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Abstract: Let (S, 15) be a topological semigroup. In this note, we study the notion of topological congruences
on topological S-acts, i.e., for a topological S-act (A, 1), when A/ with the quotient topology 1s a topological
S-act. Let (A, T) be a topological S-act (S-flow) and 0 be an S-act congruence on A (a semigroup congruence
on 3) and let Ly be the lattice of closed subsets, relative to the closure operator Cy. As the main result of this
study, we prove that B is a topological congruence on (A, t,) (resp., (S, tg)) if and only if (A, t,NLg) (resp.,
(8, T Ly)) 1s a topological S-act (a topological semigroup). Also, we prove that when Y is closed, the study
of Rees congruence py1s related to the study of the lattice of open sets which contain Y.
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topology
INTRODUCTION with 1, la = a (for more mformation about S-acts,
{(Ebralimi and Mahmoudi, 2001; Kilp et af., 2000).
Topological semigroups, their actions, their A semigroup S with topology Ty 1s a topological

representations and topological congruences over them
have been studied by many mathematicians and have a
very wide usage in many fields like topological vector
spaces, geometry or analysis. More specially, there are
many works about topological Rees congruences on
semigroups and there are some works about the
congruences on S-flows which are compact topological
S-acts (Berglund et al., 1989; Gonzalez, 2001 ; Gutik and
Pavlyk, 2006, Hryniv, 2005; Lawson and Lisan, 1994,
Lawson and Madison, 1971; Normak, 1993, 2006).

As the first step in the study of the category of
topological S-acts, in this note, we study the notion of
topological congruences on topological S-acts. This
study can be used 1n the study of umiversal objects like
push out or coequalizer. Here, we briefly state the notions
and definitions which will be used in present study about
topological S-acts and their congruences. Next, we will
state a criterion for detecting topological congruences on
topological S-acts and as well, on topological semigroups.
As an application of the results, we give a necessary and
sufficient condition for a longstanding problem raised by
Wallce (1955). Later we will give a better criterion for Rees
congruence pg on a topological S-act (A, T,) where, B 1s
a closed subact of A. As a part of this section, we will
prove that if B 1s a closed compact or clopen subact of
(A, T,), then the Rees congruence py 15 a topological
congruence on (A, T,).

Recall that, for a semigroup S, a set A is a left S-act if
there is, so called, an action A: SxA-A such that,
dencting A (s, a): = sa, (st) a =s (ta) and, if S is a monoid
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semigroup if the multiplication p: Sx3-S 18 (Jointly)
contimuous, where Sx S has product topology. We denote
such a topological semigroup by (S, T3).

For a topological semigroup (S, 13), a (left) topological
S-act is an S-act A with a topology T, on it such that the
action A: SxA- A is jointly continuous. (Note that SxA is
considered with product topology). If A with a topology
T, 18 a topological S-act, we simply denote it by (A, T,).

Since, in our study, we need to discuss on one S-act
or one semigroup with different topologies, we use this
terminology to prevent misunderstanding. We denote the
category of all left topological S-acts with continuous
S-homomorphisms between them with S-Top.

Recall that for a semigroup S and an S-act A, the
functions A; A-~A 1s defined by vy-sy for any veY.
Similarly for any acA the function p,: S-A is defined by
y-sa. Since, in some of our results we need to talk about
Ao A-A and A; A/6-A/B at the same time, to prevent
misunderstanding, we show the latter by A;: A/6-A/0.

Now, if S has a topology t; for which its
multiplication SxS-5 is (separately) continuous, that is, A,
and p, are continuous for all s€3, then S with this
topology 1s  called semitopological semigroup
{(for more information about semitopological semigroups
{(Berglund and Hofmann, 1967, Wolfgang, 1984).

Similarly, one can define a semitopological S-act by
taking A; A~Aand p,; S~ A to be continuous for each s€S
and aeA (Khosravi, 2009).

We say a topological semigroup (S, 1) has (left) ideal
topology, if any open setin S is a (left) ideal of S (this

a



J. Applied Sci., 10 (9): 766-771, 2010

definition is more general than what is implied by Normak
(1993). Similarly, a topological S-act (A, T,) has subact
topology, if any open set in A is a subact of A.

