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Abstract: Based on the Hotelling basic model, this study expanded linear city to a circular flat urban area and
analyzed the pricing and location behavior of two companies which provide homogeneous products on a two-
dimensional plane. The pricing game models were separately established in the condition of fixed and not fixed
site and they were solved combined with the plane geometry characteristics of the hyperbolic.
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INTRODUCTION

In Duopoly market, if two competing compamnes
located in different position, companies not only have
price competition, but also compete for the location.
Hotelling (1929) was one of the first models to study the
problem of price competition in the case of product
differentiation, it proposed location differences based on
the linear space to indicate the product differentiation and
established a location and pricing two stage game models,
it also open the study of the theory of spatial competition.
Since, then, many scholars expand this model.
Economides (1986) assume consumers transportation cost
function be the distance of a Squared based on the
original model of Hotelling. Klemperer (1987) assume that
manufacturers cost is symmetrical and study the two
stage incomplete information competitive model m the
presence of metastases cost. Chawla et al. (2006)
established a location game model that two participants
have sequential turn in the market that the customer
demand is a non-uniform distribution. Li et al (2008)
Comnsider the economies of network scale and brand loyal
effect in a competitive market, establish a two-stage game
model5 that conclude suppliers and service process
outs OUIrcing.

Domestic scholars also do many related research.
Gu et al. (1999, 2002) constructed two-stage game model
considering the consumer choice and the uneven
distribution of consumers for research the effect of
gathering of the demand for enterprise product
differentiation strategy. Guo and Guo (2003) established
the continuous space model with price discrimination.
Chen et al. (2003) analysis the second degree price

discrimination and its restrictions under the assumption
of the demand function 15 linearity. Cao and Gu (2002)
analysis two-stage location-pricing model according to
the different values of the total consumer surplus When
the duopoly manufacturers take discriminatory policy.
Xu and Zhu (2007) mtroduce the network externalities to
linear transportation costs under the Hotelling model.
Yu and Zhang (2008) constructed a Hotelling model that
transportation costs can pay selectively by the merchant
and commodity price cut constramed by the guide price.

This study analyzes the duopoly enterprises’
competitive behavior of location and pricing in the
two-dimensional plane city, established a two-stage
complete mformation dynamic game model of under the
linear costs about two companies. In this model, we
assumed the corporate can located at any pointing the
circular flat city and finally obtained the equilibrium
solution with the plane geometry characteristics of
hyperbolic.

THE FIXED POSITION MODEL

Hotelling model: Assuming a linear city’s length 1s 1,
consumers are evenly distributed in the interval [0, 1] and
the distribution’s density is 1. Suppose that there are two
competing shops located at both ends of the city, the
shop 1 at pont a, shop 2 at pomt 1-b and a = 1-b. Two
shops sell the homogeneous products and unit product
cost ¢. Consumers’ travel cost for purchase goods is
proportional to the distance to the shop and umt distance
cost t. assumed that the consumer has a unit demand that
is, consumption is a unit or zero. And consumer surplus
is 8.
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Considering the Nash equilibrium of price
competition of two shops Suppose that the two shops
choose their own sales price at the same time. For
simplicity, assume that S 1s sufficiently large relative to
the total purchase cost (sales price plus travel expenses)
so that all consumers can buy a product unit. p; indicates
the sales price of shop 1, Di(p,, p,) demand function,
(1=1, 2). If the payment of a consumer living in the pomnt
X to purchase one unit product have no difference
between two shops, then, consumers living in the left of
point X will purchase at the shop 1 and consumers lives
mn the right of point X will purchase at the shop 2, the
demand were D, = x, D, = 1-x_[p+t(x-a) = p,Ht(1-b-x)]
(_ W)/D_Dd . The demand function of two shops:

Ce_P-p  1-b+a

D , =X=2——+—
(B Py ) o 3

- 1+b-a

D, (Pppz):l_xzipl P, C¥o73

2t 2
Profit function:

T (pl’ pg) = (p1 *C)Dl (pl, pz) = (pl *C)(pz Yl +m]

2t 2

- I+b-a
" 0,2 = 0,0, (3 p) = 0,0 BP0

So the equilibrium prices of two shops are as follows.

Then, we can get the location strategy police of two
shops through calculate the partial derivative of the
equilibrium profit about a, b, respectively.

THE FIXED POSITION MODEL CONSTRUCTION

It 1s assumed that the market 1s linear In2.1, 1n
this section the competitive market to expand toa
two-dimensional plane city. We will construct a hotelling
model in a two-dimensional plane city to analysis
price-competitive behavior of the duopoly enterprise
products. Firstly, we assumed the two enterprises’
location is fixed.

Assuming there is a circular flat city as a unit circle,
provided that the center of the circle 1s n point (0, 0),
consumers are uriformly distributed in the area of a circle
and the distribution density is 1. Assuming only two
enterprises in this area to provide service products,
enterprise 1 located in the point (-1, 0) and enterprise 2
located 1n the pomt (1, 0) of the circular city, as shown in
Fig. 1. The two enterprises “products are equal in quality.
The unit cost of the product is ¢ and the travel cost of the

4
b

Fig. 1: Fixed circular flat city

consumers to purchase goods is proportional to the
distance from the consumer to enterprise, one umt of
distance cost 1s t that 1s, a consumer whose Distance 1s x
from enterprise 1 should spend txx travel costs. Assuming
that all consumers have a unit demand and the consumer
surplus 1s s.

