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Abstract: Tn 1996, Khouja and Mehrez investigated the effect of supplier credit policies depending on the order
quantity. The authors assumed that the supplier offers the retailer fully permissible delay in payments if the
retailer ordered a sufficient quantity. Otherwise, permissible delay in payments would not be permitted.
However, in this article, we want to extend this case by assuming that the supplier would offer the retailer
partially permissible delay in payments when the retailer ordered a sufficient quantity. Otherwise, permissible
delay in payments would not be permitted. Then, we model the retailer’s inventory system and develop three
theorems to efficiently determine the optimal lot-sizing decisions for the retailer.
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INTRODUCTION

To encourage customers to order alarge quantity,
the supplier may give the payments delay only for a
large order quantity. ITn other words, the supplier requires
immediate payments for a small order quantity. In 1985
considering the mventory replenishment problem under
permissible delay in payments independent of the
quantity. In 19967 investigated the effect of
supplier credit policies depending on the order
quantity. Then, Chang et al/'® and Chung and Liao™
established an EOQ model for deteriorating items
under supplier credits linked to order quantity. In this
regard, Chang" extended Chung and Liao™ by taking into
account nf lation and finite time honzon. Recently, Chung
et ol investigated retailer’s lot-sizing policy under
permissible delay in payments depending on the ordering
quantity. Chang and Dye” investigated an inventory
model for deteriorating items with time varying demand
and deterioration rates when the credit period depends on
the retailer’s ordering quantity.

However, all above published papers dealing with
retailer’s lot-sizing policy in the presence of payments
delay assumed that the supplier offers the retailer full
payments delay when the retailer ordered a sufficient
quantity. Otherwise, payments delay would not be
permitted. That 1s, the retailer would obtam 100%
payments delay if the retailer ordered a sufficient quantity.
We know that this is just an extreme case. In reality, the

order

supplier can relax this extreme case to offer the retailer
partial payments delay. That 1s, the retailer must make a
partial payment to the supplier when the order 1s received.
Then, the retailer must pay off the remaining balances at
the end of the permissible delay period. In other words,
the supplier requires immediate full payments for a small
order quantity. That is, payments delay would not be
permitted.

Under this condition, we model the retailer’s
wventory system and develop three theorems for
efficiently determination the optimal lot-sizing decisions
for the retailer.

Model formulation: The following notation and
assumptions are used throughout this article.

Notation
demand rate per year
= quantity at which the partially delay payments
permitted per order
A= costof placing one order
¢=  unit purchasing price
= umt stock holding cost per year excluding
interest charges

¢ = the fraction of the total amount owed payable
at the time of placing an order, O<g<1

I,= interest earned per $ per year

I,= interest charges per § investment in inventory
per year
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M= the length of the payments delay period in
years
T = the cycle time in years
TRC(T) = the annual total relevant cost when T>0
T* = the optimal cycle time of TRC(T)
Q* = the optimal order quantity =DT*.
Assumptions

Demand rate is known and constant.

Shortages are not allowed.

Time horizon is infinite.

Replenishments are instantaneous.

I.=1..

If Q<W, i.e. T<W/D, the payments delay would not
be permitted. Otherwise, partially delayed payment is
permitted. Hence, if Q>W, the retailer must make a
partial payment, «cDT, to the supplier. Then the
retailer must pay off the remaining balances,
(1-x)cDT, at the end of the trade credit period.
Otherwise, as the order is filled, the retailer must pay
the full payments immediately to the supplier.
During the time period that the account 1s not settled,
generated sales revenue is deposited in an interest-
bearing account.

The model: The annual total relevant cost consists of the
following elements. There are three situations to occur: (T)
M:=W/D, (II) M<W/D<M/¢ and (III) M/e<W/D.

Case I: Suppose that M>W/D

Annual ordering cost = A/T

Amual  stock holding cost (excluding interest
charges) = DTh/2.

From assumptions (6) and (7), there are four sub-
cases in terms of annual opportunity cost of the
capital.

