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Abstract: Tn this study, fuzzy metric and normed space are considered and some fixed point theorems in these
spaces are proved. In this study at first two fixed pomt theorems m nonlinear case in the fuzzy metric spaces
are proved then an nonlinear contraction theorem in the fuzzy normed spaces is proved.
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INTRODUCTION

The concept of fuzzy sets was introduced initially by
Zadeh (1965). To use tlis concept i topology and
analysis many researchers have developed a theory of
fuzzy sets and applications. George and Veeramani (1994)
mtroduced the concept of fuzzy metric spaces. In this
study we state some of the basic facts about fuzzy metric
and normed spaces.

Definition 1: A bmary operation *[0.1]x[0,1]—[0,1] 1s
ontinuous  t-norm if * is satisfying the following
conditions:

* ¥ i commutative and associative

+ *is continuous

¢« a*l =aforallae[0,1]

s a*bz<c*d whenever a<cand b<d and a,b,c,d €[0,1]

Two typical examples of continuous t-norm are
a*b =aband a*b = min (a,b).

Definition 2: A triple (X, M, *) 13 called a fuzzy metric
space if X is an arbitrary (non-empty) set, * is a
continuous t-norm, and M is a fuzzy set on 37x(0,),
satisfying the following conditions for each x, v zeX and
t.s=0:

e Mz y, t)=0

e M(x y,t)=1lifandonlyifx=y

s Mxy,H=M{,xt)

s M vyv.0)*M(y,z tts)<M(y, z, t+s)
M (x, ¥):]0,%)—]0,1] is continuous

Example 1: Let (X.d) be a metric space, define a*b = ab or
a*b = min (a,b) and

M(x,yt)= trdey)

which is called the standard fuzzy metric induced by
metric d.

Let (X, M, *) be a fuzzy metric space . For t=0, the
open ball B(x, 1, t) with center x € X and radius O<r<1 1s
defined by:

B(xrt)={ye X:M(x,y,t)>1-r1}

Let (34, M, *) be a fuzzy metric space. Let T be the set
of all AcX with x € A if and only if there exist t=0 and
O<r<1 such that B(x, 1, t) € A.

Then T is a topology on x (induced by the fuzzy
metric M), This topology 1s Hausdorff and first
countable. A sequence {x} in X converges to x if and
only M(x,, x, t)=1 as n— o, for each t=0. It is called a
Cauchy sequence 1if for each O<e<l and t>0, there exits
n, € N such that M(x,, x,, t)>1-¢ for each n, m=n,. The
fuzzy metric space (x, M, *) 13 said to be complete if every
Cauchy sequence 1s convergent.

Lemma 1: Let (X, M, *) be fuzzy metric space. Then,
M (%, v, t) is non-decreasing with respectto t, for all x, y in
X.

Definition 3: The triple (X, N, *) 1s said to be a fuzzy
normed space if X 1s a vector space, * 13 a continmuous
t-norm and N is a fuzzy set on Xx(0,%0) satisfying the
following conditions for every x, ¥y € X and t, s0:

Nix t)=0
» N t)=1ifandonlyifx=0

* Nox, )= N[X,LJ for each v # 0
o
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o N (x, t)*N(y, )< N(x+ty, t+s)
o N (x): (0, )=[0, 1] s continuous

where, in (¢), @ 1s in the scalar field of X. In this case N 1s
called a fuzzy norm.

Lemma 2: Let (X, N,*) be a fuzzy normed space. If define:
My, ) =Ny, 1)

then, M 1s a fuzzy metric on X, which 1s said to be induced
by the fuzzy norm N.

The fuzzy normed space (X, N, *) is said to be a fuzzy
Banach space whenever X is complete with respect to the
fuzzy metric induced by fuzzy norm.

Lemma 3: Let (X, M, *) be fuzzy metric space and define
Ny X'2R {0} by
Ein (x, y) = inf{t>0M(x, y, t)>1-A}

for each A€0,1] and x, v € X. Then
(i) For any pe]0,1[ there exists Ae]0,1[ such that:

E,u (%1, Xo)<By lxy, X2)+"'+Ep,M (%pps %)
for any x,,...,x, €X
(ii) The sequence {x.}., is convergent with respect to
fuzzy metric M if and only if E, (%, x)=0. Also the
sequence {x,} 1s a Cauchy sequence with respect to fuzzy

metric M if and only if it is a Cauchy sequence with E, ;.

