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Abstract: Filter is applied to estimate the state of a system disturbed by external noise. When the statistical
information of the noise is not exactly known, H_ filter is suitable for the state estimation of the system. In this
study, H. filter is designed for networked Lipschitz nonlinear system with logarithmic quanitzer and packet
dropout governed by Markovian Chain. The filtering error system 1s modeled as a Markovian jump system.
Based on Lyapunov stability theory, the sufficient condition for the existence of the desired filter which
guarantees the filtering error system to be stochastically stable with a given H_, performance is derived. The filter
parameters can be obtained by the solution of a set of linear matrix inequalities. The simulation example proves
that the proposed methed 13 effective m filtering of networked Lipschitz nonlinear system.
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INTRODUCTION

Control systems where the control loops are
closed over a shared communication network are
called networked control systems (Antsaklis and
Baillieul, 2004; Hespanha ef af, 2007). In networked
control systems, the components such as sensors, filters,
controllers and actuators exchange information across the
communication network. So, compared with the traditional
control systems using poimt-to-pomnt architecture,
networked control systems have the advantages of high
flexability, low cost, easy maintenance and reconfiguration
and so on. Therefore, networked control systems are
applied in a wide range of areas such as modem
manufacturing plants, autonomous vehicles, aircrafts, etc.

When the states of the networked control systems
are not measurable and disturbed by noise, filter can be
designed to estimate them. If the noise 1s white, Kalman
filter and linear filter can be used to estimate the states
(Huang and Dey, 2007; Wei et al., 2009). However, if the
statistical characteristic of the noise 15 difficult to
determine, Kalman filter 1s no longer useful. In such case,
H. filter which regards the noise as energy bounded
signal can obtain good filtering effect. Much effort has
been made towards this over the past few years. Based on
quadratic and parameter-dependent stability, Gao and
Chen (2007) investigated robust H_ filtering for networlced
linear uncertain system with limited communication

capacity. The problem of H. filtering was addressed for
networked continuous-time and discrete-time linear
system with dynamic quantizer, transmission delay and
packet dropout in the study of Jiang et al. (2010a) and
Song et al. (2011), respectively. Hu and Yue (2012)
designed event-based I, filter for networked linear
system with network-induced delay. Zhang et al. (2009)
studied the H,_ filtering problem for networked
discrete-time linear system with packet dropout governed
by Markovian cham. Zhang and Han (2010) studied
non-fragile H_ filter for networlked linear system by delay
decomposition approach. It is noted that the above
references are concerned with the filtering problem of
networked linear system. For networked T-S fuzzy delay
nonlinear system, Jiang et al. (2010b) designed H_ filter by
delay probability dependent approach. Qiu et al. (2011)
designed H.. filter for networked discrete-time T-S fuzzy
affine nonlinear system based on piecewise-quadratic
Lyapunov function, S-procedure and matrix-inequality
technicques. However, to the best of the authors’
knowledge, H., filter for networked Lipschitz nonlinear
system has not been fully mvestigated, wlhich motivates
us for this study.

In this study, logarithmic quantizer and packet
dropout governed by Markovian cham are considered.
The H. filter which makes the filtering error system
stochastically stable and a prescribed H_ attenuation
level guaranteed is designed to estimate the state of
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networked Lipschitz nonlinear system. The sufficient
condition for the existence of the filter 1s derived mn terms
of linear matrix inequality.

Notation: Throughout this study, R* stands for the
n-dimensional Euclidean space. ||+|| denotes the Euclidean
vector norm. Pris) stands for the occurrence probability of
event “¢” and E[e] is the mathematical expectation
operator. The superscript “-1” and “T” denote the inverse
and the transpose of a matrix, respectively. The notation
X0 (X<0) means that the matrix X is real symmetric
positive definite (negative definite). T denotes the identity
matrix with appropriate dimension. The asterisk “*” in a
matrix 1s used to represent the term that is mduced by
symmetry. diag {} stands for a block-diagonal matrix.