Sub-case 1: M/a<T

Annual opportunity cost of the capital

2

DT
ol

/T

~(1- )DTM]/T—cl, [aognw}

Sub-case 2: M<T<M/e
Annual opportunity cost of the capital

:CIH[C(.DT N (T — M) VT
2 2
CI{

(1- a)e’DT?  [(1-)aDT + DM](M - oT)
2 2

}/T
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a’DT?

DM(M - o’T
=cI [ 5 DM(M —'T)

2

+D(T;M)2]/TCI{

} T
Sub-case 3: W/D<T<M
Annual opportunity cost of the capital
a’DT?
o,
(1- o)’ DT’ N [(1-a)aDT + DT](T —aT)

2 2
}T

+DTM - T)
Anmual opportunity cost of the capital = ¢l,{

VT

—cl, /T

&’ DT? _(l+ol)T

=cl, 5

)/T—cIeDT[M

Sub-case 4: 0 <T<W/D

T
/T
5

From the above arguments, the annual total relevant
cost for the retailer can be expressed as:
Amnnual total relevant cost = ordering cost + stock-holding
cost + opportunity cost of the capital.

We show that the annual total relevant cost is
given by

TRC,(T)  if roM 1a)
(04
: M
TRC(T)=4TRC,(T) if M=l <— (1b)
oL
TRC,(T) if W/D< I'<M (1c)
RC(T) if 0<T<W/D (1d)
Where:
2
TRQ(T):é+D—Th+ cIk[DT —(1-a)DTM]/T
T 2 2
2
Lop | A= 0DM
2 @
o'DT*  D(T - MY
TRC,(T) = 2 DT er | L DI=MY
T 2 2
2
el [DM(M“T)}T 3
2
a’DT?
TRCE(T):%JFD_Th o, (2T
2
_CIQDT{M_W}T @
and
2
TRCa(T):%+ DTTh+clk(D2T VT &
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Since, TRCI(%) = TRCz(%), RCM) = TRC,(M),
TRC,(W/D)< TRC,(W/D), TRC (T) is continuous except
at T=wW/D. All TRC, (T), TRC, (T), TRC, (T) , TRC, (T)
and TRC (T) are defined on T>0. From Eq. 2-5, we can
obtamm TRC, (T)>TRC, (T), TRC, (T)> TRC, (T)forall T
> 0and TRC, (T) > TRC,(T) for M < T <M/q. That 1s,
TRC, (T) will be higher than all TRC, (T), TRC, (T) and
TRC, (T) on suitable domain. From now on, we can
neglect TRC, (T) when we want to develop the efficient
procedure to determine the optimal lot-sizing decisions for
the retailer.

Then, we can rewrite

TRe, (1) DOl o 2A —c(1—a)DM’1, :
BT T Y Dl
. Db +cI)[2A - ¢(1 - 0)DMT, |
—o(l— )T, DM (6)

From Eqg. 6 the minimum of TRC, (T) is obtained when
the quadratic non-negative term, depending on T, 1s equal
to zero. The optimum value T, * is

.

Therefore,

2A — ol - a)DM®I,

if 2A-0(1-¢)DML>0 (7)
D(h +cL,)

} (8)

Similarly, we can derive TRC, (T) without derivatives

- |

JD [h+el, (1+ a?)][2A + cDM(L, - 1,)]
o €]
~eDML, + 1)

Db+ cI, )[2A - ol - o)DM, |

ey 1|
—c(l— o), DM

as follows:

D [h+cl, (1+a?)]
2T

2A +cDM¥I, - 1,)
D[h+cl, (1+ )]

TRC,(T) =

+

From Eqg. 9 the minimum of TRC, (T) is obtained when
the quadratic non-negative term, depending on T, 1s equal
to zero. The optimum value T,* is

e

2A +eDM?(1, - 1)

10
D[h+ el (1+a)] (10)
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Therefore,

Db+l (1+a”)][2A + cDM'(I, - 1, )]
TRC, (T,*) 2

o (11)
DM@, 1)

Likewise, we can derive TRC, (T) algebraically as
follows:

