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Abstract: In this study the emphasis 13 placed on choosing the best plotting position used for the estimation
of the parameters of the Gumbel distribution. The Type T extreme value distribution that is also known as
Gumbel distribution has been used frequently to predict retumn periods in many engineering studies. The
location parameter (p) and scale parameter (0) of the Gumbel distribution was estimated using the regression
method. Simulation was used to obtain random variables of twenty Gumbel distributions with different
location and scale parameters. The number of sample sizes chosen is 10, 20, 50, 60, 80 and 100. The sample sizes
was divided into three different criteria namely small sample sizes for n = 10 and n = 20; medium sample sizes
forn = 50 and n = 60 and large sample sizes for n = 80 and n = 100. This simulation study was replicated ten
times. Seventeen plotting position formulae were chosen for this study namely Adamowski, Beard, Blom,
Chegodayev, Cunnane, Gringorten, Hazen, Hirsch, TEC56, Landwehr, Laplace, Mc Clung, Tukey, Filliben
estimator, Weibull, Gumbel and Anon. These plotting positions were used to estimate the Cumulative
Distnnbution Function (CDF) of Gumbel Distribution. Performance measures comprising of two error measures
and two accuracy measures were used to determine the best probability ploting position. It was found that
different plotting positions perform well for different sample sizes. The best plotting method for small sample
size is Landwehr and Hazen, for medium sample size the most suitable method is Landwehr and for large sample
size the best method is the Blom method.
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INTRODUCTION to estimate wind loads m Oman. They compared the

Gumbel plotting formula with the Gringorten plotting

Graphlical procedures form a very useful visual
method of verifying whether a theoretical distribution fits
an empirical distribution. This procedure is also known as
the regression method and it 13 important in engineering
especially in air pollution study, hydrological study and
structural study.

The Gumbel distribution is also known as the Type T
extreme value distribution and has been used successfully
to estimate return periods. Yahava et af. (2006) fitted the
Gumbel distribution to the carbon monoxide (CO)
concentration in Penang. They found that the method of
morments 1s better than the maximum likelihood estimator
for predicting parameters of the Gumbel distribution.
Almaawali et al. (2008) have used the Gumbel distribution

formula to determine the accuracy of the estimates. They
found that the Gumbel plotting formula gives the best
estimate for wind loads. Makkonen (2008) compares ten
plotting positions that have been used to estimate
hazards to structural safety. They found that using these
plotting positions results in underestimation of the risk.
De (2000) introduced a new plotting position to predict
the estimators of the Gumbel distribution. This new
plotting position was found to be as good as the
Gringorten plotting formula. Ying and Pandey (2005) used
the Weibull plotting formula to predict extreme wind
speed. They found that this estimator s good for
estimating the 50/500 year design wind speed.
Haktanira and Bozduman (1995) compares the effect of

Corresponding Author: Ahmad Shukri Yahaya, Clean Air Research Group, School of Civil Engineering, Universiti Sains Malaysia,
Engineering Campus, 14300 Nibong Tebal, Seberang Perai Selatan, Pulau Pinang, Malaysia
Tel: +(60)4-5996227 Fax: +(60)4-5941009

1501



J. Applied Sci., 12 (14): 1501-1506, 2012

using four plotting positions when using the probability-
weighted moments for estimating parameters four
different distributions. They found that the Landwehr
plotting formula are better or almost as good for all
four distributions that have been considered.

This study compared seventeen different plotting
positions by using graphical procedure that can be used
to estimate the location parameter () and scale parameter
(0) of the Type T extreme value distribution which is also
known as the Gumbel distribution.

MATERIALS AND METHODS
Gumbel distribution: A continuous random variable X

has a Gumbel distribution (Bury, 1999) if the Probability
Distribution Function (PDF) 1s in the form of:

e o):éexp{-x;“_exp{_ﬂ}} D

where, 0> 0, -0 <x, P < |
The Cumulative Distribution Function (CDF ) of the
Gumbel distribution 1s defined as:

F(x o) =emp {- exp {- %}} 2

where, 0= 0, o <x, u=< |
This parameter u is a location parameter and o 1s a
scale parameter.

