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of Ordinary Differential Equations and Differential Equation of Order Three
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Abstract: In this study, Homotopy Perturbation Method (HPM) is implemented to solve system of differential
equations. The HPM deforms a difficult problem into a simple problem which can be easily solved. The results
are compared with the results obtained by exact solutions and Adomian’s decomposition method. The results
reveal that the HPM 1s very effective, convenient and quite accurate to systems of nonlinear equations. Some
examples are presented to show the ability of the method for linear and non-linear systems of differential

equations.
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INTRODUCTION

A system of ordinary differential equations of the
first order can be considered as:

¥ =600y )
¥y =0 %0 ¥,)

(1)

v =L (X, y,..¥.)

where each equation represents the first derivative of
one of the unknown functions as a mapping depending
on the independent variable x and n unknown
functions f,....f.

Many problem in the field of engineering yield to a
system of differential equations and task of solving
these systems plays important role. For imstance,
Gerstmayr and Irschik (2003) studied the vibrations of
elasto-plastic beams with rigid-body degrees-of-freedom
and the formulation leads to a non-linear system of
differential algebraic equations. As an another example,
Duran and Monteagudo (2004) has made Modelling of
soot and SOF emissions from a typical European
turbocharged diesel engine and his study yield to the
system of ordinary differential equations. Hu and Chen
(2008) mvestigated the bifurcation and chaos m atomic
force microscope. They simplified the partial-differential

equation that governs the motions of the microcantilever
to a set of ordinary differential equations. Yuan (2008)
constructed a class of transonic shock in a divergent
nozzle which 1s a part of an angular sector (for two-
dimensional case) or a cone (for three-dimensional case)
which does not contain the vertex. His idea mvolved 1s to
solve discontinuous solutions of a class of two-point
boundary wvalue problems for systems of ordinary
differential equations.

On the other hand, since every ordinary differential
equation of order n can be written as a system consisting
of n ordinary differential equation of order one, we restrict
our study to a system of differential equations of the
first order.

Biazar et al (2004) used the Adomian’s
Decomposition Method (ADM) to solve this problem.

The motivation of this study 13 to extend the
Homotopy Perturbation Method (HPM) proposed by
He (1999, 2000, 2004a-¢, 2005a-c, 2006a-c) to solve the
epidemic model. The HPM is useful to obtain exact and
approximate solutions of linear and nonlinear differential
equations.

No need to lhnearization or discretization, large
computational work and round-off errors 15 avoided. It
has been used to solve effectively, easily and accurately
a large class of nonlinear problems with approximations.
These approximations converge rapidly to accurate
solutions (Rafe1 and Garyi, 2006; Garyi and Rafe1, 2006,
Gornt ef al., 2007, Siddiqui et al, 2006, Abbasbandy,
2006a-c).
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ANALYSIS OF HE’S HOMOTOFPY
PERTURBATION METHOD

To 1illustrate the basic ideas of this method, we
consider the following nonlinear differential Equation:

A(W—fr)=0reQ (2)

Considering the boundary conditions of:

B, du/any=0, rel 3)

where, A is a general differential operator, B a boundary
operator, f{r) a known analytical function and I'" 13 the
boundary of the domain Q.

The operator A can be, generally divided into two
parts of L and N, where L 1s the linear part, while N 1s the
nonlinear one Eq. 2 can, therefore, be rewritten as:

L+ N(u)-f(r)=0. (4

By the homotopy technique, we construct a homotopy as
v (r, p): @ x [0, 1] » R which satisfies:

H{v,p) = 1-p)[L(v)-Lu )]+ pl[AV)-F(r)]=0, pe[0,1], reQ
(5

or
H(v,p) = L{¥) ~L{g) + pL{u) + pINW - T @] =0 (6)

where, p €[0,1] 13 an embedding parameter and u, 1s an
initial approximation of Eq. 2 which satisty the boundary
conditions. Obviously, considering Eq. 5 and 6, we will
have:

H(v,0)=L{(v)-L{u,)=0 (7)
H(v,1)= A(v)-f{r)=0 t3)

The changing process of p from zero to umty 1s just that
of v(r,p) from uy (1) to u(r). In topology, this s called
deformation and L{v)-L(y) and A(v)-f(r) are called
homotopy.