A semigroup topological congruence
topological semigroup (S, T;) is a semigroup congruence
0 (that 1s, if s0s' where, s, s'€S, then for any teS, tsOts'
and stBs't) such that the semigroup S/0 with the quotient
topology is a topological semigroup.

on a

For an S-act A and a congruence 0 on it, we denote
the usual quotient map from A to A/0 by . By a zero in
an S-act A, we mean an element a€A such that for any
s€S, sa = a. For an S-act A, by P (A) we mean the
powerset of the underling set of A.

By a clopen subset in a topological space, we mean
a closed and open subset in that space. In this study,
for any subset C of a topological space X, by cl(C) and
int(C), we mean the closure of the set C in X and the
mterior of C in X, respectively. By a descending cham of
open subsets m a topological space, we mean a collection
of open sets which is induced by a totally ordered set T
such that for all @, Bel, if g <P, then O 20,

S-ACT TOPOLOGICAL CONGRUENCE

An S-act topological congruence or when there is no
ambiguity about S-act, briefly, a topological congruence
on a topological S-act (A, tT,) is an S-act congruence 0
(that 1s, if a0a' for a, a'€A, then saOsa’ for all s€3) such
that the S-act A/6 with the quotient topology is a
topological S-act.

Remark 1: Considering a semigroup S as an S-act, any
semigroup congruence is an S-act congruence, but the
converse is not true in general. However, there are
topological semigroups, namely S with some congruence
0 such that 6 is not a topological semigroup congruence
while 8 is a topological S-act congruence.

Let, (A, T,) be a topological S-act and 6 be a
congruence on A. The following is a closure operator on
A (Bumis and Sankappanavar, 1981, Dikraman and
Tholen, 1995).

CoP{A P (A
Cy(B):= {a AlITbeB st. adb}

A subset X of A is called a closed subset, (relative to
Cy), if Co(X) = X Consider the lattice of closed subsets
relative to Ceand denote it by L (To = {B = A|Ce(B) =B}).
Since, Lyis a sub-Boolean algebra of P (A), it obviously
forms a topology on A.
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Remark 2: Note that for a topological S-act (A, 1,) anda
congruence 8 on it, for any open set Oet, N L,, the image
O under the map 1m: A-A/0 is open in A/ with the
quotient topology.

For any topological S-act (A, T,), the study of a
topological congruence B on (A, t,), depends essentially
on the behavior of the original topology T, and the
topology L, The following propositon shows this
relation.

Proposition 3: Let, (A, T) be a topological S-act and 6 be
a congruence on A, then 0 1s a topological congruence if
and only if (A, T Lg) is a topological S-act.

Proof: (=) Let 0 be a topological congruence. Let s€S,
aeA and Uetn L, with saeU. By Remark 2, m(U) is an
open set which contains s[a]. So, there exist open sets W,
and Vi, in S and A/B, respectively such that se W, [a]eV,
and s[a]eW,E V|, c 1(U). Note that the open set 7'(V,)
contains a and belongs to T N Lyand further satisfies
sa € Wen ' (Vi en(n(U)) = U, (since UeLy). So
(A, trlg) is a topological S-act.

(=) Let (A, T Ly) be a topological S-act for some
congruence 0 on A. We show that A/0 with the quotient
topology is a topological S-act.

Let se8, [aleA/8 and U in A/B are given such that
s[aleU. So saen () and we know that T '(U)et Ly, so
by the assumption, there exist open sets V. €1rLyand W,
such that acV,, seW, and sacW_ V,c ' (U).

Since Vet M Ly, by Remark 2, we have n(V,) is open
in A0, So s[aleW, - (V) < w{(n (U = U, (since
(et L)

By a similar argument as in the proof of
Proposition 3, (1) and (2) we get the semigroup
congruence version of the above proposition which is a
necessary and sufficient condition for this question raised
by Wallce (1955) that when the quotient semigroup S/6 is
topological.

Proposition 4: Let (5, T;) be a topological semigroup and
6 be a semigroup congruence on it. Then the following
are equivalent:

+ 0 is a semigroup topological congruence
s (S, 13N Ly) is a topological semigroup

Since, the next proposition can be proved easily, we
state 1t without proof.