Dh + ael, +(1+ a’)el ]

-

+{J2AD{h+ oicl, +(1+ ot ), ]~ DM,

TRC,(T) =

2A
Dlh+ o’el, + (1+ o)l ]

(12)

|
f

From Eq. 12 the mimmum of TRC; (T) 1s obtained
when the quadratic non-negative term, depending on T,
1s equal to zero. The optinum value T.* 1s

-

TRC,(T, )= {{2AD[ + oicl, + (1+ o)el, ]~ DMel,} (14)

ZA
Dlh + ca’l, +e(1+ o)L, 3]

(13)

Therefore,

Case I1: Suppose that M<W/D<M/g: If M<W/D<M/a,
Eq. 1(a, b, ¢, d) will be modified as

TRC(T) if r=M (15a)
ol
. M
TRC(T) =+ TRC,(T) if W/D<T <— (15b)
o
TRC,(T) if 0« T<W/D (15¢)

Since TRC, (M/¢t) = TRC, (M/a), TRC; (W/D)<TRC,
(W/D), TRC (T) 1s continuous except at T = W/D. All
TRC, (T), TRC, (T), TRC, (T) and TRC (T) are defined on
T=0. Simular to Case 1 discussion, TRC, (T) will be lugher
than both TRC, (T) and TRC, (T) on swtable domain.
Hence, we can neglect TRC, (T) when we want to develop
the efficient procedure to determine the optimal lot-sizing
decisions for the retailer.

Case TIT: Suppose that M/e<W/MD: If M/u<W/D, Eq. 1
(a, b, ¢, d) will be modified as

T=W/D
0« T<W/D

TRC,(T) if
TRC,(T) if

(16a)

TRC(T) = { 160)
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Since TRC, (W/D) < TRC, (W/D), TRC (T) is
continuous except at T = W/D. All TRC, (T), TRC, (T) and
TRC (T) are defined on T>0. We can easily obtain that
TRC, (T)>TRC (T) for all T>0. Hence, we can neglect
TRC, (T) when we want to develop the efficient procedure
to determine the optimal lot-sizing decisions for the
retailer.

Determination of the optimal cycle time T*

Case I: Suppose that M>W/D: Equation 7 gives that the
optimal value of T* for the case when T>M/ so that
T *>M/e. We substitute Eq. 7 into T, *2>M/q, then we can
obtain that:

Mie < T,* if and only if

_2A+ DMc(l— o, + 25k

(x'E

10

Similar disscussion, we can obain following results:

MeT,*< M/ if and only if

h+cl
DA+ DMl +

az

k and

0

)

if and only if,
—2A+DM*[h+c(a’l, +1)]<0

W/D<T,*<M if and only if
—2A+DM?[h+co’l, +e(1+a2))] >0 and

if and only if
W 2
—2A+ D[D] [h+co’l, + c{1+ ™), 1< 0

Furthermore, we let

h+ecl,

A =-2A+DM[e(l-)], + ——=] (17)
o
A= 24+ DM, + 27y (18)
o
A, =-2A+ DM?[h + c{o’l, + 1] (19)
A, ==2A+DM[h+ca’], + ol +a)])] (20)

and
W 2
A, =-2A+ D[B} [h+co’l, +c(l+aDL]  (21)
From Eq. 17-21, we can easily obtain A,>A, Az A,
A>A; and A=A, Summarized above arguments, the
optimal cycle time T* can be obtained as follows.

Theorem 1

(A) IfA>0, A=0and A=0, then TRC (T*)=TRC, (W/D).
Hence T* 18 W/D.
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(B) If Ax0 A>0and A, <0, then TRC (T*) = TRC, (T,*).
Hence T* 1s T,*

() If A0, A,<0and A0, then TRC (T*) = TRC, (T,*).
Hence T* 1s T,*.

(D) If A>0, A,<0, A>0 and A.<0, then TRC ( T*) =
min{TRC, (T,*), TRC, (T, *)}. Hence T* is T,* or T, *
associated with the least cost.