Plotting procedure: Commonly, engineers will plot the
observation agamst the estimated Cumulative Distribution

Function (CDF) of the Gumbel distribution on a

Table 1: The plotting positions

probability paper. Then, a line is fitted using the least
squares method commonly used 1n fitting regression lines.
The mtercept and gradient of the straight line will provide
the estimated values for the location and scale parameters
of the Gumbel distribution.

By using transformations of the CDF of the Gumbel
distribution Equation 2), a straight line 1s obtained as
follows:

~In[~InF(z,))= %’-% (3)

where, x;, is the ordered observations for x.

Thus, plotting -In(-In(P,) versus the ordered data x,
results in approximately a straight line if the data is
from a Gumbel process. The parameters n a location
parameter and o a scale parameter could be estimated
from the intercept a and the slope b of the plot.

Plotting position: Seventeen plotting positions were used
in this study as shown as Table 1. These formulae are the
plotting positions that have been used frequently in the
literature (De, 2000, Adeboye and Alatise, 2007; Jay ef al.,
1998, Forthegill, 1990) estimating by Makkonen (2008) and
Hynman and Fan (1996).

Performance indicators: Performance Indicators (PI) were
used to measure how well the plotting formulae predict
the observed values of the Gumbel distributions. Two
error measures that is the Normalized Absolute Error
(NAE) and the Root Mean Square Error (RMSE) and two
accuracy measures that 13 Prediction Accuracy (PA) and
coefficient of determination (R*) were used. To produce a

Authors(Reference) Formula Authors Formula
Adamowski (De, 2000) _i-035 Landwehr (Makkonen, 2008) p o i=033
n+05 ' n
Beard (De, 2000) _i-031 Laplace (Jay et af., 1998) potl
' on+038 'n+2
Blom (Adebaoye and Alatise, 2007) _i-0375 McChing and Mears (Makkonen, 2008) _i-04
n+0.25 n
Chegoday ev (De, 2000) poi703 Tukey (Makk onen, 2008) 1
' n+04 p._ 3
Cnes
Cunnane (Cunnane, 1978) p_i704 Weibull (Hirsch, 1981) po_t
' on+02 n+l1
Gringorten (Adebove and Alatise, 2007) _i-0H Filliben (Adebove and Alatise, 2007) i-03175
Y on+012 F=4n-0385
0.5, i=n
Hazen (Adeboye and Alatise, 2007) 5= i-05 Anon (Makkonen, 2008) 5o i
n n
Hirsch (Jay et al., 1998) oo it05 Gumbel (Hynman and Fan, 1996) poicl
Yon+l Yn-1
IEC56 (Forthegill, 1990) i-05
025
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good estimator, the error measures must approach zero
and the accuracy measure should approach one.

Normalized absolute error (NAE): NAE is a statistics
indicator which measures the error between the predicted
values and observed values of a model or estimator (as a
comparison of residual error). The emror 1s calculated
according to Yahaya ef al. (2008):

T R 4

where, n1 1s the number of observations, O, 1s the observed
values and P, is the predicted values.

The root mean squared error (RMSE): RMSE 15 the
difference between the observed values and the predicted
values. Tt gives an average error of the estimator. The
formula is defined as (Tunninen et al., 2004):

RMSE<|=3(5-0,] : (3
£3m-o) |

inl

where, n1 1s the number of observations, O, 1s the observed
values and P, 1s the predicted values.

Prediction accuracy (PA): PA is statistical indicator
which measures the accuracy of the model or estimator.
The formula 1s defined as (Yahaya et al., 2008):

G ] (©)

where, n is the number of observations, O, is the observed
values, P, is the predicted values, © is the average of the
observed values,  is average of predicted values, op is
standard deviation of observed values and oo is standard
deviation of observed values. A good estimator or model
should have value of PA closer to one.

