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Abstract: In this research we study some types of limited sets and operators on non-archimedean locally
convex spaces. We generate the concept of limited spaces into A-limited spaces and study the relation between
A-limited spaces and A-semiMontel spaces. We show that the non-archimedean locally convex space E is

A-limited space if and only if E is a space of type (S;)
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INTRODUCTION

In this research we study locally convex spaces over
a complete valued scalar field K that are not isomorphic to
R or C.We treat some theorems about compact sets and
operators in functional analysis over R or C and
discussion whether or not they remain valid in non-
archimedean functional analysis. We study some types of
limited sets and operators which called A-limited sets and
operators in non- archimedean locally convex spaces and
we use the Kolmogrove diameters to obtain results
resembling previously known properties of limited sets.
We generate the concept of limited spaces into A-limited
spaces and study the relation between A-limited spaces
and A-semi-Montel spaces.

PRELIMINARIES

Let K be a field. A non-Archimedean valuation on K
18 a function || K ~[0,5) such that for all ¢, peK it satisfies:
| = O if and only if = O, |[ep| = |¢|p| and
|o+-Plemax {|ez,|B|} . Note that the last condition separates
the absclute value on R or C from all other valuations. The
mapping (A, 1)~|A-p| is a metric on K making K into a
topological field. We will call the valuation is dense if the
set [K|4 {0}, where [K| = {|A|: AeK}, is dense in (0,).

TLet E be a vector space over the field K. A
non-archimedean seminorm on E is a seminorm which
verifies the strong triangle inequality: ||a+b| <max {|ja,b|}
for all a,beE. Tf in addition |[x|| = 0=x = 0, then we say that
||| is a non-archimedean norm on E. The pair (E, ||.|[) is
called a non-archimedean normed space.

Throughout this study K will stand for a complete
non- archimedean valued field, whose valuation i1s non-
trivial. The collection of all continuous non-archimedean
seminorm on a vector space E over K will be denoted
by cs (E). For pces (E) and r=0, B, (0, r) will be the set
{xcE: p (x)=r}. L (E, F) will be the vector space of all
continuous linear operators from E into F. The non-
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archimedean normed space E is said to be of countable
type if, there exists a countable subset S of E, such that
the subspace [S] spanned by S is dense in E.

For a continuous non-archimedean seminorms p on
E we put E, = E/ker p and dencted by 1, the cancnical
surjection w; E~E, ThenE, is a non-archimedean normed
space for the non-archimedean norm | ||, defined by
[T (x)], = p (%), x€E. By De Grande-De Kimpe and Perez-
Garcia (1994) is a space of countable type.
The following sequence spaces will be need:

¢ (K) = {(A): 4,€K, lim(3,)=0}.

i, (Ky={(4,): A,2K, (4,) is bounded}.

1) = (K S, e )

n=1

(3)= {(xn):xn cksupn*|a, iooVo:>0}-

A (o) = {(o A K, supR™ |4, <o VR>0, @, 2, 25 ...

(R) = {(A) 4K, limgf 2, | =0}

Definition 1: A non-Archimedean sequence ideal 4 on the
valued field K is a subset of the space 1., (K) satisfying the
following conditions:

g,;c A where ¢, = (0,0,..,1,....) the one in the ith place.

If x,, x,£ 4, then x,+x,2A.

Ifyer, (K) andxeA, thenx.y € A

If the sequence x = (%, %,,..... )EA, then (XX, X,,X,,... )JEA.

Note that the sequence spaces, 1 (K), ¢, (K), (3), (R)

and A (&) are examples of sequence 1deals (Pietch, 1980).
For a bounded subset B of a locally convex space E

over K, a pecs (B) and anon-negative mteger 1, the nth
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Keolmogrove diameter 8, (B) (or 8,(B, B, (0,1))) of B with
respect to p 1s the mfimum of all ||, peK, for which there
exists a subspace F of E with dim (F)<n, such that
AcF+uB, (0,1) (Katasars and Perez-Garcia, 1997). These
nth  Kolmogrove diameters satisfy the following

properties:
Proposition 1:

8, (B)=8, (B)zd, (B)z.....20. for all peces (E).

