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Abstract: This study proposes a methed for combining parametric Eigenstructure Assignment with H. control

performance. In practical cases most of the time, measurement of the states 1s not possible so we have to use
the output feedback controller for satisfying control performances. In the proposed approach in this article,
designing robust H,. controller is considered. The output feedback controller is designed such that the H,
control performance is satisfied. Based on Enhanced LMI characterizations and eigenstructure assigniment
parameterization, the problem 1s translated to LMI problem. The suggested LMI can be solved by LMI toolbox
or YALMIP easily. Also, in the end of this manuscript, an example is given for demonstrating the effectiveness

of proposed method.
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INTRODUCTION

Eigenstructure assignment one of the most powerful
methods m multivariable control systems design.
According to the results of Konstantopoulos and
Antsallis (1996) and degrees of freedom in eigenstructure
assignment method by using output feedback (Duarn,
2003), in recent two decades using eigenstructure
assignment has been developed in all field of multivariable
control systems.  Reconfigurable control design
(Konstantopoulos and Antsaklis, 1996), Helicopter
control systems (Mammess and Smiths, 1992), Control
reconfiguration in second order dynamic systems
(Wang et al., 2005), missile control systems (Sobel and
Cloutier, 1992), robust control design in electrical
mduction machine (Duval ef al., 2006) are examples of
using eigenstructure assignment.

Most of the methods that have used eigenstructure
assignment for desigmng robust control, only consider
elgenstructure assignment sensitivity and they haven’t
combined eigenstructure assignment with other robust
control performances. In recent years, some researches
have been performed for such problems. Apkarian et al.
(2001) a new method for combining eigenstructure
assignment with H, constraint has been suggested.
He et al (2004) a new method for designing state
feedback control to satisfy multi-objective controller
design (specially H. constraint) has been proposed.
However, this method can be used when all states are
available.

In this study, combining eigenstructure assignment
problem and robust H_ control design is investigated
while states aren’t measurable. According to parametric
eigenstructure assignment (Duan, 2003) characteristics
of enhanced LMI (Shimomura et al, 2001), a
method is proposed. Based on this method the output
feedback controller will be designed such that
robust H. control performance 1s satisfied. Also, the
method is developed for dynamical output feedback.
By developing this method for dynamical output
feedback, degrees of freedom in dynamical feedback can
be used.

In this study M* is transpose conjugate of M.M=0
means M 1s positive defimte matrix. H. 1s used for
Hermitian matrix. Diag(.) is used for diagonal matrix.

PARAMETRIC EIGENSTRUCTURE ASSIGNMENT
VIA OUTPUT FEEDBACK

Comnsider the following LTI systemu:

{X:AerBu (1)
y=Cx

where, xeR® ueR’, yeR™ are, respectively, state vector,
input vector, output vector. A, B and C are known
matrices with appropriate dimensions. By applying the
static output feedback of the form:

u=Ky @)
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In Eq. 1, the closed loop matrix is obtained as follow:
A, =A+BKC (3)

Based on eigenstructure assignment definition, we
have:

ANV =TV (4)

where, V is right eigenvectors matrix and T
represents the Jordan form of the closed loop
matrix (3). We know that the eigenvalues of non-
defective matrix are distinct and they have less
sensitivity to parameter changes (Duan, 2003).
Assume that the closed loop matrix A, 18 non-defective
then, the Jordan form of A 1s diagonal. The Jordan form
of A, is:

F = diag(s,, s,,..., 8,) (5)

where, s, (1=1,2,...,n) are desired closed loop eigenvalues.
Alsos; (1= 1,2,...,n) are self conjugate complex numbers.
Assume (A.B) 1s controllable. By applymg SVD to the
matrix [B sI-A], we have:

e, [Bsl-Alet = [ o] (6)

where, P°, @, are orthogonal matrices with appropriate
dimensions and %9 is non-singular diagonal matrix that
diagonal elements are the singular values of [B s[-A].
Partition ¢, as:

(Pf:[* D‘} N, € R®*,D, eR™* (7
#® }I1

According to the above preliminaries and the results
of Duan (2003), the following theorem for parametric
eigenstructure assignment by using output feedback is
described (Duan, 2003).

Theorem 1: Consider (AB) is controllable and
rank (C) = m then here exist matrices VeC™™, det(V) =
0 and KeR™ satisfying (4), iff there exists parameter
vectors feC which 1s following
constraints:

satisfying  the

Aet[N £, N,.f, - No£,] # 0

ml{ CNf CON,f, .. CN,f, }

Df D . DA,

If the above conditions are satisfied, all matrices
KeR™ and VeC™ (det(V) #0 are obtained as follow:

K=W(CV) ' [([CVICV], W=KV (8)
V=[Nt Wi . Nt (9)
W=[Df Df;, ..D.L]

where, N;, D, are determined by Hq. 7. In special case
rank(C) = n the output feedback 1s given by:

K = W(CV)™ (10)
PROBLEM FORMULATION

Comnsider the following LTI systems:

%(t) = Ax(t) + Byw(t) + B,u(t)
2(t) = Cx(t) + Dyu ) (11)
¥(t) = C,x(1)

where, xeR", welL[0,0), ueR’, zeR', yeR", respectively are
state vector, exogenous disturbance vector, input vector,
state combination (objective functional signal) and output
vector. A, B, B,, C,, C, and D,, are known matrices with
appropriate  dimensions. Assume that (AB,) 1s
controllable and D* , D,,>0. By applying the static output
feedback of the following form to Eq. 11:

u(t) = Ky(t) (12)
The closed loop system 1s obtained as:

%(f) = A, x(t) + Byw(t) + B,u(t)
2(t) = (€, + D,K) (13)
¥y = Cox(t)

Based on Enhanced TLMTI characterizations that have
been proposed (Shimomura et af, 2001), we combine
eigenstructure assignment problem with H_ control
design. Consider the closed loop system Eq. 13. There
exist positive definite YeH, and SeH, such that:

ASTE*A, * * *
c,8 -, * *
B, * 0 —12I, # <0 (14
Y-8+e8*A, " g8*C,* 0 —s(8+8H)

C,=(C, +D,KC,), A, =(A+B,KC,)

For some >0, iff |T,,|. <y.. Note that S 1s variable
which is represented by the FEnhanced TLMI
characterizations.

According the previous results and theorem (1) we
state the mam problem of this study.
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1. Main problem: Consider the system (13) and a set of

deswred closed loop eigenvalues M = {S, 1=
1,2,..,n}. We want to determine the output
feedback of the from Eq. 12 such that H,

control  performance €0, ||T /., <v. or based on

theorem 1 the LMI (14) 1s satisfied.

According to theorem 1 and Enhanced LMI (14) the
following theorem is represented to solve the main
problem.

Theorem 2: Consider the system (1) that (AB,;) 1is
controllable. There exist the output feedback of the form
Eq. 12 for the main problem, if there exist O<e<1 and
matrices Y=0, M such that:

NMJT + (NMT)# * * *
CNI+D,DJ -1, * *
5 =0
B, * 0 —Yel, *
Y -NM-+(NMI)#* g(CNM+D,DM)* 0  —c(NM+(NM)*)
(15)

where, I = diag(s,, s,,....8, ), also the following conditions
are satisfied:

Aet[N,.f, N,f, -~ N,£] # 0

mnk{ CNf CN,f, .. CN,f }
=m

Df D . DA,

If the above conditions are met, the output feedback
can be calculated as:

K = DM{(C,DM)" [(C,DM)C, DM T (16)
M = diag(f,.f,.....f,) e R™™

N=[N, N, .. N JeR™™
D=[D, D, .. DJeR™™

Proof: Based on the above definition we can rewrite (16)

as follows:
£, - 0
V=[N, N, .. N,J| i . i|-nm
0 (17)
£ - 0
W=[D, D, ..D,]|: . :|=DM
0 - f

The output feedback is obtained as:

K = DM(C,DM)’ [(C,DM)C,DM)T ™ (18)

By substituting V instead of S in Eq. 14, the closed
loop system 1s satisfied the H,. control performance if the
following T.MI is feasible:

A VAEVHA * # *
Cc,.V -1 * *
B, * 0 -21, # <0 (19)
Y-VHeVHEA % gVHC, * 0 —E(V +V#)
C,=(C +DKC,) A = (A+BKC;)

According to Eq. 4 and C,, = C+D,KC, the following
LMI is obtamed:

VI+(VI)* * * ®
CV+D,KCV -1, * ®
5 <0, (20)
B * 0 —Taly ®
Y-V +e(Vh* eV*(C +D,KC)H* 0 —&(V +V¥)

C,=(C +DKC,), Ay =(A+B,KC))

If we substituted C,instead of C in (8), where W
= KC,V and also by substituting VW from (17) the
following equation is obtained:

NMT + (NMT)* * * *
CNJ+D,,DI -1, * *
<0,
B * 0 -1l *
Y-NM+(NMD#* s(CNM+D,DM)* 0 —g(NM+ (NMy*)
CV+D,KV=CNM+D,W
(21)

And the proof is completed. According to the above
theorem, we can combine the parametric eigenstructure
assignment problem with .. control problem. If the LMI
(21) is feasible, then the main problem has a solution.
Based on the method that is proposed in this note, we
design the parametric eigenstructure assignment elements
f; such that, in addition to satisfy H. control performance,
other performances are met too. Note that for solving main
problem, satisfying all of the following conditions are
important:

s, =% Thenf, =

i i i

det[NLf, N,.£, ~ N,£] # 0

mk[ CNf, CN,f, .. CN,f, }z

DEf D . DA,
DYNAMICAL CONTROLLER DESIGN

For controllable system (8) if suppose that B,C are
full rank then static output feedback can assign max (m,r)
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eigenvalues and corresponding eigenvectors
(Konstantopoulos and Antsaklis, 1996). In general, we
may desire to exercise some control over more than
max(m,r) closed loop eigenvalues. So we generalize this
method by using dynamical feedback of the form:
x, =k,x, +k,y
{u =k,x, +kyy (22)

where, x, eR™ If combine the above controller with (1),
then closed loop system 1s obtained:

NN

G= C 0|x (23)
0 I|x,
~ {kzz k21:|~
ii=
kl2 kll
Assume that
el Al )
X= A=
X, 0 0 (24)
- [B 0] - [c o
B= .C=
0 I} {0 I}
Based on (24), Eq. 23 changes as follows:
X = AX + BT
o w5 e5)

According to the above equations is clear that
dynamical output feedback controller can be translated as
static output feedback. A number of eigenvalues of this
system (25) 1s ntn,. By choosing appropriate ni,, all of the
eigenvalues can be assigned. We can use theses degrees
of freedom in dynamical feedback, for satisfying other
control objectives.

For solving the main problem in dynamical output
feedback case, By combining Eq. 11 and 22 the following
equations are obtained:

(26)
X+ AR+Bw+Bu
- T g - T
z+Cx+Du, X=[X xc]

§= %

By substituting A .B,,B.. instead of ARB,..,
respectively, the LMI (21) can be written for new
augmented system (26). Based on the new augmented
system (26) and using dynamical system, Eq. 21 can be

represented as:

AT + (R3) * . . .
€ {81+ D, DM -L., * * 0
<
B+ 0 oL, *
TN+ s> SCRM- D BEDYC, e 0 —a(NM+ (NMY)
(27)

where, M,D,N are obtained from the similar Eq. 17, for
augmented system (26).

According to degrees of freedom in dynamical
controller (by selection n,), the controller can be
determined such that in addition to satisfy the main
problem, satisfying other control objective.

NUMERICAL EXAMPLE

In order to mvestigate the proposed method the
following example 1s stated. Consider the simplified third
order linearized dynamics of a small aireraft witch is given
by (Satoh and Sugimoto, 2004). We assume that the
system has 40% uncertainty at A(1,1), A(2,2)and A(3,3).
According to (Satoh and Sugimoto, 2004) this structured
uncertainty can be described as follows:

X = (A + AA(L)X(L) + Bu(t)
¥(t) = Cx(t)

(28)

and

]

where, p and r are roll rate (rad’s) and vaw rate,
respectively. B is the side slip angle (rad) and s, s, are the
aileron deflection and rudder deflection angle(rad). Our
objective 1s to design the output feedback controller K
such that the H. performance ||T,].. <1 1s satisfied. The
matrices in Eq. 11 are defined as:

-0.228 0.059 -0.998 —0.0037 0.0393
-34.9 -1.516 0872 |,B=| 213 21.3

18.69 0.0379 -0.564 0.504 -829

A=

100
H=[0.4A(1,1},0,0" ,E, =[1,0,0], F= {0 1 2]
001

Il A [1<1, AACH FIA()E,
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Fig. 1: First initial output response
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Fig. 3: Thurd imitial output response

Note that all of the calculation have been performed
by MATLAB, Sedumi 1.1 and YALMIP 2.4. (Lofberg,
2004) Also the desired eigenvalues are selected as:

T'=i-1,-510}

By applying theorem 2 for € = 0.01 and v = 1 the
output feedback and parameter matrix are obtained as:

0.4189 0 0
2.2537 0 0
0 0.1947 0
A=
0 0.2504 0
0 0 01779
0 0 0.6173

_|1.0294 -0.3369 0.2182
TlL7119 02092 02126

Based on the above controller the eigenvalues are
given by:

A= 1.0009
A, = -5.0002
A = -10.0011

The responses of the system (28) for initial condition
[0.04 -1 0] are shown in Fig. 1-3. Figure 1 demonstrates
the initial response of the first output, Fig. 2 shows the
second 1mitial response and Fig. 3 demonstrates the third
1nitial response.

In Fig. 1-3, the H_ control design of uncertain and
nominal system are shown. The uncertain system with
robust H., output feedback controller 1s calculated from
theorem 2. It can be seen that the proposed method 1s
more effective for designing robust H. output feedback
controller. Tt has been seen that the proposed controller
can tolerate in the presence of uncertainties.

CONCLUSION

In this study robust H. control design via
eigenstructure assignment is considered. According to
enhanced LMI and parametric eigenstructure a method is
proposed such that H_ control performance is satisfied.
Also based on degrees of freedom in dynamical output
feedback the proposed method is developed. Tn order to
demonstrate the effectiveness of proposed method the
example is considered and from this example we saw that
the proposed robust controller can deal with the
uncertainty. Also, when we want to satisfy other control
objective 1in addition to robust performance we can use
the dynamical controller. By using dynamical controller,
degrees of freedom in dynamical controller can be used.
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