According to HPM, we can first use the embedding
parameter p as a small parameter and assume that the
solution of Hg. 5 and 6 can be written as a power
series in p:

V=V, + DY, PV, e (9)
Setting p = 1 results m the approximate solution of Eq. 2:

u=limv=v,+v, +v,+... (10)
p-l

The combination of the perturbation method and the
homotopy method 13 called the homotopy perturbation
method, which lessens the limitations of the traditional
perturbation methods. On the other hand, this technique
can have full advantages of the traditional perturbation
techniques.

The series (10) 15 convergent for most cases.
However, the convergence rate depends on the nonlinear
operator A(v). The following opinions are suggested by
He (2006b):

¢ The second derivative of N(v) with respect to v must
be small because the parameter p may be relatively
large, 1e.,p~ 1.

»  The norm of L' dN/2v must be smaller than cne so
that the series converges He (2006a-c).

APPLICATION OF THE HPM

Numerical examples: Tn this part we present three
examples. The first and the second examples are
considered to illustrate the method for linear and non-
linear systems of ordinary differential equations of order
one. While m third example we solve a differential
equation of order three by transforming it into a system of
differential equations of the first order.

Example 1: Consider the following system of differential
equations, with initial values y,(0) = 1, y,(0) = 0 and
vy, =2

¥l = ¥, —cos(x),
Yo =¥, —¢, (11)
Yi=¥ Vi

From Eq. 9, if the two terms approximations are sufficient,
we will obtai:

2
Vi=VigtPV,, tRP Vgt
2
V2:v2:0+pvzll+p V2‘2+---, (12)

— 2
Vi=Vog tP Yy, +P Vy +o

where, v;;,1,] = 1,2,3,... are functions yet to be determined.
Therefore from Eq. 10:

k=2
%)= lim Vl(x)zzvl,k(XL
p—l k=0
k=2
¥o(8) = lim (%) => v, (x), (13)

p—l k=0

k=2
¥3(x)= lim v5{x) = Zvj,k(XL
p—l k=l

1257



J. Applied Sci., 8 (7): 1256-1261, 2008

According to the HPM, we can construct a homotopy of y,(x) =¢", (19)
system (11) as follows:
¥2(X) = sin(x), (20)
(1-p)(¥, — v, —u )+ plv, — v, + cos(x)) =0,
(1= P, — v, — U, ) + P(¥, — ¥, + €%) =, (14) ¥, (x) = cos(x) + ", (21
(L-p)(v, —u, ) +p(v, v, +v,)=0,
Which is exactly the same as obtained by Adomian’s

where dot denotes differentiation with respect to x andthe ~ decomposition method 1 and exact solution of the

initial approximations are as follows: system 11.
V{0 =y(0=1, Example 2: In this example we solve the following
v, ) = ,(0)=0, (15} nonlinear system of differential equations, with exact
v, (0) =y, (0) =2, solutions y, = e”, v, = " and y, = xe”.

Substituting Eq. 12 and 15 mto Eq. 14 and rearranging ¥ =2%

based on powers of p-terms, we have: Yo =¢7Y (22)

Vi=¥:+ Vs

(Vg = V) + (¥, +eos(x) - v, Jp+ (¥, - \:3_2)p2 +..=0,

(Vo = Vag)+ (Vg + € w3 )p+ (05, v )0 +..=0, (16)  From Eq. 9, if the two terms approximations are sufficient,
(o) (0, + V=V P+ (W, +v, — v 0P + =0, we will obtain:

. N : = 2 3 e
In order to obtain the unknowns v, i, j = 1,2,3,... we must VTV TPV APV P Y s

construct and solve the following system which mcludes V)=V TPV, F P PV e (23)
nine equations with nine unknowns: V, =V, Py, + PV, PV e
‘_’Lﬂ ~Vyp =0 where, v;;,1,] = 1,2,3, .., are functions yet to be determined.
Vi + cos(x) = v;, =0 Therefore from Eq. 10:
vl,z Vi = 0
Vip—Vyg=0 =
B %(x) = lim v(x)= ZVLk(X):
Vy +e vy =0 (17) p—l k=0
N k=3
Vi Vi =0 $2(x) = lim v;(x) = 3 vy, (), (24)
- k=0
Yz,u =0 . k=3
Vi V= Vi =0 ¥3(x)= lim v3(x) =3 v, (),
pg) k=0