Proof: For (i), for every p €]0,1[, there is a A€]0,1[ such
that (1-A)* ... *(1-A)>(1-p). By the triangular inequality:

M, %, By g (30,3, )4 By (X%, )+ 08)
=M%, X, El,M (xl,xz)-f— ) M (x, X, By (XX, )+ 8)
(I-A)*.*(1-A)>1-n

v

for every 8>0, which implies that:

E (%%, ) SE, 3 (%,%,) 4By (%550 + o+ By (X, %, )+ 08,

Since, 3> 0, is arbitrary,

E X ’XH)SEl,M(Xl’X2)+El,M(X2

l‘,M( . )+t E

(Xop%,)

For (i) M(x_,x,m) > (1-A) < E, ,; (x,,x) < n for every n > 0.

Definition 4: The fuzzy metric space (X, M, *) said that
has the property (C), if it satisfies the following condition:

Mix,y,t) =C, forall t=0 implies C=1
Lemma 4: Tet the function (t) satisfies the following

condition:
() Pp(t):[0,50] is nondecreasing and

IWLAUE

for all t=0, when ¢"(t) denotes the n-th iterative function
of ¢ (1), then dp(t)<t for all =0.

THE MAIN RESULTS

Theorem 1: Let {A} be a sequence of mappings A of a
complete fuzzy metric space (X, M, *), which this space
has the property (C), into itself such that, for any two
mappings A;, A

M(AT (x).A7 (¥)-0, ()2 M(x.3.1)

for some m, x, yeX and for all t=0.

Here, ¢;;:[0, «)—[0, =) is a tunction such that ¢,
{(ti=<d(t) for i, j =1,2,... and the function ¢(t): [0, «)—ron to
[0,00) is strictly increasing and satisfies condition ¢. Then
the sequence {A } has a unique common fixed pomt in X.

Proof: Let x, be an arbitrary pomt m X and define a
sequence {x,} in X by:

X = AT (%), %, = AT (%, ).
Then:

M (%5, 0(1)) =2 M(x,,%,,0, 5 (1)) = M{A] (x5 ), AT (x,), ¢, (1))

2M(x,.%,,t)
and:
M(X2=X3= Z(t)) Ed M(X X ¢‘23 )
= M(A2 Xz ¢’23(¢( )))
= M(x.x )
2 M({x,.x%, t)

and so on. By induction,
M(X“,XM,(I)“ (t)) > M(%g,%;,t)

which implies

1398



J. Applied Sci., 9 (7): 1397-1400, 2009

Ep (X X,) = inf{q)“(t)>0:M(Xn,xml,¢“(t))>lfl}
< inf{¢“(t)>O:M(XD,Xl,t)>17)»}
= (])n(inf{t>0:M(XU,X1,I;)>17)~})

= ¢‘n (EJL,M (Xu Xy ))

for every A€]0,1].
Now, showed that {x,} 1s a Cauchy sequence. For
every uel0,1[, there exists y€]0,1[such that:

v,M(Xm 2>

)++E(x)

n* a+l

as m, n> 1. Since, X 18 complete, there 15 x € X such that

limx, =x

f—es

Now is proved that x is a periodic point of A, for any
1=1, 2, ... Notice:

M{xAT (X)) 2 M(xx,,t—6(t)) *M (x,, AT (x).6(t))
= M{xx, t—o(t))*M(A" (x, —1),A" (x).0(t))

Y

= =

R
- K

<

- =

o
o o

1
—
)
—_
1l

as nreo. Thus M(x, A (x),t)=1 and is got Al (x)=x.

To show uniqueness, assume that y # x is another
periodic point of A,
Then:

M(x.y.¢* (t))= M

N
=
sl
e
=
i
—_
—
<=
=
[
v
=
sl
t<:
=

On the other hand, by Lemma 1 implies that:
M(x,y,c])“ (t)) < M(x,y,t)
Hence, M(x, v, t) = C for all t=0. Since, M has the
property (C), it follows:
That C=1,1e,X =Y. Also:

Ax)=A (AT (x))= AT (A(x)

ie., A; (x)is also a periodic point of A, Therefore, x = A,
(x), i.e., x is a unique common fixed periodic point of the
mappings A, forn=1,2... . This completes the proof.