Suppose two enterprises will ultimately achieving a
balance through competitive behavior, then enterprises 1
and 2 will get the respective regions, the region has its
boundaries, any consumer in this border will have
balanced: p+t.d, = p;t.d, where p,, p, are the prices of
product for enterprises 1 and 2, d,, d, are the distance of
consumers to enterprises 1 and 2. And make:

d:‘dl_dz‘zlplzpzl

If p,, p, are a constant, d can be seen as a fixed value
that 1s, the absolute value of the distance difference of
consumers located in the border to the two enterprises. So
we can get a hyperbolic equation:

2
EY o 2 b=d-alc=114
a b |p1_p2|

2t

The focus of this hyperbola 1s (-1, 0), (1, 0), as shown
mFig. 2.

If p,|p, then the market boundaries of two enterprises
will be the left branch of the hyperbola when equalized.
This 18 because enterprise 2 has a lower price. Consumers
who purchase at enterprise 2 can withstand the more
travel costs. but it was not until some consumers Distance
to enterprise 2 is too far to regards to the distance
difference equal to d, for these consumers, there 1sa
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Fig. 2: Intersection when fixed

equatiort p,+t.d, = p;+t.d,. That 1s, these consumers more
far away from the enterprise 2 and would pay more travel
costs, so that the enterprise 2's low price lost its
attractiveness t these consumers who distributed left
branch of the hyperbolic.

When p,|p,, due to the symmetry of the model, we
know that the market boundaries of the two enterprises is
the right branch of the hyperbola.

Model solution: There is |p,-p,| in the above analysis and
the model has symmetry, therefore we can only simply
analysis the situation of p,<p,. The D1, D2, respectively
are the demand of enterprise 1 and 2. First, we calculate
the intersection coordinates of the circular and the right
branch of hyperbolic. The calculation results are:

(a7, ), (a7, 7). (a7, ),
(w5, -b7)

b 2 2
[

dy = arcsin (1—a’y—ayl-a° ln(wflfa2 +\/17a2)

When p, <p,, the Demand functions of firms 1 and 2

Dypi, po) = 18,

And the profit functions of two enterprises are:

TP po) = (pre)*(m-D,)

Make:
I (PP} _ g
Ip,
o, (P, Pa) _
dp,

We can calculate:

te
=p,=Ct——"————
b= b V22 +D)

t7t,

2[ﬁ+ln(ﬁ+l)}

(P, Py) = (P Py =

By the above calculation, the price equilibrium
solution of the Enterprise 1 and 1s:

t

R (Va1

the profit of two enterprises 1s:

tn’

l[ﬁﬂn(ﬁﬂ)}

(P, Py) = TPy, P) =

Now firms 1 and 2, respectively occupy half area of the
circular city, the boundaries of the two regions should be
the y-axis, as shown in Fig. 1. Any one consumer in the
y-axis and the two manufacturers constitute a triangle, the
triangle in the y-axis 1s vertical, so d 1 = d 2, it 1s
indicated that the required payment 1s no difference to
purchase at enterprise 1 or enterprise 2 for consumers that
located on the boundaries for consumers Located in the
area sl, there will be d 1 <d 2, the consumers purchase
products at enterprise 1 will pay less than enterprise 2 so
consumers located 1 the region s_1 will be purchased at
enterprise 1,.similarly, consumers located in the area s2
will choose enterprise 2.

THE ARBITRARY LOCATION MODEL

The arbitrary location model construction: The basic
assumptions are similar with 2.1, but in this section, two
Enterprise can be located at anywhere m the circular city,
as shown in Fig. 3. Assume that firms 1 and 2 are located
at points A and point B (A, B can be chosen arbitrarily at
the circular city). Since, the city 15 a circular flat city, in
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Fig. 3: Not fixed circular flat city

A

A J
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Fig. 4: Axis rotated

order to facilitate the calculation, we can rotate the axis,
make the line AB runs parallel to the x-axis as Fig. 4
shown. So for firms 1 and 2 at arbitrary position, we
can assume that they two enterprises have the same
y-coordinate value and enterprise 1 is located at the point
A (ml, n), enterprise 2 is located at point B (m2, n),
ml<=m2 m Fig. 4 the line m 1s the midperpendicular of AB
and the midperpendicular m intersect line AB at the point
(m, n). The midperpendicular m‘s equation 1s:

X, =M= m 10,
2
Then we franslational coordinate systems as

Fig. 5.thus line AB 1s coincide with the x-axis,and line m 1s
coincide with the y-axis. Now we can know A is located in
the pomt:

V>‘1

v

‘m

Fig. 5: Translational coordinate systems

B located in the point:

the  center  coordinates of the circular city is
(x+m)y+Hy+n) =1

The same as supra Analysis, assuming firms 1 and 2
eventually reach equilibrium through a competiive
behavior: p 1+t.d 1 =p 2+t.d 2. Similarly we can geta
hyperbola equation:

¥

2 2
2 Y
a? b’

4= ‘P1;tp2"b: fcziaz, C:mz;m1

The focus point of This hyperbolic equation 1s:

Azfmz_n%,O,B:nH_nH,O
2 2

the left branch, right branch of this hyperbola intersect
with the circle and divided it mto three parts, namely s, s,,
85, as shown in Fig. 6. And the equations of two
asymptotes of the hyperbolic were:

b
qQy=——x
a

b
Piy=—x,

a
If p,zp,, when equalized , the boundaries line of
market region that each enterprises owned would be the
left branch of the hyperbola. The analysis is similar with
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Fig. 6 Asymptotic line analysis

2.2, enterprise 2 has a lower price, Consumers who
purchase at enterprise 2 can withstand the more travel
costs. but it was not until some consumers Distance to
enterprise 2 1s too far to regards to the distance difference
equal to d, for these consumers, there is a equation:
ptt.d = p;4t.d That is, these consumers more far away
from the enterprise 2 and would pay more travel costs, so
that the enterprise 2's low price lost its attractiveness t
these consumers who distributed left branch of the
hyperbolic.

When p,<p,, the market boundaries of the two
enterprises is the right branch of the hyperbola.

Due to the arbitrariness of choosing A and B, so the
supra analysis 1s right for two companies located at
anywhere within the circular plane.

MODEL SOLUTION

Pricing stage: First, calculating the four intersections of
the hyperbola and circle, they are (x;, v,) (x,, v;) (%5, v3)
(x4, v4), as shown i Fig. 6.

When p, <p,, the boundaries of enterprises 1 and 2 18
the left branch of the hyperbola that is, the market area of
enterprises 1 is s,. so the product demand of enterprises
1 and 2 are:

D, =1xs, =5,D,=1%(m-s,) = T-8,

And:

- e )
T ) BT

S, = -8 — 8,

Similarly, when p,>p, the situation, the boundaries
is the right branch of the hyperbola. Now the market area
of enterprises 2 1s s,. So the product demand of
enterprises 1 and 2 are D, = 1x(7-8,) = 7-8,, D, = 1 %8, = 5,.

Therefore, when p,zp, the demand function of
enterprises 1 and 2 are: D,(p,, p) = 85, Dapy, o) = T-8,.
The profit fimetions of two enterprises are:

T (P o) = (P ) ¥ Dy
TPy, P} = (P (m-D))
Make:

I PPy} _ g

an, (py, py) _

K

we can get the equilibrium solution as follows:

r
p,=p,=¢ t2t 21 =¢,t+ Ziﬁ
LT — bln|— "
2 |-1-n —-1-n
b
2t a
71:1([’1:pz):nz(pppz):(m*%))([% = 1-n XE: b 21711
bln —In
-1-n 2 |-1-n

Locating stage: Tn 3.2.1, we obtained Equilibrium solution
of the profits of the two enterprises. Now we solve the
first derivative of m, 7, about m,, m, and n to analysis the
impact of the enterprise position on corporate profits,
then we can determined the optimal location of enterprise

relatively.
There is:
2
; s
om _om_ Mm 1-n’
dn  on m-m, ln—n+1
-n-1

So, we can know that the profit function of enterprise
1 and 2 is a decreasing function about n.
When Oznz-1, the:

om, 2tr?

-n+l

' {m,—m,)* In —

so the profit function of enterprise 1 is a decreasing
function about m,. And the:
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)
on, _ 2tr <0
om,

-n+1

m, —m,) In
(m, ~m,) -n-1

so the profit function of enterprise 2 i1s a mcreasing
function about m, In this study, we assume that
the position of enterprise 1 and 2 have the same n. so
for a given value of n, the equilibrium value of
location of enterprises 1 and 2 are respectively
(—f1-4n® —m, n), (W1-4n® —m, n).

When 1>n=0:

am -2t

om, (m,-m,Y In -n+1
-n—1

And the:

am, _ -2t

om, (m, —m,)* In -n+l
-n-1

so the profit function of enterprise 2 is a decreasing
function about m, so for a given value of n, the
equilibrium value of location of enterprises 1 and 2 are
respectively (—y1-4n® —m, n, (v1-4n° —m, n).

CONCLUSION

In this study, based on the hotelling model, we
establish a duopoly location and pricing competition
model who supply homogeneous products within a unit
circular flat-city. By solving the model combined with the
plane geometry characteristics of the hyperbolic, we can
get the following conclusions: 1)when the fixed position
of the two compemnies are point (-1,0) and (1,0) m the
circular flat-city , the equilibrium utility lnes 15 the y-axis,
the equilibrium solution is that the two companies will
selected a same price and get half of the market region; 2)
when the position of the two companies can be selected
arbitrarily in the umts circular flat-city, the equilibrium
price of the two companies are equal and each enterprise
get the half of the market region. And the two companies
follow the principle of maximum difference when they
selected location, they always try to as far away as
possible from each other.
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