(E) If A>0and A, <0, then TRC (T*) = TRC, (T, *). Hence
T* is T,*.

(Fy If A <0, A>=0and A>0, then TRC ( T*)=TRC, (T *).
Hence T* 1s T, *.

(G) If A, <0, A;»0 and A;<0, then TRC (T*) = min{TRC,

(T,*), TRC, (T;*)}. Hence T* 1s T,* or T,* associated

with the least cost.

If A <0, A»0, A;20 and A;>0, then TRC( T*) =

mm{TRC, (T *), TRC, (T,*)}. Hence T* s T,* or T,*

associated with the least cost.

If A<0 A0, A<0, A>0 and A,<0, then

TRC (T*)=mm{TRC, (T *), TRC,(T,*), TRC; (T;*)}.

Hence T* 15 T *, T,* or T,* associated with the least

cost.

If A, <0, A,>0 and A, <0, then TRC (T*) = min{TRC,

(T*), TRC, (T,*)}. Hence T* 15 T* or T,*

associated with the least cost.

(K) Tf A,<0 and A;>0, then TRC (T*) = TRC, (T,*). Hence
T*is T*.

(L) If A,<0, A>0 and A;<0, then TRC (T*) =
mm{TRC,(T*), TRC, (T;*)}. Hence T* 1s T,* or T, *
associated with the least cost.

(M) Tf A,<0 and A, <0, then TRC (T*) = TRC,(T,*). Hence
T* 18 T*.

(H)

(@

0

Case IT: Suppose that M<W/D<M/e: If M<W/D<M/c,
Eq. 1 (a, b, c and d) will be modified as Eq. 15 (a, b and ¢).
Similar to above Case I discussion, we can obtain
following results:

M/ee<T,* if and only if
h+cl,

“2A+ DM [e(1- o), + 2] <0
W/D<T,*<M/x if and only if
“2A+ DM3(el, + miflk) o and
if and only if

~2A — cDM(I, ~ 1)+ D[\g} [h+cl,(Q1+a)]=0

Furthermore, we let

A== 2A DM (I, — 1)+ D(\gjl [h+cl 1+ o)) (22
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From Eq. 17, 18 and 22, we can easily obtain A,>A,
and A=A, Summarized above arguments, the optimal
cycle time T* can be obtained as follows:

Theorem 2

(A) If A>0 and A>0, then TRC (T*) = TRC, (W/D).
Hence T* 1s W/D.

(B) If A0 and A,<0, then TRC (T*) = TRC, (T, *). Hence
T* is T,*.

(C) If A <0 and A=0, then TRC (T*) = TRC, (T,*). Hence
T*1s T*.

(D) If A, <0, A>0 and A, <0, then TRC (T*) = min{TRC,
(T, *), TRC, (T, *)}. Hence T* is T,* or T,* associated
with the least cost.

(E) If A,<0, then TRC (T*) = TRC(T *). Hence T* 1s T *.

Case ITT: Suppose that M/a<W/D: If M/g<W/D, Eq. 1
(a, b, c and d) will be modified as Eq. 16 (a and b). Similar
to above Case I and Case II discussions, we can obtain
following results:

W/D<T * if and only if
2
~2A+ DMe(1- o)l + D(\g] (h+cl)<0
Furthermore, we let

2
A, =—2A+DMo(l-a)l, + D[%J (h+el,) (23
Summarized above arguments, the optimal cycle time
T* can be obtamned as follows:

Theorem 3

(A) If A~0, then TRC (T*) = TRC,(W/D). Hence T*
13 W/D.

(B) If A,<0, then TRC (T*) = TRC, (T,*). Hence T*
s T, *.

CONCLUSIONS

The assumption in previously published results that
the full payments delay is permitted if the retailer ordered
a sufficient quantity. We know 100% payments delay 1s
just an extreme case. This article amends the assumption
of the full payments delay to partial payments delay when
the retailer ordered a sufficient quantity. We adopt the
assumption to model the retailer’s mventory problem. In
addition, we establish three easy-to-use theorems to help
the retailer to find the optimal lot-sizing policy.
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