CoefTicient of determination (R?): R*is the proportion of
variability in a set data that is accounted for a statistical
model. The formula is defined as (Junninen et al., 2004):

. li[(pﬁ)qoﬁﬂ )

where, n is the number of observations, O, is the observed
values , P, 1s the predicted values, © 1s the average of the
observed values, 7 1s average of predicted values, op 1s

standard deviation of observed values and oo is standard
deviation of observed values. A good estimator or model
should have value of PA closer to one.

DATA

Twenty different parameters of the Gumbel
distribution were randomly selected to represent the
various  forms of the distribution. The simulated
parameter values for location parameter () ranges from a
mimmum of 16 to a maximum of 80 and the scale
parameter (0) values range from 122 wntil 339. Sample of
sizes 10, 20, 50, 60, 80 and 100 were used. Each of the
sample sizes were replicated five times for each Gumbel
distribution. For each sample sizes, 10000 random
variables were generated. Multiplicative congruential
generator (Law and Kelton, 2000) of the form:

X, = (397204094%, ) mod (2*'-1) (8)

was used to simulate the random variables. The
multiplicative congruential generator given in Eq. (8) was
found to have good statistical properties.

RESULTS AND DISCUSSION

Seventeen probability plotting positions
determined that can be used for the estimation of the
parameters of Gumbel distributions using regression
method. The predicted random variables for each of the
plotting positions were compared with the observed
simulated random variables and the error and accuracy
measures were obtained Since twenty Gumbel
distributions were simulated the average of the
performance indicators were obtained. The results of the
error measures that are the normalized absolute error and
the root mean square error are given in Table 2 and 3,
respectively. The sample sizes was divided into three
different criteria namely small sample sizes forn = 10 and
n = 20; medium sample sizes for n = 50 and n = 60 and
large sample sizes for n = 80 and n = 100.

From Table 2 and 3, it is clearly shown that for all
chosen plotting positions, the error obtained by NAE and
RMSE tends to zero as the sample sizes increases. The
results obtained for both NAE and RMSE error measures
show that Landwelr method 1s the best for small and
medium sample sizes and the Blom method 1s the best for
large sample size.

Table 4 and 5 give the results for the accuracy
measures that are the average prediction accuracy and
average coefficient of determination. The accuracy
measures tend to be better as the sample sizes increases.

WEre
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Table 2: Average nommalized absolute error valies

PPP n=10 n=20 n=>50 n =060 n =380 n=100
Adamowski 0.0941785 0.0972773 0.0311019 0.0249390 0.0217278 0.0186282
Beard 0.0928242 0.0937862 0.0284937 0.0243740 0.0204677 0.0211447
Blom 0.0890382 0.0884184 0.0249171 0.0256095 0.0212752 0.0173458
Chegodayev 0.0911093 0.0937062 0.0283142 0.0226973 0.0210873 0.0197370
Cunnane 0.0815534 0.0898066 0.0250324 0.0249093 0.0217714 0.0202268
Gringorten 0.0854410 0.0881661 0.02688406 0.0252260 0.0217593 0.0201307
Hazen 0.0792200 0.0849617 0.0258353 0.0241701 0.0211025 0.0194956
Hirsch 0.0989519 0.0917832 0.0265837 0.0248471 0.0219025 0.0201826
IEC36 0.0909738 0.0917082 0.0264971 0.0244229 0.0207529 0.0189249
Landwehr 0.0684932 0.0813181 0.0253218 0.0242683 0.0203684 0.0196195
Laplace 0.1339930 0.1096220 0.0307042 0.0277873 0.0234515 0.0223049
McClung 0.0756673 0.0834886 0.0260201 0.0236044 0.0213272 0.0184885
Tukey 0.0916530 0.0908989 0.0284939 0.0252884 0.0197585 0.0194720
Weibull 0.1235820 0.1002210 0.0297533 0.0267121 0.0219728 0.0187699
Filliben 0.1120570 0.0997867 0.0317587 0.0281092 0.0251069 0.0209916
Anon 0.1057230 0.1268000 0.0645519 0.0587603 0.050832 0.0453125
Gumbel 0.1047920 0.1280690 0.0661328 0.0586458 0.053847 0.0477429
PPP: Probability plotting position

