

characteristic length. This 1s analogous to the Coulomb
case, where r, would represent the radius of the first Bohr
orbit!"?. The next lowest interaction, ¢, would be a mass
dipole which, however, cannot oscillate so that its center
of mass cammot accelerate. Hence, we set ¢, = 0 and
consider the quadrupole term, Q/r°, where, Q = Mr, is the
quadrupole moment of a system consisting of the sun and
a photon in the direction perpendicular to the asymptote
of the photon trajectory and the parallel line passing
through the center of the sun. We shall consider the
coupling constant ¢, to be of order unity.

It proves convenient”” to introduce the new variable

a=r,pyI-Rp

ﬁ:i 1 24Rp3
b - p (S

Neglecting the small term Rp’®, the equation of the crbit is
(7), which is equivalent to:

into the equation of the trajectory,

(31

o+ =&, =const.

a

where, S is the eikonal of the Bessel function, (10). For a
constant index of refraction, the trajectory r = r,/1] sin ¢,
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obtained by setting ¢, = !4, is a straight line which
passes through the origin at a distance 1,/ when ¢ ='n
and goes to infinity again for ¢-.

The exact equation (31) may be written as™™:

d_p i 1—02,
db

a

(32)

where, o =1_p+1-Rp.Since Rp is a small quantity, we
obtain the approximations

r=rap(1—%Rp] rap=o(1+%Rp] :0( :210]
r

a

to first order and consequently, r,dp = (1+Ro/r )do.
Introducing these approximations into (32) and integrating
from O to the distance of closest approach, 0,, we get:

do(l+Ro/r,) R
_— =l

Ab=m+0 =2 [°°
d) T+ f;) 1702 l‘a

(33)

In the derivation of (33) we have used the fact that
the distance of closest approach is determined by the
vanishing of the integrand in the denominator and hence,
0, = 1. Consequently, the deflection 6 = 2 R/r, 1s twice that
obtained by treating the interaction through a Newtonian
potential. The quadrupole interaction 1s introduced by the
index of refraction, while the geometry is determined by
the flat metric, proportional to (3). Can we associate a
wave function to such a process?

For the quadrupole interaction we have a wave
function whose eikonal and amplitude are approximately
given by

S, (1) = rzrf(lﬁ} racosl[i 15], (34)
\J T T T
;\//4 1—35-(1—53],
r? r

respectively, since R/r is a very small quantity. The square

and

(35)

of the amplitude, (35), 1s an intensity which measures the
‘geometric divergence’ of the wave field"™. The larger it is,
the more the rays in the neighborhood of some fixed ray
will diverge from each other. In the absence of the
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quadrupole interaction the geometric divergence becomes
infinite on the caustic r = r,, which is the case of the
ordinary Bessel function. In the presence of the
quadrupole term, the geometric divergence of the ray field
becomes infinite at a distance smaller than r, The
equation of the trajectory,

Ia I—E
sind r’

shows that the trajectory becomes mnfinite as ¢-0 and T,
while the distance of closest approach r; is less than the
caustic radius r, Consequently, as the result of the

T =

quadrupole interaction the distance from the scattering
center to the caustic has been reduced. In the limit as r-r1,,
the form of the wave function (4) 1s no longer valid and a
uniform asymptotic expansion of the Bessel function can
be given in terms of Airy functions!.

The differential cross section of the quadrupole

interaction is:

which displays the characteristic scattering property of
the cross section to appreoach infimty as the angle of
deflection approaches zero. However, since the rest
energy is involved, there will be no rapid decrease of 0
with the kinetic energy, as is usually the case in particle
scattering.

THE PERTHELION SHIFT

Thus far we have treated open trajectories A<0. In the
case of Mercury, we are dealing with a closed orbit and
hence negative total energy A>0, which is not exactly
elliptical due to the advance of the perihelion. This
precession amounts to 43" in a century and was known to
astronomers as early as 1860. However, its explanation
had to await the general theory of relativity in 1915.

Taking into account both the gravitational potential
and the quadrupole mteraction, the index of refraction 15
[vid. 30) with ¢, =0andec, =1 ]

In the unpertwbed state, where, the quadrupole
interaction is absent, the gravitational potential must be
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large enough so that the eccentricity is real [vid.(17)]. The
eikonal 1s

\/ Ar?+Rr- T, +Rr2/r

S (r,ra) f dr,(36)

Ty d f'
A closed trajectory will result from a dynamic balance
between gravitational and centrifugal forces.

In the presence of the quadrupole interaction, the
angular momentum will exist only for radii r=>3/2R.
Introducing this fact mto (36) through the transformation,
r+3/2R =1’ and retaining terms that are at most quadratic
in the Schwarzschild radius, give

o] 23148 4

where for brevity we have dropped the prime on r.

R%r?
1+25] 73 2d:

T

1.4

Expanding the integrand in powers of the small
correction terms results in:

dr

A e —
| ———==
ry-Ar+Rr -1,

dr

—R_Zaf—
rz\f—Ar2+Rr —rf

where, the unperturbed eikenal S™(r,r,) is given by (16).
The unperturbed orbit, -S ,*/3r, = ¢ is given by the ellipse
(19) since £<1.

The change in S, over one complete orbit is:

8,(r,1,)= 8{(r,1,) +2

o

(37)

aAs”
ar

a

=27.

As 1 goes through one libration, the true anomaly ¢
increases by 2n and there is no perihelion advance.
However, taking into consideration the first order
correction term m (37), which can be written as

3 R_Z 8AS( ’
4 r, 9dr,

RZ
T —

ra

)=

3
ASED I.T, = R
p { 5

and differentiating it with respect to r,, give the first order
correction term:

aASY
ar

RZ
n—
2
a

Ad, (38)

3
a 2 T

Introducing the semi-latus rectum (18) results in:
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R

Adp =3m—— |
k a(l-¢€?)

(39)

which is the general relativistic result for the perthelion
shift. For Mercury, the rotation of the perihelion per
revolution amounts to 0.104”. The dimensionless energy
constant A = 2.59x107% and the mean motion w = r,c/ab
= 2¢A¥YR = 8.34x1077 s7!, where we have reinstated the
speed of light cand =1,/yA is the semi-minor axis.
The period of the motion of Mercury 13 T = 271/w
= 87.25 days, which is close to the actual value of 88 days.
The frequency of rotation of the perihelion will be
Aw = wAd, = 4.25x107" 57,

There are five experimental confirmations of general
relativity: time delay in radar sounding, deflection of light,
perthelion advance, spectral shift and the geodesic effect.
We have shown that three of these effects can be treated
as diffraction phenomena on the basis of Fermat’s
principle and the modification of the phase of a Bessel
function in the short-wavelength limit. The spectral shift
can also be derived from energy conservation by
assuming that a photon’s energy has both mertial and
gravitational mass. This depends in an essential way on
the equivalence principle and not upon general relativity.
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