Proposition 5: Suppose that (A, T,) is a topological S-act
and 0 is a congruence on A. If m: A~A/0 is an open map,
then 6 is a topological congruence.
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Note that we have the following property for any
congruence 0 on A.

Proposition 6: (Khosravi, 2009): Let (A, T,) be a
topological S-act. Then for every congruence 8 on A, we
have:

For all seS, the map A A/6-A/B defined by [a]-s[a]
1s continuous
For all acA, the map py;: S- A/ s-s[a] is continuous

As a quick consequence of the above proposition,
we have:

Corollary 7: For any topological S-act (A, 1,) and any
congruence 0 on A, A/8 with the quotient topology is a
semitopological S-act

Remark 8: Since, the lattice of closed subsets relative to
a closure operator is closed under arbitrary intersections,
if (A, T,) 18 an Alexandroff topological S-act, then for any
congruence 0 on A, (A, 1,M L) is an Alexandroff space.
By the definition of the quotient topology, this implies
that A/6 with the quotient topology is an Alexandroff
space

Corollary 9: Tet (A, 1) be an Alexandroff topological
S-act and @ be an arbitrary congruence on A. Then 0 is a
topological congruence and A/8 with the quotient
topology 1s an Alexandroff topological S-act

Proof: Since for an Alexandroff topological S-acts, the
joint continuity and separately continuity of the action is
equivalent (Khosravi, 2009) 8 is a topological congruence
by Corollary 8 and A/ is Alexandroff. As a quick result
of the above proposition, we have:

Corollary 10: Let S-Alex be the category of all

Alexandroff topological S-acts with continuous S-
homomorphisms between them. Then S-Alex is closed

under quotient. Similar to Proposition 9, we have:

Proposition 11: Let (S, 1) be an Alexandroff topological
semigroup and (A, t,) be a topological S-act and 6 be an
arbitrary congruence on A. Then 6 is a topological
congruence.

Corollary 12: For an Alexandroff topological semigroup
(S, tg), S-Top is closed under quotient and it is complete
and cocomplete.
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REES TOPOLOGICAL CONGRUENCE

Here, we study the Rees congruences on topological
S-acts and on topological semigroups. In fact, n this
section, we consider this question: for which subact Y of
a topological S-act (A, 1,), the Rees congruence py1s a
topological congruence?.

In the rest of this note, suppose that (3, tg) is a
topological semigroup. For a topological S-act (A, t,) and
its closed subact Y, first we give necessary and sufficient
conditions for this question. Then by using these
conditions, in some cases like when the lattice of open
sets which contain Y, has a minimum element, or when
(8, T3 18 locally compact or Alexandroff, we answer to this
question.

Notation 13: From now on, we denote the lattice L by L+
for simplicity. Similarly, we denote the operator C by Cy.
Also, for a topological S-act (A, T,), by a Rees quotient
space, we mean the quotient space A/Y, for some subact
Y.

Remark 14: As a quick consequence of Corollary 9, we
can easily conclude that every Rees congruence on a
topological S-act (A, t,) where (3, 1) is an Alexandroff
topological semigroup, 1s topological.

Since by Proposition 3, for any topological S-act
(A, T,), the study of congruence pyon A depends on the
structure of the lattice 1,1 Ly before we continue present
study mn this section, we explain this structure m the
following.

Remark 15: For a topological S-act (A, T,) and a subact
Y of it, the elements of T M Lare:

s Open sets which contain Y
s Open sets which are disjoint from Y

We are gomng to study the S-act Rees congruence p
where Y 1s a closed subact. For this purpose, we divide
our discussion to the following cases:

Y 1s a closed compact subact

Y is a closed subact and the lattice of open sets in
T ,Lywhich contain Y, has a minimum element

Y is a closed subact and there exists a chain of open
sets in TN Lyaround Y which has no minimal element.

Then, we state and prove an equivalence condition
which can be used in all of these cases. Then, by using
thus tool, we characterize topological Rees congruences in
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the first and the second case exactly. For the third case,
we answer the question mm some cases with extra
assumptions.

Before we state the next proposition in this section,
we need the following notation.