Table 3: Average root mean square error values

PPP n=10 n=20 n=>50 n =60 n =380 n=100
Adamowski 368143 20.5099 10.2351 828841 7.5835 6.5566
Beard 363992 18.8346 9.53182 8.09285 6.8972 7.5052
Blom 353005 17.6037 8.16772 838731 7.5013 5.9761
Chegodayev 35.7638 19.2665 9.25581 745951 6.8585 6.9732
Cunnane 320607 18.4144 8.32812 841360 74771 73014
Gringorten 32,9204 17.1904 9.18569 852793 74417 7.2466
Hazen 29.7533 15.9920 8.58862 8.00382 71264 0.8236
Hirsch 350712 17.5740 8.58497 816082 7.3621 7.0777
IEC56 353248 19.6094 8.85197 810130 7.0640 6.5874
Landwehr 25.3731 13.9668 8.28039 813141 7.1471 7.3967
Laplace 49.0048 25.2011 9.93170 8.89609 7.8099 7.4062
McClung 27.9669 152128 8.62892 7.91374 7.5520 4.8980
Median 351188 18.8670 9.34751 840791 6.8565 6.7796
Weibull 47.0338 22.5153 9.84431 872129 7.3758 4.4868
Filliben 397520 199718 9.89799 8.87872 8.1354 7.0148
Anon 33.5544 274318 20.9744 19.0753 17.2663 15.3586
Gumbel 33.9313 28.7187 20.9385 18.9724 17.6818 15.9090
PPP: Probability plotting position

Table 4: Average prediction accuracy values

PPP n=10 n=20 n =350 n=o0 n=380 n=100
Adamowski 0.939249 0.968128 0.982252 0.986131 0.988000 0.990920
Beard 0.945042 0.965351 0.983563 0.986895 0.990269 0.988450
Blom 0.943201 0.965401 0.986246 0.985160 0.988568 0.992111
Chegodayev 0.9418% 0.966288 0.984980 0.987777 0.989267 0.989013
Cunnane 0.946844 0.966861 0.985290 0.985834 0.987951 0.987629
Gringorten 0.943458 0.970500 0.983410 0.984915 0.987936 0.990214
Hazen 0.945111 0.968459 0.984741 0.986939 0.989152 0.990348
Hirsch 0.939223 0.968151 0.985835 0.987292 0.988603 0.989634
IEC56 0.942160 0.965750 0.985537 0.987044 0.989947 0.990451
Landwehr 0.944199 0.969012 0.983995 0.986652 0.989764 0.989734
Laplace 0.939941 0.966880 0.986596 0.986860 0.988637 0.989229
McClung 0.945424 0.967199 0.984836 0.986680 0.988762 0.990773
Median 0.946316 0.966225 0.983699 0.986743 0.989619 0.989991
Weibull 0.942522 0.963947 0.986022 0.986646 0.989526 0.991316
Filliben 0.945018 0.968401 0.984558 0.986788 0.988291 0.991092
Anon 0.941746 0.969215 0.985330 0.987744 0.986460 0.988739
Gumbel 0.933859 0.959426 0.980688 0.983681 0.985489 0.987952
PPP: Probability plotting position

For the average prediction accuracy, even for small sample sizes. For both these accuracy measures,

size, the value is above 0.90 and for large sample the
value approaches 0.99. However, for the average
coefficient of determination the values range from 0.69
for small sample size and increases to 0.99 for large

the Gringorten method 1s the best for small sample,
the Laplace method 1s the best for medium sample
and the Weibull method is the best for large sample
size.
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Table 5: Average coefficient of determination values