If BB and pzq, then d, (B,)<d,, (B).

If Tel. (B, F), then for all pecs(F) there exists gees (E)
such that d,, (T(B))<d, , (B).

L£p'2p, thend, (1, (B,(0.1)), 7,(B,(0.1) - & (& (0.1),
B, (0,1)) (Dubinsky, 1979; Jarchow, 1981; Safi, 2006).

A-LIMITED SETS

Definition 2: Let E, F be locally convex spaces over K,
then
* A subset B of E 15 called compactoid if for every
zero-neighborhood U m E there exists a fimte set
AcE such that Bocco (AU, where co (A) is the
absolutely convex hull of A.

An operator TeL (E, I) 1s called compactoid if there
exists a zero-neighborhood U in E such that T (U) is
compactoid in F (De Grande-De Kimpe et al., 1995).
Katasars and C. Perez-Garcia (1997) used the Kolmogrove
diameters to give the following equivalent definition:

The bounded subset
over K 18 called compactoid if and only if
(S, B, )ee, (K) for all pecs (E). )]
A bounded subset B of E is called limited in E if and
only if for each continuous linear map T from E to
¢, (k), T (B) 1s compactoid in ¢, (K).

B of a locally convex space E

An operator T€L (E, F) is called limited if there exists
a zero-neighborhood E in U such that T () is limited in F.
We will denote by lim (E, F) the vector space of all limited
operators from E to F ((De Grande-De Kimpe ef al., 1995).
Parallel to this definitions we define the following:

Definition 3: Let E, F be locally convex spaces over K,
then
¢ A subset B of E is called A-compactoid if we replace
¢, (K)in (1)

by the sequence 1deal.
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An operator T€L (E, F) is called A-compactoid if there
exists a zero-neighborhood U in E suchthat T (UU)is
A-compactoid in F. We will dencted by A-C (E,F) the space
of all A-compactoid operators from E into F.

A bounded subset B of E is called A-limited m E if
and only if for each continuous linear map T from E
to g, (K), T (B) is A-compactoid in ¢, (K.

An operator TeL(E,F) is called A-linited if there exists
a zero-neighborhood U in E such that T (U} 1s A-limited
in F. We will denoted by (A)-lim (E, F) the space of all
A-limited operators from E into F.

Notes:

If dim (E)
A-compactoid.

n, then every bounded subset of E 15

D—{ }and
S }

are two subsets of 1, (K), then according to Pietch (1972)
we have

() h, € KSR, 2% <1

n=1

)ik, €K 3[R, [n=l

n=1

1
8,(D.B, )= o
and
8,(B,B, )= 1,
n

where B, 1s the closed unit ball in ¢, Hence D 1s ¢, (K)-
compactoid and (S)-compactoid, but not (R)-compactoid
and B is ¢; (K)-compactoid but not (S)-compactoid.

Proposition 2: Let E.F be locally convex spaces over K,

then

Every A-compactoid subset of E is A-limited in E.

If B is A-limited in E and TcL (E, F), then T (B) is
A-limited in F.

IfBi1s A-limited n E and D<B, then D 1s A-limited n E.
If A is A-limited, then A 1s A-limited.

If A, B<E are A-limited in E, then A+B 1s A-limited in
E.

The product of any finite number of A-limited sets is
A-limited.

vii) Let M be asubspace of E and BeM. If B is A-limited
in M, then B 15 A-hmited m E (De-Grande-De
Kimpe et al., 1995).

1)

i)
111)
1v)

v)

vi)
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Proof:

Let B be any A-compactoid subset of E and let TeLL
(E, ¢(K)). It follows from property (111) of proposition
(1) that for all pecs(F) there exists gecs (E) such
that 8, , (T (B))<d, (B) and se T (B) is A-compactoid
m ¢; (K). Therefore B 1s A-limited n E.

Suppose B is A-limited in E and TeL (E, F). Let
Gell (F.¢, (K)), then G,Tel. (E, ¢, (K)). Tt follows
that G (T(B)) is A-compactoid in ¢(K) and so T(B)
is A-limited in E.