PROBLEM FORMULATION AND PRELIMINARIES

The networked filtering problem investigated m this
study is illustrated in Fig. 1, where the plant is described
by the following discrete-time Lipschitz nonlinear system:

x(k +1)= Ax(k) + FE(x(k}) + B(k)
(k)= Cx(k) + Ge(x(k)) + Dwik) (1)
2(k) = Lr(k)

where x (k)eR" 1s the state vector, y(k)eR" 13 the measured
output, z (k)eR" 1s the signal to be estimated, w (k)eR™1s
the noise belonging to 1.,[0, ). A, F, B, C, G, D and L. are
constant matrices with appropriate dimensions. f(x(k)) and
g (x(k)) are nonlinear functions which are assumed to be
Lipschitz with respect to x(k), i.e., there exist known
appropriately dimensioned matrices F, and G, such that
for all x,(k), x,(k) there hold:

f(0)=10, g(0)=0
|[£ex, (1)) — £, ()| <[5 (x, (k) — x5 (D)
[l () — g, (D)) <] Gy (o, () =, ()|

Some  problems such as data quantization,
network-induced delay and data packet dropout arise due
to the introduction of network m control loops. The
measured output y (k) 1s quantized before transmitted to
the remote filter through network to save network
bandwidth. The following logarithmic quantizer 1s used in

thus study:

u;, Lu1 <V£Lu1 ,v=0
1+8 1-8
Q(v)=+0, v=0
-Q(=v), v=0

zk) (k)
0 ) Pl 2

¥(k) Q) ¥40) |
Quantizer [— Network — Filter

Fig. 1: Diagram of networked filtering system
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Fig. 2: Data transmission process

where, the set of quantized levels U = {4u, u = puy, 1= +1,
2,3 U iU {0}, 0<p<l, u»0, & = 1-p/l+p, pis the
quantization density of Q(v) (Fu and Xie, 2005).

It 1s assumed that the network-mduced delay 1s small
enough to be negligible. During transmission, data packet
may be dropped out due to the disturbance or network
congestion which is common in wireless network
(Smith and Seiler, 2003). The data packet transmission
process 1s described by a two-state Markovian chain
shown in Fig. 2. o(k) = 0 means that data packet is
transmitted successfully. o(k) = 1 indicates that data
packet 13 dropped out. The Markovian cham has
a transition probability matrix P = [p,], where p, = Pr
(o(kt1) = jlok) = 1), Vi, je {1, 2%, p,;=Or

ZZ=Uplj =1

The following filter is used to estimate the signal z (k):

x(k+1)= Aﬁ(k)xf(k) + Bﬂj(k)yf(k)
2(k) = Cpy X, (K), 2
olk)=i<{0,1}

where, x; (k) €R" is the filter state vector, y; (k)ER? is the
input of the filter, z; (k)cR" is the estimation of z(k). Ay,
B and Cyy are appropriately dimensioned filter matrices
to be designed.

The mput of the filter can be expressed as y(k) = Q
(y(k) = (I+H(k)) y(k), |[H(k)|<d when data packet is
transmitted over the network successfully (Fu and
de Souza, 2009). Otherwise when data packet 1s dropped
out during the transmission, the put of the filter is
assumed to hold the previous value, i.e., v; (k) = vy (k-1).
Thus, the input of the filter can be written as:

¥2(K)= (1= 6(k))(T + () (l) + ok )y, (k ~1) 3
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Defining £(k)=[x" (k) (k) y; &I, nkr=[f"x(k) " kxE&NT,
and ek)=z(k)-z(k). the filtering error system can be
described by:

£k +1)= A E(k) + F gy k) + By wik)
e(k) = G,y (K), (“4)
ok)y=ic {01}

Where:
Ay = A, + DH(K)E, »
B =B+ DH(K)E, »
B, =B, + DH(K)E, -

C=[L -¢; 0]

EBZD’

A 0 0
A=l 0 Ay By o

o 0 I

J. Applied Sci., 13 (7): 1080-1086, 2013

¢ =[L -¢; 0]

Before giving the main results, the following two
definitions and a lemma which will be used m the sequel
are introduced.

Definition 1 (Shi ef al, 1999): When w (k) = 0, the
filtering error system (4) is said to be stochastically stable
if for every initial state (X, 0,):

2| Zolkef <o

Definition 2 (Shi et al, 1999): Given a scalar y>0, the
filtering error system (4) is said to have an H_ performance

v, if:

i E[e"(kek) ] <y’ kj;; E[w (w(k) |

k=0

for all nonzero w (k)eL, [0, ) under zero initial
condition.

Lemma 1 (Xie, 1996): Given matrice I';, ', and I'; of
appropriate  dimensions with T, = T.% then,
I+ T, A, +TAT (" <0 holds for all Ak) satisfying
AT(IOA)<T, if and only if there exists some £>0 such that
I+, +el T, <0,

DESIGN OF H_ FILTER

The following theorem gives a sufficient condition for
the existence of H., filter in the form of (2).