Vo TV — V1 = 0

According to the HPM, we can construct a homotopy of

Therefore, system (22) as follows:
Vi (x)=2x+1, o 7 ,
1 (lfp)(‘ﬁ 7u1_u)+p(v1 72V2):0,
: 2
Y () = —singa) (L= P, ~tiyp) + P(E; = €7V =0, (25)
v,, (%) = sin{x) + &* L gy =PIV Uy 0) + PV =V, — v3) =0,
- 2 ?
v, () =2%, . . .
. where, dot denotes differentiation with respect to x and
1 (18) . L
vy, (X) =—¢' +EX2 +1, the 1nitial approximations are as follows:
. 1
v, (%) = sin(x) + ¢* - Exz —2x-1, v (0 =y, (0=1,
Vip(x)=2, v, (0) = y,(0) =1, (26)
v, (X} =x, Vi =7, =0,
Vi, (X)=cos(x)+e’ —x-2,
Substituting Eq. 23 and 26 mto Eq. 25 and rearranging
Therefore from Eq. 13: based on powers of p-terms, we have:
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(v )+ 0y — 2"%,0 p+ 0, - 4V2,0V2,1)p2 +

(V= 4V, vy, - 29 0P + .= 0,

(vz,u) + (Vz,l - V1,1 e )P + (v2,2 - V1,2 e )P2 + (27)
(Vs — Vi€ +..=0,

(v3,0 ) + (vll — Vi~ va,u)p + (V3_2 V- V3,1)p2 +

' 3
(Vo3 = Vo~V )P +..=0,

In order to obtain the unknowns v, 1, ] = 1,2,3,.. we must
construct and solve the following system which mcludes
nine equations with nine unknowns:

A 0
Y, -2, =0
Vi~ 4V2,0V2,1 =0

: 2
Vg —dVyVyp — 2y =0

V=0
\-lel - Vl,l e =0 (28)
v v, e =0

22" Y12
Vi~ V.8 =0
VE,D =0

Vi = Vi = V=0
va,z TV TV, = 0

Vag = Vi~V = 0

Therefore,
vip(x) =1,
v, (%) =—e7" + 8 + 8x -7,
v, (X) = %6(4)() 7%6(73::) 1660y 4 6l
+ &et—x) 4 64e Py +Ex 7&}
3 9
v, (%) =9 + 1448 328 . 896 o
| 15 5 9
LO96 e M s M ey
9 135 225
80 e 3377 g, gagesy 210857

+ >
3 9 675
Vi =—e +2,

v, (X} = %c(‘”) —4e _gelUx — e + %
v, 5 {X) = I T LI O
’ 15 9
184 o _gpeeiny M2eeny (8L en | E,
3 3 45
37 L. 1448 . 145697 . 724
V(X)) =—e"" ——eTx + e ——¢
’ 25 15 675 5
e (MO e AL e 272 642
3 945 675 3
+Exe’3" - @6’3" - §Xf:’5x —224e %y + 4498,
9 27 5 525

Vi{x) =0,
v, ()= 4 2 -1,
v, (%) = —%c"m +2¢7 18 e I+ 8 4 x4 %x _®

9’7 (29

vy 4(X) = Lo Lo 1 enm Bos 13 6oy
' 75 18 9 27 3
88 .. 280 . 1 5 11 , 49 6343
SR R G R . SN SR Gt
3 9 3 6 15 1350
Therefore from Eq. 24:
v () =-3+6x+4€e7, (30)
y,(x)=4-¢" - 20+ x)e7, (31)
Vo (X)=—1+2x +¢e” +%X2, (32)

Example 3: Consider the following non-linear ordinary
differential equation of order 3, with the imtial conditions
v = 0,y(0) =1 and y"(0) = 2 and the exact solution
y(x) = xe".

y”’=ly+y’, (33)
X

Considering three functions, y,(x) = y(x), y,(x) = y'(x) and
y4(x) = y"(x) and we can convert (33) mto the following
non-linear system of three differential equation of order
one.