LetDeBandlet T el (B, F). Since T(D)<T (B), then by
property (1), (u1) of proposition (1) it follows that
&, , (T(DN<d, , for all pees (F). Since B i1s A-limited in
E, then T (D) is A-compactoid in ¢; (K) and this
complete the proof.

From defimitien of &, (A), if >0 there exist a
subspace F of E with dim(F)<n and peK such
that |p|d, (Axte., AcpB(O1AHF. It follows
thatAcpB, (0,14F and so d,, (A)<|u|<d, (A)te.
Since €>0 is an arbitrary, we deduce that d,, (A)=
8, (A). Thatis, if A is A-compactoid in E, then A is
also A-compactoid in E. Now, let T<L. (E,ci(K)). Since
A is A-limited it follows that T(A) is A-compactoid
and T(A) i A-compactoid.
Since, T(A) = T(A) it follows that T(A) is A-
compactoid.

Let TeL (E.c,) Since A, B are A-limited, then T(A),
T(B) are A-compactoid. Since, T(A+B)CT(AWT(B), it
follows by Safi (2006) that T (A+B) is A-compactoid
m ¢,(K) and so A+B 1s A-limited m E.

LetD, be any A-limited set in E,i=1,2
E = ExE,*...xE, Tel(E, c¢(K)). Now If m: E-E
is conical  inclusion, then the operator T, =
Tom,eL(E,c(K)) and so T, (D,) is A-compactoid in
c(K). Since,

hence is

S

T(ﬁ D, =T(D)+ T, (D, )+

i=1

+T,(D, ),

then
T(T D)
i=1

is A-compactiod (Safi, 2006). Therefore

18 A-limited (proposition 2.1).
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Let M be a subspace of E and let B be A-limited M. Tf
TeL (E, F), then the restricion operator T|MeL
(M, ¢,(K)). Since TMeL(M.c(K)) is A-compactoid in
¢, (K) it follows that B is A-limited in E.

Note: If 4 = ¢, (K), then the umt ball 1_ of 1s A-limited, but
not A-compactoid (De Grande-Dekimpe and Perez-Garcia,
1994).

Definition 4: A locally convex space over Kis called
A-Gelfand-Philips  space (A-GP-space short) if
every A-limited set in E is A-compactoid. (De Grande-
Delkimpe and Perez-Garcia, 1994).

n

Remark : ¢, (K) 1s A-Gp space, for any sequence ideal A
(and hence any non-archimedean normed space of
countable type (Van Rooij, 1978).

To see that let A be any A-limited set in ¢; (K).
Since the identity operator I€L (cy(K), ci(K)}), then
I(A) = A is A-compactoid

A-LIMITED SPACES

De Ggrande-de Kimpe and Perez-Garnia (1994) give the
following defimition:

The locally convex space E over K is called limited
space if L (E, F) = lim (E, F) for all non-archimedean
normed space F.

Definition 5: We say that the locally convex space E over
K 1s A-limited space if L (E, F) = A-lim (E,F) for all non-
archimedean normed spaces F.

Notes:

If A = ¢(K), then the concepts of A-limited space
coincide with the limited spaces and if the valuation
K is dense. Then i (K) is A-limited spaces. Since
Lic, (K) ¢y (K)#A-Cle, (K), ¢ K)=A-lim (g, (K),
¢, (K)), then ¢ (K} is not A-limited spaces
(De Grande-De Kimpe et al., 1995).

If E 1s a non-archimedean normed space, then the
closed unit ball of E, By 1s A-limited if L (E, ¢, (K)) =
A-C (B, ¢, (K)).

Theorem 1: If L. (E, F) = A-lim (E, F) for any locally convex
spaces B, F over K and M 1s a closed subspace of E then.
L (E/M, F) = A-lim (E/M, F).

Proof: Let M be a closed subspace of E and TeL, (E/M, F).
If m: E-E/M is the quotient map, then Tonell (E, F). Since
L (E, F) = A-lim (E, F), there exists a zero-neighbourhood U
in E such that (Ten(U) =T (n(U)) 1s A-limited. Since 7 (U
1s a zero-neighbourhood in E/M, then Teh-lim (E/M, I).
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Proposition 3: Let F, E, E,
spaces over K:

be any locally convex

IfL (E, F)= A-lim (E, F) for each icN, then.