Theorem: Given scalar y>0 and quantization density p,
the filtering error system 1s stochastically stable with an
H. performance vy, if there exist matrices ®'=r>0,
M =¥, >0, Rf =R, >0, N, Vi, By, i =0,1 scalars £>0 and &,>0
such that the following T.MTs hold:

m, * * * * * *
m, I, * * * *
Iy, I, 1L, oo
H‘l H‘] HB HH * * * = 0 (5)
Hjl Hﬂ HﬁZ 0 Hjﬁ * *
Hﬁl 0 0 0 0 Hﬁﬁ *

L 0 0 0 HN H‘IS 0 H‘IT .
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Qy, + + % % +
00y % % % +
) ) (@] Ed * *
> <0 ()
Qﬂ QG QB QM * *
Qﬂ Qﬂ Q53 O Qﬁ *
O, o o 0o 0 o

Where:

I, - diag{IT,,, -M,, -R.},TI, =-B+5(EE +G/G)+55CC,

I, = 0o 00 I, = diag {51 —gl+5,5°G'G}
1 EE(SQGTC 0 0’ 2 1% 1 2 »

Il =[£,8°DTC 0 0], Ty =[ 0 €,3"D7G], [Ty = —yI+£,6°DD,

PRA 0 O BF 0 P,B
My =|{ByyC Ny 0T =| 0 ByG | Tly=|ByD |,
R,C 0 0O 0 R,G R,D
PA 0 0
HM:diag{—pEéPD, _pEéMn’ _pEéRn}=H51: B,C N 0}’
RC 0 0
BF 0 BB
My=| 0 BmG}:Hs_ ByD ,Hss:diag{—palll’p -paM,, _pEiR1},

|0 RG RD
&= [L Vi 0]’1_[55 =-LIL,= [0 By I]’ Mg =g, 11y = —£.1,

II
@ = diag{ Qp, — M, —Ry}, Oy = -B + 5(F'E + G{G,), Q= -l Q= -y
[BA 0 0 BF 0 PB
Q=] 0 N Byl|,Quy=0 0[,Q,=|0 |
0

o 0 R 00
BA 0 0
0 N, Byl

Q= diag{ Py, — PMy. - pl_UlRU}’ Q=

00 R
BF 0 BB

Qu=| 0 0|, Q,=| 0 | O =dag{-p;B, - pyM,, - BiR,},
0 0 0

Qa:[L - 0]» Q=T

Furthermore, the parameters of the filter

Ay =NM™ and C; = VM ™,

Proof: Consider the following Lyapunov functional
candidate:

v[ER)Le=i]=x" WRx(R) + 7 )Qx (k)
+7; (k— DRy, (k —1) =2 (08 2(k)

where, 5, = diag {P, Q, R;}.
Taking the difference of V [X(k), o(k) = 1] along the
trajectory of system (4) with w (k) = o results in:

AV(K)=E{V[&(k +1)o(k + D]| £(k),olk) =i} - V[£(k), o(k) =]
=% (k+ 1)2;pus§<(k +1)- £ (k)8 (k)
- ﬁT(k)Afz;j pSARK) + 2§T(k)AITZ;j p,8En(k)

T OE S p s Enlk) - £ k)8 E(K)

As:

N ki) = £ (k, x(kNEk,x (k) + 8" k. x (k)
gk, x (k) < x" KNEF + GG, )x(k)

there exists £,.=0 such that:
£x* (K)(E'E + GG, )x(k) - 51" (k)mik) 2 0
Then:

AV <ETRATY, p S AR+ 28 AT, p S Enik)
N E Y, psEnt) - £ S £ + g% (k)
(B'E + GG, )x(k) - &1 (k)nk)
=& ()O,5(k)

Where:
=[5k k)],

S .
AlY PSA -8 +W

po— -
E Z =0 p)J.S]A)

RSk
B, = ~ 1 ~
B2 opsf-al
W=[100]"¢,(F,"F+G"G)[I00]

Let M= Q,', M, = Q/", Ny= AM,, V, = CyM,,
N, = AyM,, V|, = CyM,. Pre-and post-multiplying both
sides of inequality (5) by diag {I, Q,, L, LL I, P,~, I, R, 7,
P, LR, 7L LT} yields:

D, +5,0,0,7 +'5D, D, <0

Where:

S, +W * * * *
0 -5l * * * *
0 0 -1+ L
(Dl = A = - “lg-1 4 &

Au Fo Bu _pousu
%“ E B, 0 _p;llsl—l *
C 0 0 0 0 -1

- n T
®,=[000D" DT 0]
@, =[E,E,E,000]

According to lemma 1, the above mequality can be
written as:

-8, + W * ] ] ® ®
0 _511 * * #* #*
0 0 ,YQI * L L
- - - e . . =0
Ao Fo Bu _pwsu
‘i’n E B, 0 _p;llsll #
C 0 0 0 0 -1
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Then, by Schur complement, it can be obtained that:

Where:

J. Applied Sci., 13 (7): 1080-1086, 2013

Hyy = ‘E‘EZLDPgS,‘E‘D -5 +W +6§éu ’
= —FUTZJ PSA
= l:“UTZ"IJ_:DpUSJITTU -gl>
S =]§§z;pusjﬁxu s
7BT2 L DSE

. L .
Sy = B;-ZJ:Upi]SjBD - YzI ?