Notation 16: For an S-act A and two subsets U and V of
A, by (U V), we mean the following set:

(V) = {se3sVcU }

Now, we state the Rees congruence version of
Proposition 3 for a closed subact, which simplifies present
study in future.

Proposition 17: Suppose that Y is a closed subact of a
topological S-act (A, 71,). Then the following are
equivalent:

(1) pvis a topological congruence.

(ii) For each open set U in A which contains Y, there
exists a family of open subsets of U like {V, },.;such
that each V, contains Y and {int((U: V N}, is an
open covering for S.

(iii) Considering A with topology t,MlL., the action A:
SxA-A, 1s continuous at any point (s, y) where, yeY
and seS.

(iv) The action of A/Y is continuous at any point
(s, [y],v) where yeY and seS.

Proof: (1)=(2) Suppose that py is a topological
congruence. By Proposition 3, (A, T,MLy) 1s a topological
S-act, so for any arbitrary a€Y, seS and Uet,nLsuch that
sael, there exist open sets V_e1,NLand W g1 which
contain a and s, respectively such that saeW_V_cU. Now
note that since Y is an S-act and acYcV,,, then saeV ..
Therefore without lose of generality, we can assume that
V.2 U. Consider the family {V,,} swhich 1s found by the
above discussion. Since aeV,, for any se3 and acY, by
Proposition 15, YeV_, for any se€S. Note that for any seS,
mt((U: V) contains W . So, obviously {mt((U: V,_ )} s1s
an open covering for S.

(2)=(3) We prove this part by Proposition 3. Suppose
that we are given a€A and s€S3 and Uet,NL, such that
sacll. By hypotheses, there exists an open covering
Sint((U: V )1, for S such that for all zel, V, contains Y.
So, there exists a § such that semt((U: Vj)). We have
obviously Vet MLy and sacint((U: V))»V,cU.

(3)=(4) Suppose that we are given veY, s€5 and an
open set U in A/Y such that s[y]eU. Obviously
17 (Met,NLyand syern™ (U). By hypothesis, there exist
W, and V,et,ML, which contain s and y, respectively
such that syeW,-V,c 17" (U). By Remark 2, ©(V,) is open
mA/Y and syeW, - (V)= U
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(4)=(1) According to Proposition 3, we need to prove
that (A, t,nL+) 1s a topological S-act. Suppose that agA,
seS and Uet, MLy are given such that sacU. Since (A, T,)
15 a topological S-act, there exist open sets V, and W,
which contain a and s, respectively such that WV, cU. Tf
ag¢Y, then define O = VN(A¥Y). By proposition 3, O
belongs to 1ML which contains a and satisfies:

sacW - OclU

So the action of A is continuous at every point (s, a)
staisnot mY and sel. Now suppose that aeY. Since
Uet,nLy is a nonempty open set, the set U contains Y
and we have cbviously n™'(m(U)) = U. Hence s[alen(U)
where, m(U) is an open set in the quotient topology. By
the hypothesis, there exist cpen sets W, and V; which
contains s and [a], respectively and s[a]eW -V cm(U).

Remark 18: Note that if for some topological S-act
(A, T,) and two subacts of it, namely Y and Z, the lattices
Ly, and Lt are the same, then pyis topological if and
only if p, 1 topological. This fact can be used as a method
for studying Rees congruences by relating them to some
known topological Rees congruences. We explain this
method by the next example.

Example 19: Consider (N7, min) with topology © = {@,
IN"Htuf{l, .., nin>4}. It 13 obviously a topological
semigroup and for ideals Y: = {1, 2t and 7: = {1, 2, 3},
we have TNL, = 1L, (Since Z is closed and trL; has
minimum element, p, is topological by Proposition 28,
therefore, by the above remark, py 1s topological).

Proposition 20: Let (S, 1;) be a topological monoid with
some topology on it such that 1 just belongs to one open
set n 5. I[f (A, 7,) 18 a topological S-actand Y 1s its closed
subact, then pis topological.

Proof: First note that all of the topological S-acts on this
monoid have subact topology. Since (A, T,) is a
topological S-act and we have obviously la = a€U for
any arbitrary UetT, and a€U, there exist open sets W, and
V, such that 1aeW,-V.cU. But by the assumption, we
have W, = 5. So SacU for all every point (s, a) s.t. a is not
in Y and a€eU, therefore U is a subact. By Proposition 17
since for any open set U in T, we have (U: U) = 5, the
congruence pyis topological.