Y1’=y2=
y’2=Y3= (34)
.1
Y=Y+ Ys
X

From Eq. 9, if the two terms approximations are sufficient,
we will obtai:

Vi=VotPv,t P’ Vizt P’ Vigt p* Vigto
V; = Voo TRV, p’ Vit P Vys t p’ Vgt (35)
Vy= Vi +PVy + PZ Vgt p3 Viz + P4 Vigtooo
where, v;;, 1] 1,2,3,4,..., are functions yet to be
determined.
Therefore from Eq. 10:

k=4
v = lim v,(x)= 2 v, (x),
p—l k=0
k=4

¥, (%) = lim v,(x) =2 v, (x), (36)

p—l k=0

k=4
V(0 = lim V(0 =2V, , (%),
p—l k=0
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As in the previous examples if we apply the HPM, we can
construct a homotopy of system (34) as follows:

(1*13)(\% - *uLu)er(vl *vz)ZO,
(1—p)(V2 _Vz_ﬂz,u)+p(v2 _Vz)z 0, (37)
(1 _p)(‘}z - l-lz,u) + p(‘}z - - Vz) =0,

Substituting mitial conditions and (35) mto Eq. 37 and
rearranging based on powers of p-terms, we have:

(vz,u - V3,0)Jr (V2,1 - V3,1)p + (vz,z - va,z)p2 +
(Vz,z - 3,3)p3 + (‘-{2,4 - V3,4)p4 +..=0,

(38)

. . 1 . 1
(Vz,u)Jr (vz,l —V3p— ;Vu] p+ (vz,g - ;Vu - VE,l)p2 +

. 1 . 1
(Vz,z - ;Vu — Vi )p3 + (V3,4 - ;Vu - Vz,z)p4 +..=0,

In order to obtain the unknowns v;;,1,) = 1,2,3,4... we must
construct and solve the following system which mcludes
fifteen equations with fifteen unknowns:

V(X)) =% +%,

vlll(x):%xd-#%)(z,
1 5 1.,
X'+ 2y,
Via(X) = 2880 60 8
NERNE R SR Y SN
967680 | 100800 2880 40
1 " 113 s 19
X+ X
696729600 304819200 691200
67 5, 1

B 100800 X+ 240
V(X)) =2x+1,
3
2

Via(X) =
V4 (X)=

s

v“(x)ffx + 0%

1 5 1., 1,
V. X)=—X +—X +-X7,
22 (%) 480 12 2

SRS E N § ERPR P

V(X = +— X+ —x7+=x°,
120960 14400 480 8
v, (x) = L %+ 113 x° 19 X
’ 69672960 33868800 86400
67 . 1
+——x"+ X
14400 40
Vo (X) =2,
Vi, (%) = %xz +3x,
1 4, 1., 3,
Vo (X) =—x*+ oxt e Txd,
sal%) 96 37 2

SRR E RN | SIPIN (39)
V(%)= +——xX +—xX'+=X
17280 2400 96 2

L e, 113 5 133

V. X)=
2aX) 7741440 4233600 86400
67 5 1,
+ X +=X,
2400 8

Therefore from Eq. 36:

V() =x+%* +lx3 -¢—lx‘1 +LX5 +LX6 +LX7
26 T 100 12600 (40
23 B 113 5 1 10

+ X + X + X
806400 304819200 696729600

y, ()= 1+2X+3X +2X +ix“+Lx5+LX6
2 3 24 20 180 (41)

23, 13 1 .

+ X+ o X
100800 33868800 696729600
¥, (%) =2+ 3%+ 2%% el L, B o
6 4 300 14000 (42)
113 N 1 %
+ X+ X,
4233600 7741440

The solution, v,(x) in a closed form is found to be:
Y00 = Y0 =X ¢, (43)

Which is exactly the same as obtained by Adomian’s
decomposition method 1 and exact solution of the
system 32.

CONCLUSIONS

In this study, the homotopy perturbation method has
been successfully used to solve system of ordinary
differential equations. The solution obtained by means of
the homotopy perturbation method is an infinite power
series for appropriate initial condition, which can be, in
turn, expressed in a closed form. The results obtained here
were compared with the exact solutions and the results
reported by using other method. All the examples show
that the results of the present method are in excellent
agreement with those obtained by the analytical method
and exact solution. The HPM has got many merits and
much more advantages than the Adomian’s
decomposition method. This method is to overcome the
difficulties arising in calculation of Adomian polynomials.
Also the HPM does not require small parameters in the
equation, so that the limitations of the traditional
perturbation methods can be eliminated and also the
calculations in the HPM are simple and straightforward.
The reliability of the method and the reduction in the size
of computational domain give this method a wider
applicability.

For computations we used Maple 9.5.
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