I{IIEbF}:hfmmIIEhE
i1 -1

IfL (F, E) = A-lim (F, E) for each i<L, I is finite, then

MRIIEQ:h—mmRIIEQ

iel iel

IfE 18 A-GP-space and L (F, E,) = A-lim (F, E) for each
1€N, then

Lw ] eo=2-time ] TE0
i1 i1

(Van Rooij, 1978).
Proof:

Let

E= ﬁEi
i=1

and let Te(E, F). Then T is bounded on some zero-
neighborhood W of E. This neighborhood can be taken in
the form

-
W= l_IUi
i-1

where U], is a zero-neighborhood in E; and the set
I = {ieN: U=zE} is finite. So we can assume that
E=ExE,x....xE, forsome neN. Now fori=1,2, ..., n,let
n;: E~E be the conical inclusion. Since the operator
T,=Tom,cL (E, Fyand L (E,, F) = A-lim (E,, F), then there
exists a zero- neighborhood V, in E;such that T, (V}) is
A-limited set in F, then V = VxV,x. .. .xV, is zero-
neighborhood in E for which T(V) =T ,(V +HT(V +....+T,
(V) is A-limited set in F (proposition (2.v)). So. TeA-lim
(E,F).

Let

TEMRIIEQ

il
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I, is finite, and let P; E-F, be the canonical operator, then
PoTeL (F, B). Since L (F, E) = A-lim (F.E), then PeT is
A-limited operator. Thus, there exists a zero-neighborhood
U in F such that PoT (U) = W, 1s A-limited set m E,. It
follows by proposition (2.vi)

IIm:Tw)
i€l

is A-limited set in

[T

il
and so T is A-limited operator.

Let

TEMRIIEQ
i=1

then like in part (i) we can find a zero-neighborhood U in
F such that PoT (U) = W, is A-limited set in E, for all ieN.
Since E, 18 A-GP-space, then W, 1s A-compactiod set in E,.
Now by Safi (2006)

me:Tw)
i=1

18 A-compactod set and by proposition (2.1) T(U) is A-
limited set in

[ 1=

i=1

Therefore

MRIIEQ:A—mMRIIEQ
i-1 -1

Definition 6: A locally convex space E over K 15 said to
be of type (S,) if for each Pecs(E) there exists gecs(E)
such that

8, (B0 g€ h

for each q"=p) (Zahriuita, 1973).

Proposition 4: The space E is of type (8,) if and only if E
is A-limited space.
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Proof: Sufficiency, let E be A-limited space and let
pecs(E). Since B, = E/Ker p is a non-archimedean normed
space and the canonical surjection

np:E—>Ep

1s continuous, then m, 1s A- limited operater, so there
exists a neighbothcod B, (0, 1) in E such that
n, (B, (0, 1) is A-limited in E,. Now since E, is a non-
archimedean normed space of countable type, then I, is
A-Gp-space and so 7, (B, (0, 1) is A-compactoid set inE,,
hence

(8, (my (B (0. 1)), my (By (01359 € A
for each hees (E). Now if p=p, then
(8, (mp (B (0.1, m, (B (0. 1)) €%
and by proposition (1. iv) it follows that
(Bn(Bq(Oa 1): Bp'(oal))::(] < 7\‘

thus E is a space of type (5;).

Necessity: Let E be a space of type (S,), I be an arbitrary
non-archimedean normed space and Tel, (E, F). Now for
the closed unit ball By, there exists pces (E) such that
T (B: (0.1))cB;. Since E 18 a space of type (S,), there exists
geces (E) such that

(611 (Bq (0=1)= Bp'(oal))):lozo =
for all p"=q. It follows by proposition (1. (ii1) ) that
(8, (T(B4q (0, 1)), T(By (0, 1))p—q € A

forall p'=p. Now since, T (B, (0,1))cT (B, (0.1))< BF}) then
(8,(T(B,(0,1)), B)) <8 (T(B, (0.1)), T(B,(0.1)), T (B, (0.1)).
Therefare (8, (T (B, (0,1)), Bp)ed and so T(B, (0, 1) 1s
A-compactoid in F and by proposition (2.1) is A-limited,
Thus T is A-limited operator.