The above mequality implies that:

*
0, F B2 P Ay~ S+ W }0
2

'_'IJZI =,

Similarly, inequality (6) leads to:

Where:

Since:

= i *
Sy

= == = *

S = S S <0
S5 Sm Sim

E, =AY, pSA -8 +w+C]C
E121 = ETZ =ngS,A1
=5 Z stJs]F
= Efz sjp]sJAl
Ep= E?Zi:npﬁsjﬁl ?

7BZ pJSJ 1

= <0

o - A ZJBpJSA -8+W *

1

<0

S 122

Thus:

E{V [£{k +1), olk + 1] | £k}, olk) = i} - V [£(k), o(k) = i]
<ET (kO (k) < -PET (k)E(k) <0

where, p= min [% @] =0 18 the least eigenvalue of -6,
ForN=1, it ¢ can be obtained that:

E{V[(N+1,o(N + D} - Vix,.0,) <3 BE[ &' (Wz(k)]
<3 -PE[£ (KW |

which yields:
> E[FTREK) | <V E,.0,) <=
Therefore, it follows from definition 1 that the filtering
error system (4) is stochastically stable.
Next, the filtering error system (4) is proved to have

an H. performance y. Consider the following performance
index:

b= BT [ et - v Gw(io]
Under zero mitial condition, it can be obtained that:

I, = E{Z::u [eT (Kye(k) —y*w" (K)yw(k)+ /_\.V(k):l} - E{Z:_0 AV (k)}
-3, @ E k) - VRN 1, oN 4 1)]
<3 @ REWK) <0

Where:
Pk =[ %" () 7 (k) w (k) |

As N—eo, one has:
- E%i[eT(k)e(k) —yw’ (k)w(k)]} <0

According to definition 2, the filtering error system
has an H_, performance y. This completes the proof.

SIMULATION EXAMPLE
In this section, a numerical example 18 given to

demonstrate the effectiveness of the method proposed in
this study.
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Transmission process

100
Fig. 3: Data packet transmission process

1.0q Z (k)

Z:®

0.5

Z(K) and Z, (k)

0.0 %\ e
\ /
N
-0.5 -
'1.0 T T T T 1
0 20 40 60 80 100

Fig. 4: Trajectories of z and z;

Consider the Lipschitz nonlinear system (1) with the
following parameters:

0.1 0,2}

B
}

04 02
03 05

0.1

Bz[olz}

c=[0.1 0.1]

G=[0.1 03]

0.101

0.05 1

~
< 0.00
o

-0.05

0.10 T T . T 1
100
Fig. 5: Filtering error e(k)
D=03
L=[1 1]
f(k,x(k))=0.1sin(x(k))
g(k,x(k)) =0.1sin(x(k))
p=057y=18
5<k<l15

05,
w(k)=4-0.5, 55<k<65

0, otherwise

the transition probability matrix:

{0,8 0.2}
P=
07 03
and the data packet transmission process is shown as
Fig. 3.

The inequalities (5) and (6) are solved by the
MATLAB LMI toolbox. Then the parameters of the filter
are:

29121
55935

o —

0.1041 04409

2 Bro =
{0.189 8 0.508 2} |:
o]

The trajectories of z(k) and z(k) are shown in Fig. 4.
The response of the filtering error e(k) is plotted in Fig. 5.
It can be seen that the proposed filter design method is
effective.

} Cyo =[0.0913 0.0801]

5.508 7

10.149 5

_[0.1025 0.0439
7102489 03807

} > C, =[0.0995 0.0770]
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CONCLUSION

The H. filtering problem has been mvestigated for
networked Lipschitz nonlinear system in this study. The
logarithm quantizer and packet dropout governed by
Markovian Chain are taken into consideration. Sufficient
condition 1s derived for the existence of H., filter which
guarantees the filtering error system to be stochastically
stable with a prescribed H_ performance level. The desired
filter parameters can be computed by solving a set of
linear matrix mequalities. Fmally, a numerical example 1s

given to illustrate the effectiveness of the proposed
method.
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