PPP n=10 n=20 n=350 n=60 n=80 n=100

Adamowski 0.716102 0.846259 0.926791 0.940475 0.952011 0.962459
Beard 0.724966 0.841547 0.929269 0.941833 0.956324 0.957714
Blom 0.721796 0.841585 0.934243 0.938624 0.953076 0.964765
Chegodayev 0.719930 0.843143 0.931906 0.943524 0.954391 0.958866
Cunnane 0.727373 0.844034 0.932421 0.939893 0.951981 0.956181
Gringorten 0.722160 0.850311 0.928937 0.938173 0.951905 0.961078
Hazen 0.724827 0.846795 0.931422 0.941923 0.954187 0.961376
Hirsch 0.715995 0.846262 0.933484 0.942619 0.953155 0.959958
IECs6 0.720435 0.842123 0.932910 0.942128 0.955687 0.961560
Landwehr 0.723248 0.847741 0.933779 0.941452 0.955365 0.960149
Laplace 0.717187 0.844074 0.934889 0.941822 0.953213 0.959260
McClung 0.725092 0.844735 0.931652 0.941480 0.953458 0.962163
Median 0.726539 0.842901 0.929496 0.941583 0.955068 0.960652
Weibull 0.7200681 0.839110 0.933793 0.941407 0.954907 0.963210
Filliben 0.724510 0.846693 0.931108 0.942006 0.952583 0.962771
Anon 0.712621 0.848105 0.932624 0.943456 0.948813 0.958095
Gumbel 0.692722 0.817805 0.917369 0.929526 0.942500 0.953038

PPP: Probability plotting position

Overall, when all the prediction indicators were
compared together, it was found that the best plotting
method for small sample size is Landwehr and Hazen, for
medium sample size the most suitable method is Landwehr
and for large sample size the best method 1s the Blom
method. This result 1s similar to those obtained by
Haktanira and Bozduman (1995) although the distributions
used are different. Yahaya et al. (2012) did a simulation
study to determine the best probability plotting position
when the underlying distribution 15 the Weibull
distribution. They found that for all sample sizes, the best
plotting position is the Gringorten method followed by the
Cunnane and Blom methods respectively. Adeboye and
Alatise (2007) fitted the normal and log-Pearson Type III
distributions to the peak flow discharge of two rivers in
Nigeria using seven probability plotting positions. They
concluded that the Weibull method 1s suitable for fitting
the normal distribution while the Anon method fits well
the log-Pearson Type 11T distribution. Carter and Challenor
(1983) used simulated data to fit the parameters of the
Gumbel distribution using Gumbel method, Gringorten
method, expected ploting position and maximum
likelihood estimation. They found that the Gumbel method
is the least satisfactory. Goel and Seth (198%9) studied
various probability plotting positions to fit the Gumbel
distribution using various statistical criteria. They
concluded that the best probability plotting position is
the Gringorten method. Guo (1990) also showed that the
Gringorten method 1s the best method to fit the Gumbel
distribution. Ying and Pandey (2005) investigated the use
of eleven probability plotting positions to fit the Gumbel
distribution using flow discharge data obtained from the
Surma basin. They found that the Weibull method fits
best the Gumbel distribution. Suhaiza et af. (2007) fitted
the Gumbel distribution to investigate the magnitude and
frequency of floods using data from nineteen stations in

Malaysia. They found that the Gringorten method i1s the
best method to fit the Gumbel distribution.

CONCLUSION

Choosing the best probability position is important
for estimating parameters of distributions and hence in
determining the best estimate for return periods. This
study uses the smmulation method to obtain random
observations from twenty different Gumbel distributions.
Seventeen plotting positions were used to estimate the
cumulative distributions. Two different error measures
and two different accuracy measures were used for
determimng the performance of these plotting positions.

For error measures, it was found that the Landwehr
plotting formula should be considered for small and
medium sample sizes and the Blom method 1s shown to be
good for large sample size. For accuracy measures, it was
found that the Gringorten plotting formula 1s suitable for
small sample size, the Laplace formula is good for
medium sample size and the Weibull formula 1s the best
for large sample size. However, when both the error
measures and the accuracy measures are taken into
consideration simulateneously, the Landwehr and Hazen
plotting formulae perform well for small sample, the
Landwehr formula is suitable for medium sample and the
Blom method is good for large sample. The Landwehr
plotting formula is the best when we consider for all
sample sizes.
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