Definition 7: A locally convex space E over K 1s called
A-semi-Montel, if every bounded subset D of E is
A-compactoid.

Notes:

¢ BHvery finite dimensional normed space is A-semi-
Montel.
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If E is A-Gp space such that every bounded subset of
E is A-limited, then E 1s A-semi-Montel space.

If EA-semi-Montel space, then every bounded subset
of E is A-limited.

Proposition 5:

If E 15 A-limited space, then every bounded set in E 1s
A-limited.

If F is alocally convex space over K and L. (E, F) =
A-lim (E, F) for every non-archimedean normed space
E, then every bounded set in F is A-limited.

If F is A-semi-Montel space, then L (E, F) = A-lim
(E, F) for every non-archimedean normed space E.

If F is A-Gp space and L. (E, F) = A-lim (E, F) for every
non-archimedean normed space E, then F is A-semi-
Montel space.

Proof:

Let A be any bounded subset of E and let Tel
(E, ¢, (k)). Since L (E,¢, (K)) = A-lim (E, ¢, (K)), then
there exists a zero-neighborhood U in E such that
T(U) is A-limited in ¢,(K). Since A is bounded, then
there exists reK, |0, such that AcrUU and so
T(A)crT(U). 1t follows by proposition (2.11) T(A) 1s
A-limited in ¢,(K). Since ¢,(K) is A-Gp space, then
T(A) is A-compactoid and so A is A-limited set in E.
Suppose L (E, F) = A-lim (E, F) for every non-
archimedean normed space E. We shall show that
every bounded set A in F is A-limited Since A is
bounded set n F, then for each pecs (F) there exists
m(p)eK, [m(p)[0 such that Acm(p) B, (0, 1). Now let,

q(y):sup{|—p(y) peces(F)lslyeA

m(p)|

Then g is a non-archimedean seminorm on A. If
q(y) =0, then p (y) = 0 for all pes(F) and so y = 0. Thus q
15 a non-archimedean norm. Now by E, we shall take the
non-archimedean normed space of all yeF with ¢ (y)<ee. If
B: = {yel: q(y)<1} 1s the closed umt ball of E, then AcB;
and 1f the operator T equal to the identity imbedding of
E into F,thenTcL (E,F). Since L (E, F) = A-lim (E, F), then
T is A-limited operator. Thus T (Bg) = Bg is A-limited set
in F and by proposition (2. i) A is A-limited set n F.

Let F be any A-semi-Montel space, E be a non-
archimedean normed space and TeL (E, F). Since T 1s
bounded, then T maps the unit ball By into E a
bounded set T(Bg) in F and so T (Bg) is A-compactoid
set in F, hence T(B;) 1s A-limited set in F.
Therefore T is A-limited operator.
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Tt follows from part (2) and the fact that the space F is
A-Gp spaces.

Theorem 2: Let F, E be any locally convex spaces over K
and let L (B, Fy=A-lim (E, F), then L (B, Fy) = A-lim (E,, Fy)
for a complement linear subspace E, of E and subspace F,
of F.

Proof: Let T,el, (E,, F,)andlet TeL (E, F) defined by
T(x)=T, where x =x,;+x,, X,cE,. Since L (E, F) = A-lim (E, F),
then T 1s A-limited operator and so there exists a zero-
neighborhood U in E such that T(U) is A-limited set. Since
UnE, is zero-neighborhood in E,, then applying
proposition (2.111) we deduce that T (UnE;) = T, (UnE,) 1s
A-limited and therefore T, is A-limited operator.

Note: If the valuation on K 1s dense and A = ¢, (K), then
L (& (K), .(K))=A-lim (1, (K), 1.(K)) but L (¢, (K), ¢4K))
# A-lim (¢, (K}, ¢, (K)) (De Grande-De Kimpe et al., 1995,
Example (2.6.1v)).
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