Theorem 2: Let (X, M, *) be a complete fuzzy metric
space, let (3{, M, *) has the property (C) and let f, g: X—X
be maps that satisfy the following conditions:

* g fX)

» {15 continuous

* M (g(x), gly), $(t))=M(f(x), f{y)D) forall x, y € X
where, the function o(t):[0,e0]—=25[0,=] is strictly
increasing and satisfies condition ¢

Then f and g have a unique common fixed point
provided f and g commute.

Proof: Let x, €X. By (a) there 1s x, such that f(x)) = g (x,).
By induction, we can define a sequence {x,}, such that
fix,) = g(x,,). By induction again:

M(f(x, )£ (x,,,). (1)) = M{g(x,,).8(x,).0"(1))
M(f(x,).f(x,).0™" (1))

2 M(F(x,).F (%))

IV

I

forn=12,..., which implies that:

(£ (%,).£(x,0)) = inf{o" (£)> 0:M{£(x,).£(x,,,). 4" (t)) > 1- A}
2 inf{e"(t)> 0:M(f (%), £ (x, ).t > 1 -2}
= ¢ {inf {t>0:M(f (x).£(x,).t) > 1-A})

= O By (F(x0).0(x1)))

for every A€]0,1].

Now, have been showed that {f(x,)} is a Cauchy
sequence. For every nel0,1[, there exists y€]0,1[ such that,
for mzn,

Eum(f(xn)sf(xm))
< EvM(( X )+ B (P ), (x
< (e YM( ()£ (x )))

wt )]+t B (£ (5)F (%0))

as m,n—ee. Since, X is complete, there exists y € X such
that lim,,_f(x,) = vy. So, g(x,,) = f(x,) tends to y. Tt can be
seen from (¢) that the continuity of f implies that to g.
Thus {g(fix )}, converges to g(y). However,
g(f(x,)) = flg(x,)) by the commutativity of f and g. Thus
flg (x,)) converges to f (y). Because the limits are unique,

fly)=gly). So, {{f(y)) = f{gly)) by commutativity and:
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On the other hand, Lemma 1 implies that:
M(g(y).8(8(y)).0" (1)) <M{g(y).8(8(y)).t]

Hence, M (g(y), glg(y), t) = C for all t=0. Since, M has
the property (C), it follows that C =1, 1.e., g(v) = g(g(y)).
Thus, g (v) = glgly)) = (g(¥)). So, g(y) 1s a common fixed
point of fand g.

If y and z are two fixed points common to f and g,

then:

M(yzt)
= Mig(y).g(z).0"(1) ) ( 247 (1))
= M(yz ) =M t)

On the other hand, by Lemma 1
M(y,z,t])“ (t)) <M(y,zt)

Hence, M(y, z, t) = C for all £=0. Since, M has the
property (C), it follows that C=1,1e, v =z

Theorem 3: Let W be a closed and convex subset of a

fuzzy Banach space (V, N, *) and f W—W a mapping
which satisfies the condition:

N(x—fx,tb(t))*N(y—fy,qJ(t))zN(x—y,%} 1)

for all % yeW and for all t-0. The function
$(t):[0,00] —=-[0,00] 15 strictly increasing and satisfies
condition ¢. Then fhas at least a fixed point.

Proof: Let x, m W be arbitrary and let a sequence {x,} be
defined by:
X =[x, T f(x)])/2 n=0,1,2,.)

For this sequence,

x, —fx, = 2x, —(x, +%,)/2]=2(x, — %)

and hence,
N(x, - fx,.0(1)) = N[xn - xm,q’(;)} m=0L2.) (2

Therefore, for x = x,, and y = x, the condition (Eq. 1)
states:

N(x,, — 5, o(t))*N(x, - &,.0(t))= N[xn_1 - x%}
By condition (Eq. 2):
N(x, — %, 0(t)/2)* N(x, - x,,..6(1)/ 2) 2 N(x,
Hence, N(x, -x,,,.0(t)) = N(x,_, —x,.t).
By Lemma 2 as proof of Theorem 1 is concluded that

{x,} 18 Cauchy sequence m W and converges to some
ueW. Since:

—x,.t/2)

Hence,
lim,,.fx,=u
Now, let us put in Eq. 1 x =uandy=x, and use
Eq. 2. Then:

N(u i, o))" N(x

e () N, 112)
If now n tend to infity one has:
N (u-fudp(t)) =1
which implies that fu = u and this theorem is established.
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