Similarly, by Proposition 17. one can easily prove

that:

Proposition 21: Let (A, T,) be a topological S-act with
subact topology. Then for any closed subact Y, the Rees
congruence p+1s topological.



J. Applied Sci., 10 (9): 766-771, 2010

As a quick consequence of proposition 20, we have:

Corollary 22: Let (S, 15) be a topological monoid with
some 1deal topology. Then any Rees congruence py for
any closed subact Y of a topological S-act is topological.

Proposition 23: T.et Y be a compact closed subact of
(A, T,). Then py1s a topological congruence.

Proof: To prove this assertion, we use Proposition 17. In
fact we show that if we consider A with topology 1,ML+,
then the action A: SxA-A is continuous at every point
(s, y) where, veY and seS. Suppose that we are given seS,
veY and an open set TJ which contains Y such that syeU.
Since, (A, T,) is a topological S-act, there exist open sets
V(y) €1, and W (s, yv) €7y which contain y and s,
respectively such that:

syeW (5, v) V(y)c U

Fixing s and repeating the above argument for any
veY, we reach to the family {V (y): yeY } which 1s clearly
an open covering for Y. Since, Y is a compact subact,
there exist open sets V (v,),..., V(v ) for some keN such
that:

Ye Viyu.u V(v

Let V be the union of V (y;), for 1 <i<k and W be the
mtersection of W (s, y,), for 1<i1< k. We have saeW- VU,

Since any closed subset of a compact space is
compact, as a quick result of the above proposition, we
have:

Corollary 24: Let (A, T,) be an S- flow. Then for any Rees
congruence P, on A such that Y is closed, the Rees
congruence p+is topological.

Remark 25: Note that if ©: X-X/p is a quotient map and
Z 1s a locally compact space, then the function mxid,1s a
quotient map, too.

Proposition 26: Tet (S, t3) be a locally compact
topological semigroup and (A, T,) be a topological S-act.
Then any congruence 8 on (A, 1,) is topological.

Proof: Tet A be the action of S on A and 6 be a
congruence on A. First, note that the following diagram 1s
commutative:

k3

Sx A — A

l \:

SxA/O —a A/O

id, xm T
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where, T: A~ A/0 is the natural quotient map. Let O be an
open set in A/6. Since m and A are continuous, the
inverse image of O under O A is open in SxA. Define V :=
{(moA)Y (D). Since, S is locally compact, by Remarlk 25 the
function 1d;x 7 15 a quotient map and (idg *7)(V ) 1s open
in $xA/0. Hence A,,is continuous and B is topological.

Example 27: Hrymv (2005) presented an example of a
locally compact topological semigroup (S, 1) and a closed
ideal I such that S/ 13 not a topological semigroup.
Therefore by the above proposition, for the topological
semigroup (3, T;) which is presented (Hryniv, 20035), p,is
a topological S-act congruence however it 1s not a
topological semigroup congruence.

Up to now, for a topological S-act (A, T,), we prove
present results by putting some conditions on (A, T, ) or
(S, Tg), or by putting some conditions on Y. In the next
proposition, we put a condition on the lattice T, M L.

Proposition 28: Let Y <A be a closed subact of (A, T,)
such that there exists a minimum open subset which
contains Y. Then py 1s a topological congruence if and
only if the minimum open set which contains Y is a
subact.

Proof: (=) suppose that pyis a topological congruence.
So by Proposition 17, for any arbitrary a€Y, s€S and
minimum open set O which contains Y, there is an open
set V. O which contains Y and an open set W jaround s
such that sacW,-V,c O. Since O is the minimum open set,
V = 0. Therefore, we have:

WseS, 5 O O=5-0c O

(=) Again, we use Proposition 17. Suppose that we
are given a€Y, s€S and an open set U which contains Y
and sael]. Since, there exists a minimum open set Oc 1J
which is a subact of A and contains Y, we have sacS- Oc
Oc U. So py1s a topological congruence.

Corollary 29: Let (A, T, ) be a topological S-act and Y be
a clopen subact. Then p+is a topological congruence.
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